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0/11. Small strain elasto-plasticity — the rheology

e A model with brake and spring:

o] < oc
l’\/\/iQOCW\/—"’ P>0 o=o,
with ¢ P =0 |o] < oc
e = EP<0 o0=—0,
e Response:
g
oe +
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Mij"’ = {7 symmetric: tr 7 =0}, 7 = Wi +7p
t
oEu::M:e+p O'PEKZZ{TdeV.:f(T)SO}
with K closed convex
p e Mys" 7], o0
oc=Ae; dive=0 inQ (f conv., f(0) <O, f 7 o0)

A : Hooke's law

set of admissible stresses
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e Existence of an evolution known under C?-smoothness for 9Q+

C2-smoothness of 0yq[048]: - by viscoplastic approx. (Suquet 1978)
— through var. evolutions (Dal Maso-

De Simone-Mora 2004)
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b.c. on 949 has been relaxed: p=[w—-u]Ov, w—u L v
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sym
(opv)-(the tangential part of ov) € (Kv),
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71 a priori well defined as an element of H002 (8dQ; RN)

4
e Since p = [w(t) — u(t)] ® v on 949, with [w(t) — i(t)] L v, we
expect a boundary flow rule:
[w(t) — i(t)] € Nikw), ((opV)r) on 9af2
in fact well defined as an element of Loo(adQ, RN) T maybe not unique unless bdary

is C?

bulk flow rule



3/11. Variational evolution for elasto-plasticity in a nutshell

o Define:
—diss. pot. :  H(p) :=sup{op-p:0 € K}
— dissipation:  H(q) := / < (x )) d|q|
QUL ’ ’
— total energy:  E(t) :=1/2 [, Ae(t t)dx + [ H(p(s)) ds

At each time t, (u(t), e(t), p(t)) compatible tr|p|et is abs. cont. and satisfies

e Global min.: 1/2 [Ae(t)-e(t)dx < 1/2 [, An-ndx+H(q — p(t))
for every compatible test triplet (v, 7, q) with respect to w(t)

e Energy cons.: %(t) :/d o(t)v-w(t)dHN Y (with o(t):=Ae(t))

opQ
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—diss. pot. :  H(p) :=sup{op-p:0 € K}
— dissipation:  H(q) := / < (x )) d|q|
QUL ’ ’
— total energy:  E(t) :=1/2 [, Ae(t t)dx + [ H(p(s)) ds

At each time t, (u(t), e(t), p(t)) compatible tr|p|et is abs. cont. and satisfies

e Global min.: 1/2 [Ae(t)-e(t)dx < 1/2 [, An-ndx+H(q — p(t))
for every compatible test triplet (v, 7, q) with respect to w(t)

e Energy cons.: %(t) :/d o(t)v-w(t)dHN Y (with o(t):=Ae(t))

b0
e Proof through time discretisation: Find (uj, e;, p;) kin.
compatible solving

min {1/2/QAe'edx+’H(p - pil)}

The lower semi-continuity of # is ensured by Reshetnyak'’s lower semi-continuity

theorem



4/11. Why minimality & relaxation of boundary condition in a nutshell

For (v,n, q) kin. admissible with w(t),
#H"m(q — p(t)) > Jqon(t) (9= p(t)) = = [go(t) - (n—e(t)) =
— fQ Ae(t) - n+ fQ Ae(t) - e(t) > %fﬂ Ae(t) - e(t) — % fQ An-n=

(u(t), e(t), p(t)) minimizes 3 [, An-n+ H""(q — p(t))



4/11. Why minimality & relaxation of boundary condition in a nutshell

For (v,7, q) kin. admissible with w(t )
H"™(q — p(t)) > [qop(t) - (g —p(t)) = — [q ol —e(t)) =
— JoAe(t) - n+ [o Ae(t) - e(t) _§fQAe - e( —§fQA77-77:

(u(t), e(t), p(t)) minimizes 3 [, An-n+ H""(q — p(t))

e time discret. at tjy1: = min(, ;o) 1 Jo An-n+Hm(q - p)
min. seq. (un, €n, pn) With u, = w(tiy1) bd. in WH1 x [2 x [1

(e
liminf 1 fQ Ae,7 cep > %fﬂ Aeii1-eji1
Ja H(pn = pi) = H(piv1 — pi) = " o H(pi+1 — pi) + [y, H(Pit1 — pi)"
(%

Hence the relaxation of the boundary cond.
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e Recovering flow rule necessitates good definition of (op, p):

— below ¢ and p are arbitrary provided that o satisfies eqm. + Neumann b.c.4stress

adm. & p is assd. to (u, e, p) kin. compatible with w as b.c. —

e First define (op, p) as a distribution:

00.p)(9) == | (e~ Ew) dx— [ o-[(u—w) © Vil o

1 OK since o € LN

e Find sufficient conditions on 0sq[04%2] for (op, p) to be a finite
Radon meas. on all of RN with

l{(op,p)| < lloplli=|pl, (oD, pP)a = 0D - Pa

We then say that 0pq[04€2] is admissible
I

e We recover a bulk flow rule, in  and a boundary flow rule on
042
pa € NK(O'D) in Q, [W(t) — [I(l’)] S N(Ky)f((UDV)T)On 0482
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%

No ordering property of the K;'s
We will need C? interfaces



6/11. Heterogeneous elasto-plasticity: A multi-phase domain

2 //// N
/ K‘
A, [
K \ /
\_ Y,
K, . )
No ordering property of the K;'s

We will need C2 interfaces

e Define the dissipation :
H(x,p) := Hi(p) = sup{op - p: op € K;} in each phase i. Since
we expect p to be a measure, how do we define H on £2; N ;7
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‘2 | ‘ \\\ //
- No ordering property of the K;'s

We will need C2 interfaces

o I HI/HIJ} because destroys convexity = Inf-convolution:
H(x,§) ==
inf{H;(a® v(x)) + Hi(-boOv(x));a—b=c}, if{=coOr(x)
{ o0, else U
destroys l.s.c./ Need to re-establish |.s.c. of H



6/11. Heterogeneous elasto-plasticity: A multi-phase domain

| ‘ \\ P //
- No ordering property of the K;'s

We will need C2 interfaces

o I HI/HIJ} because destroys convexity = Inf-convolution:
H(x,§) ==
inf{H(a® v(x))+ H(-bov(x));a—b=c}, if{=cov(x)
{ o0, else U
destroys l.s.c./ Need to re-establish |.s.c. of H

e Existence of a variational evolution : We recover all results of
homogeneous case + interfacial flow rule:
i = i € Nikiw),n(k). ((00V)7)



Homogenization



7/11. Periodic Homogenization

e Rescaled heterogeneous variational evolution: x replaced by x/e
for multiphase torus ) with C? interfaces:

A(x/€) Hooke's law, K(x/e) admissibility set,

H(x/e,-) dissipation pot.

e 050[042] admissible

e Method used: 2-scale convergence



8/11. Two-scale kinematics
e Two-scale limits of sequences of BD(Q2)-functions:

up—u  weakly* in BD(Q) =

Eu, 52 Eu®£y+Eyu two-scale weakly* in M(QxY; MNXN)

sym

e Mp(Q x ViRN)), Eyp € Mp(Q x Y; MEXN),

with
u(F x Y) =0, YF Borel C Q.
Moreover,

{u = () @ LY, 1 € BD(Y), [ pxdy =0, 7 € M§(Q)
gen.
Eyp=n® Eypx, |Eyux|(Y) # 0.
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e Two-scale limits of sequences of BD(Q2)-functions:

up—u  weakly* in BD(Q) =

Eu, 52 Eu®£y+Eyu two-scale weakly* in M(QxY; MNXN)

sym

" e Mp(Q x ViRN)), Eyp € Mp(Q x Y; MEXN),
wit
u(F x Y) =0, YF Borel C Q.

Moreover,
{u = iy ® LY, px € BD(Y), [y, pxdy =0, 1 € M5 (Q)

gen.
Eju=n® Eypix, |Eypx|(Y) # 0.

e Limit kinematics:
*

Up—u weakly* in BD(Q')
If { e, 2 E two-scale weakly in L2(Q' x Y; MQ’,,X,,N
pn "2 P two-scale weakly* in M, (' x V; MN)

then, E(x,y) LY @ L) + P — Eu® L) = E,pin @' x Y.
e Further,
,Hhom(p) = f(QUBdQ)Xy H()/7 |TP>|)d‘P| < liminf, Ha(pe)'



9/11. Two-scale quasi-static evolutions

e Under appropriate i.c.’s, there exists a subsequence {¢,} such
that, for all t € [0, T],
(ug,(t), e, (t), ps,(t)) two-scale converges to (u(t), E(t), P(t))
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e Under appropriate i.c.’s, there exists a subsequence {e,} such
that, for all t € [0, T],

(ue, (t), e, (t), pe,(t)) two-scale converges to (u(t), E(t), P(t))
o (u(t), E(t), P(t)) is a two-scale quasistatic evolution:

¢t — (u(t), E(t), P(t)) with correct limit kinematics is abs. cont.
and satisfies

¢ Global stability: for every (v, =, Q) with correct limit kinematics
QPM(E(t)) := [quy AY)E(t) - E(t)dxdy < QM(Z) + HM™(Q — P(t))
¢ Energy equality:
Qhom 1.') +f0 /Hhom 0 t: P( ))dS—Qhom +f0 ]‘8 Q

w(r) dHN"ldT
where o(t,x) := [}, A(

x,y)dy for a.e. XEQ

e Not possible to eliminate y-dependence
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10/11. Recovering an elasto-plastic model?

e Easily obtained that
div,X =00n Q x Y, Xp(x,y)e K(y)for L} @ L)-ae. (x,y) eQx Y
divie =0inQ, oc-v=00n900\ Ty
e What about a flow rule: relates the disintegrated
P(t) = n(t) ® P.(t,-) to Xp(t,x,-) as in the heterogeneous case.
— bulk flow rule —
For LN-ae. x € Q:

(v) € Nk (Ep(t,x,y))  for L)-ae. y € {|Pc(t)| > 0}

— interfacial flow rule —
For £N-a.e. x € Q and for every i # j:

P.(t)
P(t)]

"
— Mix t7 y 'Y — . i .
)2 IdBY) i (E(t 5 0)e(y)) HY L-aein (i (1) # (1))
) - MX(tv )/)|
where ) )
f1x(t) disintegration of fi(t), meas. assoc. with (i(t), E(t), P(t)),
£ (t) and fi(t) traces on T of the restrictions of fix(t) on Y; and ) respectively,
KIKr(y)(T) denotes the normal cone (a cone of vectors) to Kr(y) at a vector 7 L v(y)

A bit complex because relies on various disintegration arguments of both, kinematic and static fields
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