LOSS OF ELLIPTICITY THROUGH HOMOGENIZATION IN
LINEAR ELASTICITY
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ABstracT. It was shown in [6] that, in the setting of linearized elasticity,
a I’-convergence result holds for highly oscillating sequences of elastic
energies whose functional coercivity constant in RY is zero while the
corresponding coercivity constant on the torus remains positive. We
illustrate the range of applicability of that result by finding sufficient
conditions for such a situation to occur. We thereby justify the degener-
ate laminate construction of [7]. We also demonstrate that the predicted
loss of strict strong ellipticity resulting from the construction in [7] is
unique within a “laminate-like” class of microstructures. It will only oc-
cur for the specific micro-geometry investigated there. Our results thus
confer both a rigorous, and a canonical character to those in [7].
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1. INTRODUCTION

In the canonical scalar second order elliptic setting, that is when attempting to
solve

a1 { —div (A(z)Vu) = f inQ

u=0 on 01,

with A € L (Q; RY*N) RNXN heing the set of N x N matrices, the coercivity of
the matrix A,

(1.2) ess-inf (min {A(z)¢ - £: £ e RY, [¢]=1}) >0,

is a necessary and sufficient condition for a successful application of Lax-Milgram’s
lemma, hence for an existence and uniqueness statement for the solution to (1.1),
and this for all right hand-sides f € H~1(;RY).

This is so because the bilinear form

/ A(x)Vv - Vodz
Q

is coercive over Hi () if, and only if (1.2) holds true.

In the case of a system, the situation may become a bit less pristine. As far as
linearized elasticity is concerned, the analogue of the matrix-valued function A is a
L*°-mapping

L:Q— Z (RN,
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where RY* is the subspace of symmetric elements of RY*N and Z,(RY*N)
denotes the space of symmetric endomorphisms on RY*Y . Then, application of
Lax-Milgram’s lemma necessitates that

/ L(z)Vv - Vudx

Q

be coercive, in other words that

(1.3) inf {/ L(z)Vv - Vodz : v € C(Q;RY), / |Vl de = 1} > 0.
Q Q

That condition is implied by very strong ellipticity, that is by the pointwise condi-
tion

1.4 -inf (min {L(z)M - M : M € RY>*N |M| =1 !

(L4)  essinf (min {L(2) e RV, M| =1}) >0, ()

but it only implies (strict) strong ellipticity, that is the pointwise condition
¥ . . . N _ _

(1.5) eiseglf (min {L(z)(a®b) - (a®b) : a,b € RN, |a| = [b| = 1}) > 0.

(See Remark 2.1 below.)

This apparently innocuous discrepancy strongly impacts linearly elastic behavior
and endows it with features that prove to be drastically at odds with its scalar
sibling: lack of maximum principle, differences between wave speeds and light cones,
etc... We do not intend to provide a review of those distinguishing traits and direct
the interested reader to e.g. [4], [11], [15] among many contributions.

In this work, we turn our attention to homogenization, and, more precisely, to
the simplest possible setting for homogenization, that where the oscillations of the
coefficients are periodic. We thus consider throughout an elasticity tensor (Hooke’s
law) of the form

Le L;?:r (YN; gs (Ré\[XN))a
where Yy := [0,1)" is identified with the N-dimensional torus, and the tensor-
valued function L defined in RY is Yy-periodic, namely,
L(y+x) =L(y), ae inRY, VkeZ",

so that the rescaled function L(x/¢) is eYn-periodic.
We then consider the Dirichlet boundary value problem

{ —div (L(z/e)Vu) = finQ

1.6
(16) u® = 0 on 09,

with f € H~1(;RY). We could impose a very strong ellipticity condition on L,
namely
(1.7) yee (L) == ess—)i/nf (min {L(y)M - M : M € RY*N |M| =1}) > 0.

YEYN

In such a setting, homogenization is straightforward as explained in Remarks 2.1,
2.3 below.
Instead, we will merely impose (strict) strong ellipticity, that is

(1.8) (L) := egz-yilrvlf (min {L(y)(a®b) - (a®@b) : a,b € RV, |a| = |b| = 1}) >0,

INote that, because of the symmetries of L, replacing the symmetric matrix M in condition
(1.4) by an arbitrary matrix would not change its definition.
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and this throughout the paper.

Remark 1.1 (Strong ellipticity and isotropy). Whenever L is isotropic, that is
L(y)M = X(y) tr (M) In +2u(y) M, fory € Yy, M € RVXN,

then (1.8) reads as

(1.9) ess-inf (min { x(y), A(y) + 2u(y) }) > 0. q

yeEYN
The strong ellipticity condition (1.8) is the starting point of the study of ho-
mogenization performed in [6]. Under that condition, the authors investigate the
I'-convergence, for the weak topology of HJ(£2;RY) on bounded sets (a metrizable
topology), of the Dirichlet integral

/ L(z/e)Vv - Vvdz.
Q

The results in [6] that will be of use to us are summarized in Theorem 2.7 of
Section 2 below. That theorem asserts that, under conditions that will be detailed
in that section, the I'-limit is given through the expected homogenization formula
(2.3) in spite of the lack of very strong ellipticity.

In [6], no examples are given of a setting for which the above mentioned result
applies.

Our goal in this study is in part to remedy that situation by firstly establishing
a reasonable list of conditions on a multi-phase periodic mixture of isotropic com-
ponents so that the assumptions required for the application of Theorem 2.7 are
met; this is the object of Theorem 2.9 which holds true whenever the mixture is
either “laminate-like”, that is roughly one-directional, or else “inclusion like”, that
is so that no “bad” phase (i.e., one where very strong ellipticity does not hold) is
in essence “surrounded by” another bad phase.

Then we exhibit essentially necessary and sufficient conditions for those con-
ditions to be satisfied in the case of a one-dimensional mixture — one where the
elasticity L(y) only depends on one variable, say y; — while producing a homog-
enized elasticity tensor that loses (strict) strong ellipticity. This is the object of
Theorem 3.9.

To this effect, we will carefully revisit a laminate geometry introduced in [7, §].
In those papers it is established that a certain homogenization scheme — labeled 1*-
convergence (see Lemma 3.2) — applied to the lamination mixture of two phases, one
of which is very strongly elliptic while the other is only (strictly) strongly elliptic,
will lead to a limit behavior for which (strict) strong ellipticity, and even semi-strong
ellipticity (the condition which consists in replacing positivity by non-negativity in
(1.5)) fails. Remark 3.6 justifies the scheme introduced in those papers. Indeed we
show that the 1*-limit coincides with the I-limit, thanks in part to an application
of Theorem 3.9 in the specific setting at hand.

In turn, Theorem 3.9 demonstrates that the lamination process introduced in [7]
is canonical : it is the only one among rank-one laminates that will result in a loss
of (strict) strong ellipticity for the homogenized tensor.

In particular, no continuous dependence in y; can produce a loss of (strict)
strong ellipticity; cf. Remark 3.10. This has a bearing on the usefulness of the
I-convergence result of Theorem 2.7 whenever functional coercivity, i.e., (1.3),
is not satisfied. Indeed, that result is only helpful if H'-bounds are secured for
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the sequence of minimizers associated with the investigated energy. A usually
convenient way to ensure such a bound is to add a quadratic zeroth-order term of

the form
v [ Jupds
Q

to the energy and to use a Garding type inequality to conclude to the coercivity of
the resulting energy for an adequate value of the constant . But such a scheme
is doomed from the very start in our context because it is known that Garding’s
inequality is false when the coefficients are not continuous (see [17]).

So, in the end, the homogenization scheme produced by the I'-convergence re-
sult is debatable at least in the lamination setting. Our contribution merely cir-
cumscribes the extent to which it could produce a loss of strict strong ellipticity,
should the minimizing sequences associated with the periodic microstructure re-
main bounded in H' as the size € of the microstructure goes to 0.

Finally, for the sake of completeness, we point the interested reader to [1] as
the only paper which, to the extent of our knowledge, attempts to improve on the
results of [6] by abandoning any notion of ellipticity, or even non-negativity for the
elasticity of the microstructure. Unfortunately, that paper has no bearing on our
work.

Notationwise:

e Iy is the unit matrix of RV*N,

e A-Bis the Frobenius inner product between two elements of A, B € RV*N
that is A- B := tr (AT B).

o If A:=(§ §) € R**2 the cofactor matrix of A4 is cof A := (_¢ b)),

e H} .(Yy) is the space of the functions in H}! (RY) which are Yy-periodic;
the spaces L. (Yn), CF..(Yn), etc... are similarly defined.

e {c} denotes a sequence of positive numbers which converges to 0;

e If 7€ is an e-indexed sequence of functionals with
I X - R,
(X

(X reflexive Banach space), we will write that .7 Q) S0, with

% X 5 R,
if #¢ T-converges to £ for the (metrizable) weak topology on bounded
sets of X (see e.g. [2, Definition 7.1] for the appropriate definition).

2. THE I'~-CONVERGENCE VIEWPOINT

As announced in the introduction, this section is devoted to a revisiting of some
of the results obtained in [6]. For vector-valued (linear) problems, a successful
application of Lax-Milgram’s lemma to a Dirichlet problem of the type (1.6) hinges
on the positivity of the following functional coercivity constant:

(2.1) A(L) :=inf {/ L(y)Vv-Vudy:v € CEO(RN;]RN), / |Vol?dy = 1} .
RN RN

As long as A(L) > 0, existence and uniqueness of the solution to (1.6) is guar-
anteed by Lax-Milgram’s lemma.



ELLIPTICITY AND HOMOGENIZATION IN ELASTICITY 5

Remark 2.1 (Conductivity versus elasticity). In the conductivity setting (for, say
a symmetric N X N- conductivity tensor A(y)), functional coercivity, that is

inf{/ A(z)Vv-Vodz :v € CP(R), / |Vo|?de = 1} > 0,
RN RN
is equivalent to pointwise strong ellipticity, that is

ess-inf (min {A(y)¢ - £: £ €RYY) >0,

as immediately seen by testing with a v(z) of the form (x)cos (n¢ - x), & € RV,
@ € C°(2), with n — oco. The vectorial analogue does not hold true and A(L) > 0
only implies (strict) strong ellipticity, i.e. (1.8), while (1.7) is needed to pass from
a pointwise condition to the positivity of A(L).

Actually, even very strong ellipticity, that is property (1.7), is not sufficient per
se to ensure the positivity of A(IL). This has to be combined with a Korn type
inequality which allows us to replace symmetrized gradients by full gradients. Such
an inequality is satisfied in e.g. the case of Lipschitz domains and for general
domains in the case at hand, i.e. for Dirichlet boundary conditions on 9 (see [13,
Ch.I, Sec.2)). q

Further, according to classical results in the theory of homogenization, under
condition (1.7) the solution u® € H{(€;RY) of (1.6) satisfies

u® — u, weakly in H}(Q;RY)
(2.2) L(z/e)Vus — L°Vu, weakly in L2(Q;RY*Y)
—div (]LOVu) = f,

with

(2.3) L°M - M := min {/ L(y)(M + Vv) - (M + Vv)dy :v € H;er(YN;RN)} :
YN

Remark 2.2. It is stated in [14, Ch. 6, Section 11] that the first explicit homoge-

nization result in the framework of linear elasticity — this under the assumption of

very strong ellipticity (1.7) — is to be found in the work of G. Duvaut (unavailable

reference cited therein). q

Remark 2.3 (Homogenization in the functionally coercive setting). The additional
remark that functional coercivity, that is A(LL) > 0, is actually the correct condition
for performing homogenization and is stable under the homogenization process can
be found in [5] independently of any assumption of periodicity.

In the periodic setting, the resulting homogenized tensor is still given by (2.3)
and, since it is functionally coercive, it is also (strictly) strongly elliptic, that is,
recalling (1.8),

(L2 > 0.
Further, if v € H(Q;RY) and w® € H'(;RY) is the solution to
{ —div (L(z/e)Vu®) = —div (L°Vv)

(2.4)
w® = v on 01,
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then, multiplication of the equation by w®—v results, thanks to functional coercivity,
in an H'(Q; RY)-bound on w® which in turn allows us to conclude that

25) ws — v, weakly in H'(Q;RY)
' L(z/e)Vw® — LV, weakly in L2(; RNV,
as can be proved exactly as in [9, Theorem 1]. q

Set, for v € H'(Q; RY),
(2.6) FE(v) = / L(z/e)Vv-Vvdz, resp. S°(v):= / L'Vv - Vo dz,
Q Q

We propose to quickly discuss the I'-convergence properties of .#¢ to #°. Under
the condition of very strong ellipticity, I'-convergence is known to hold true for
both the weak H}(€;RY) and the weak H!(2;R™)-topologies on bounded subsets
of those spaces. In the lemma below, we generalize that result to the case where
functional coercivity holds. Unfortunately, the result is more restrictive.

Lemma 2.4 (T-convergence — the functionally coercive case). Assume that the
functional coercivity condition A(IL) > 0 holds true. Then,

e T o
Further, if, a.e. inY,
(2.7) L(y)M - M >0, VM € RV*V,

then
e D o

Proof. We only treat the more difficult case of H'({;RY) and comment on the
easier case H}(Q;RY) at the end of the proof.

Consider v — v in HY(Q;RY), and w® € H(;RY), solution to (2.4).

For p € C°(2) with 0 < ¢ < 1, one gets, thanks to (2.7), (2.5),

lim inf/ L(z/e)Vv© - Vo© dz > lim i(glf/ eL(z/e)Vov® - Vo dx >
Q 20 Ja

e—0

HH(I) ¢ (2L(z/e)Vo® - Vur© — L(z/e)Vu© - Vur) da = / eLOVv - Vo da,
e— Q Q
and then one lets ¢ 1. The I'-liminf inequality is established.

The sequence {w®} is a good recovery sequence, as is immediately shown upon
passing to the limit in

/ L(z/e)Vw® - V(w® —v)dz = / L'V - V(w® —v)dz.
Q Q

In the H}(Q;RY) case the same argument goes through without having to in-
troduce the cut-off function ¢ and thus condition (2.7) is not needed. O

Remark 2.5 (About I'(H!)-convergence). In the absence of pointwise non-negati-
vity of the energy density L(y)M - M, it is not clear to us that that same result
holds true under the sole condition A(IL) > 0. In truth, we do not even know if the
I-limit of .#¢ for the weak H'-topology on H'-bounded sets can be expressed as a
local functional. q
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Remark 2.6 (About the non-negativity of the energy density). It is possible to
consider a Hooke’s law L(y) which satisfies A(L) > 0, (2.7), and yet where oy
defined in (1.7) is non-positive. An example is provided in Remark 3.7 below in the
case N = 2. We are confident that a similar result is also valid when N = 3. q

The case A(L) < 0 is easily disposed of. Indeed, it is immediate from the proof
of [6, Prop. 3.2] that, in such a case,

< T(Hj)

54 I = —.

The case A(L) = 0 is more delicate. Define

(2.8) Ape(L) :=inf {/Y L(y)Vv-Vv:ve H;er(YN;]RN), /Y

|Vo|?dy = 1} :
Then the following result is found in [6, Theorem 3.4(3)].

Theorem 2.7 (Homogenization as a I'-convergence result). If
(2.9) A (L) >0,

1
then, /¢ ) IO with LY given by (2.3).

Remark 2.8. In strict parallel with Remark 2.5, we do not know whether the
result of Theorem 2.7 still holds true when H}(Q;RY) is replaced by H*(Q; RY) in
the I'-convergence statement. q

No examples of applicability of the theorem were produced in [6], or, to the best
of our knowledge, in any later study. We now demonstrate the existence of a large
class of isotropic mixtures to which Theorem 2.7 applies. Our result is restricted to
the two-dimensional case N = 2 with (1.9) satisfied so as to ensure (strict) strong
ellipticity, although we suspect that similar results could be derived when N = 3.

Specifically, we assume the existence of p phases Z;, i =1,...,p, with Z; open,
connected and Lipschitz, satisfying

Vigje{l,....p}, ZNZ;=0 and |J Zi=",

such that
L(y)M = My) tr (M) In +2u(y)M, y €Yz, M € R

(2.10) Ay) = N, wly) = i, inZz,i=1....p

“min {/1,1,)\14-2/141} > 0.

1=1,...,p
We also assume the existence of v > 0 such that
(2.11) — min {N+ i} <y < min {p}.

i=1,...,p i=1,...,p
Define the following subset of indices:
I:= {ie{l,...,p}:,ul-:'y}

(2.12) Ji={je{l,....p}: X\j+p =}

K:={1,...,p}\(TUJ),
and remark that, since A\; + 2u; > 0, those three sets are disjoint.
Then, the following theorem illustrated in Figure 1 below holds true:
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Laminate-like Inclusion-like
Z,i0Ol
Z,j03
[] zZ,kOK

FIGURE 1. Sets Z; for a laminate-like or an inclusion-like micro-geometry.

Theorem 2.9 (Applicability of Theorem 2.7 — the isotropic case). Let (2.10),

(2.11) hold true. Then, A(L) > 0.
Assume further that the sets defined in (2.12) meet one of the two following

conditions:

Case 1. For each j € J, there exists an interval (a;,b;) C [0, 1] such that
[(aj,b;) x {0}] U [(a;,b;) x {1}] Cc9Z; or
HO} X ((lj,bjﬂ U Hl} X ((Lj,l)j)] C [‘)ZJ,
(we will refer to this setting as “laminate-like”); or
Case 2. K # O and, for each j € J, there exists k € K with H'(0Z; N 0Zy) > 0,
(we will refer to this setting as “inclusion-like”).

Then, A, (L) > 0.
Proof.

Step 1. A(L) > 0: The proof that it is so is an adaptation of results presented in
[7, Section 4].
Because, for any v € C°(R?; R?),

/ det Vu(y) dy = 0,
YN
the definition (2.1) of A(L) equivalently reads as
A(L) = inf {/ (L(y1)Vv - Vo + 4y det Vv) dy :
R2

UGC’SO(R2;R2),/ Vv|2dy:1}.
R2
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Thus,

(2.13) A(L) = inf{/R2 [(A(y) +2u(y)) ((22)2 + (2712)2) +

2 2
(2A\(y) + 47)%% + n(y) ((32) +<g;?> ) + (2u(y)—47) SZ:ZZ] dy}-
The above quantity is certainly non negative if it is pointwise non negative. Such
is the case if we can choose 7 satisfying
ess-sup { max{0, —(A + p)}} < v < ess-inf{u}.
Hence the result in view of (2.11).

Step 2. A, (L) > 0: Since the determinant is a null Lagrangian for elements of
H! (Y3;R?), definition (2.8) equivalently reads as

per

Aper (L) = inf {/ (L(y)Vv - Vv + 4y det Vo) dy :
Y

ve H (Ya;R?), Vv|2dy:1},

per
Y

or, as for A(L),

, vy 8v2> < vy 8112)}
9.14) A,..(L) = inf Py 2 292 Loy 22 221y
(214) Apu(L) n{/y[ <yay1 22 )+ (g ot

ve H (Yy;R?), Vv|2dy:1},

per
Y>

where P(y;-) and Q(y;-) are the quadratic forms
{ P(y;a,b) = (A(y) + 2u(y)) (a® + %) + 2(A(y) + 2v) ab
Q(y; a,b) = p(y) (a® + b%) +2(p(y) — 27) ab.

Upon considering the associated traces and determinants, it is easily concluded
that there exists a > 0 such that,

(2.15)  P(y;a,b) > a(a+b)?  Qy;a,b) >a(a—b)? yeZ,icl,
(216)  P(y;a,b) > a(a—b)* Qysa,b) >a(a® +b%), yeZ; jeJ,

(2.17) P(y;a,b) > a(a® +0%), Q(y;a,b) > a(a®+b?), yeZy, ke K.
Assume the existence of a sequence {v"} C H} (Y2;R?), with sz v"dy = 0, such
that

(2.18) Vo™ 2dy = 1,
Y>

while
/ L(y)Vo™ - Vo™ dy — 0.
Y2
Note that, by Poincaré-Wirtinger’s inequality, it is immediate that
(2.19) v™ is bounded in L?(Ya; R?).
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In the light of (2.14),
v} Oy ) < vy 81}3)]
2.20 P +Q(y: 2L, 22 )| dy — 0.
220 L1 (oo ) +@ (i om ) o
Then, in view of (2.17), for k € K,
ovl Ov ovl' Jvy
Py == 2>+Q<y1>}dy>a/ Vo2 dy,
/zk [ ( Oy1’ Oyo Ay2” Oy 2 Vo]
so that, by virtue of (2.20),
/ |Vo™ 2 dy — 0.
Zy,

Summing over k € K we get

o\ 2
(2.21) lim / < T > dy = 0.
n—00 Z Z =12 d:l/q

keK

In turn, in view of (2.16), for j € J,

ovy Ovd o} ovl
P et S 2 > 4 ( e 2 >:| d >
/zj { < POy Oys @ oy o )] T

o\ (81}’5 > 2 (81}’11 vl ) 2
) (2] (-5 ) |y
“ /Zj [( dya > 9y dy1 Oys Y
so that, by virtue of (2.20),

v\ 2 ovn\ 2 P N
2.22 li L) + <2> + (1 — 2) dy = 0.
( ) nl—)H;o Z; [( ayg ) 8y1 83/1 3y2 y

Now, according to (2.18),

n

(2.23) % is bounded L*(Z;),
oy

while, in view of (2.22),

9 (ovt 0 [ov} o
2.24 0 (ovr\_ 9 (ov ey
(329 y2 (81/1) oy (ayz) — 0 strongly in (Z)),

o*vp 0 (5)1}2>+r _8<6v2>+
oy? Ay1 \ Oy " Oya \ Oy "

with 7, — 0 in H~(Z;). Again using (2.22), we conclude that

and, further,

?vp
(2.25) — 0 strongly in H'(Z;).
oyi
Next, by Korn’s theorem applied to the Lipschitz domain Z; (see e.g. [12]) the
two norms ||V - [|g-1(z,;r2) + || - |g-1(z,) and || - |2z, are equivalent on L*(Z;),
so that recalling (2.23), (2.24), (2.25),
ot

—— converges strongly in Lz(Zj).
Oy
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Using once again (2.24), (2.25) combined with the connectedness of Z;, we obtain
that, for some constant d;,

vt
Oy
This combined with (2.22) leads to
vy
63/2

— d; strongly in L*(Z;).

— d; strongly in L*(Z;).

Thus, we conclude that
Vo™ — d; I, strongly in L?(Z;;R?*?),
hence, in view of (2.19),
v = wvi=d;y+V; strongly in H'(Z;;R?),

for some constant vector V.

We now appeal to the assumptions in the statement of the theorem. In case 1,
we observe that, by periodicity, v = d; y 4+ V; should take the same values on e.g.
(aj,b;) x {0} and on (aj,b;) x {1}. But this is impossible unless d; = 0. In case 2,
we obselve that v should take a constant value on 0Z; N 0Z for some k € K
that satisfies the assumption. Indeed, v™ converges strongly tolz, v+ 1z, ¢ in
HY(Z; U Zy) for some constant cg, this thanks to (2.21) and to the connectedness
of Zj,. Thus, due to the regularity of the open sets Z; and Zj, the trace of v agrees
with the constant c;, a.e. on 0Z; N 0Z. But dj y + V; cannot remain constant on
a set of non-zero H'-measure unless d; = 0. Hence, Vu™ converges strongly to 0 in
H'(Z;;R?). Therefore, we conclude that

(2.26) Tim. Z/ 3 (m ) dy — 0.

jed irq 1,2

Finally, in view of (2.15), for i € I,
ovl Ov ovl Ovd
P 1 2) + < l 2 >:| d >
/zi [ < "oy Oy ¢ "oy, oy )Y T

oy oy > 2 (8@{‘ vy ) 2
a TSR ) (L 22 | gy,
/Zi [( y2 oy oy 0y Y
so that, by virtue of (2.20),

o vl ) 2 (31}? ol ) 2
2.27 Ly 2) 4 (L2 |dy—o.
(2.27) /z l( oy1 Oz dyz Oy Y
But, recalling (2.21), (2.26), combined with

det Vo™ dy = 0,
Y>

nh_)n;o Z/ det Vo™ dy = 0.

el

we obtain that
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Hence, upon subtracting twice this quantity to the sum over i € I of (2.27),

(2.28) im [ 5

i€l ir,qg=1,2

n
r

o’
0yq

2
) dy — 0.

Recalling (2.21), (2.26), (2.28) results in a contradiction with assumption (2.18). O

Remark 2.10 (A case where A(L) > 0). Note that if v > 0 can be chosen such
that the inequalities in (2.11) are strict, then A(IL) > 0. This is because one can
argue as in the case where the phase is in K in the proof above at the expense
of replacing H} (Y2;R?) by H'(R?*R?); in particular, the integrand in (2.13) is
bounded from below by ¢|Vv|? for some constant ¢ > 0. q

Remark 2.11. As a special case of a general algebraic result on quadratic forms
(see, e.g., [16, (CKKS), P. 222]) and references therein), the strong ellipticity of
L(y) in dimension two implies the existence of a function v(y) in L>(Y") such that

L(y)M - M +4~(y) det M >0, forae. yecY, VM € R**2

In the proof of the previous theorem, we require the stronger condition (2.11), which
amounts to assuming that - is independent of y. q

Our goal in Section 3 below is to demonstrate that a careful revisiting of the
layering construction proposed in [7, 8] delivers a L>°-mapping L(y;) which satisfies
precisely the assumptions of Theorem 2.7. We further demonstrate the uniqueness
(in a sense that will be further elaborated upon) of such a construction.

3. THE CANONICAL CHARACTER OF GUTIERREZ’S LAMINATION

3.1. Gutiérrez’s laminate. In [7], the Dirichlet problem (1.6) is investigated in
dimensions 2 or 3 under two additional assumptions. First, the microstructure
exhibits a laminate geometry, that is L(y) := L(y1), for y; € Y7.

We define, for any L € Z,(RY*N), the element A[L] € RY*V as

(3.1) ALJ(y1)€ == [L(y1) (€ ®e1)] er, w1 €Y1, EERY,
so that Aij [IL] = L1i1j~

Remark 3.1 (Invertibility). The matrix A[L](y1) is symmetric and definite positive
whenever L satisfies the strong ellipticity assumption (1.8). This was assumed to
hold true throughout this work. q

For such laminate geometries, the following periodic homogenization result is an
adaptation to the linear elasticity setting of a well-known result originally called
1*-convergence by F. Murat and L. Tartar (see e.g. [3, Ch. 3, Sect. 4]):

Lemma 3.2 (1*-convergence). Consider problem (1.6) and assume that it ad-
mits a solution u® and that the resulting sequence {u}. is a bounded sequence
in HY(Q;RYN). Then there exists u® € HE(Q;RY) such that (2.2) holds true upon
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replacing 1.0 by LY defined through the following formulae
ALY :/ ATYL(t) dt
Y1

A L LY :/ {A; ML) () Ly () } dt
Y1

L — LijimAmm LT L = [ {Lijra(8) — Lijim (8) Ay [L1 () Langa () } dt.

171lm* mn
Y

Proof. We merely sketch the proof. First we note that a straightforward application
of the div-curl lemma [10] yields that if
a®(x1) — a®(x1) weakly-+ in L>°(Q),
while
u® — u, weakly in H'(Q;RY)
0 — o, weakly in L%(Q;RN*N)
divo® € compact set of H=1(Q;RY),
then, for 1 <i < N,
aEgZi — aogz weakly in L?(Q), for 1 <i< N, 2<j<N
a‘oj; — aloy;  weakly in L*(), for 1 < j < N.
Then it suffices to write the constitutive equation

0° = L(z1/e)Vus,

as
B =M*(x1/e)9°
with
ous ot i>1
B = 8%‘1’ j21 . Y= au; , _
o5 1,5 >2 oz, 1>1,5>2

and to pass to the limit in € using the previous convergence results. The algebra is
left to the reader. Remark that the resulting matrix MF is not a square matrix. [

Remark 3.3 (Isotropic laminates). If L(y) is isotropic (see Remark 1.1), then,
whenever e, is a unit vector perpendicular to the lamination direction, an easy
computation based on the result of Lemma 3.2 leads to

¢ (ea ®eq) = LA h L s 2
Lf(ea ®eq) - (2 ®eg) = ( vi /\(S)—|—2,M(S)) (Y1 )\(s)+2u(s)d> +

A ( /Y 1 M(i)((g(i) 2+u é(;)) ds) '

(See also [7] for a more direct derivation.) 9

The second assumption used in [7] is that the microstructure is a two-phase ma-
terial and that both phases L' and L2 are isotropic (see Remark 1.1). Specifically,
for a characteristic function x € L% (Yn;{0,1}), we define

per

(3.2) L(y1)M = X(y1) tr (M) Iy + 2u(y1)M, y1 € Y1, M € RY*V,
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with
Ayn) = x(y1) M+ (1= x(y1)) X2
(3.3) (y ) x(y1) i+ (1= x(y1)) p2
Jy, x(t) dt =0,

and we assume further that, if N = 2,

5.0 {u2>o, Ao + 249 >0, Ag + 12 < 0
p=— A2+ p2), A+ p1 >0,
while, if N = 3,
o >0, Ao+ 2u0 >0, 2Xy +3pu2 <0
35) { p1 = — (A2 + p2), 2A1 +3p1 > 0.

Then, using Lemma 3.2 and Remark 3.3, the following result is obtained in [7,
Proposition 1, Appendices A, B] for N =2 or N = 3.

Proposition 3.4 (Loss of (strict) strong ellipticity). Take §# = 1/2 and assume that
(3.2)-(3.5) hold true. Then, the tensor L' associated with L(y;) through Lemma 3.2
satisfies

L (e2 ®e2) - (e2® e2) = 0,

where eq s a unit vector perpendicular to the lamination direction.

We propose below to revisit these results within the framework developed in [6]
and expanded upon in Section 2.

As a first step in that direction, we first establish that, provided that A, (L) > 0,
the tensor L’ obtained in Lemma 3.2 is also the tensor L° defined through (2.3).

Lemma 3.5 (Identification of the homogenized tensor for a laminate). When
L(y) := L(y1), y1 € Y1, with Ape.(L) > 0, the homogenized tensor LO given by
(2.3) can also be expressed by the following formula:

(3.6) LM = [ L(t)(M +vj,(t)®e1)dt, for M € RN*N,
vy
where vyr € HY o, (Y1;RY) is given by
(3.7)
vhrly1) = A7 () = (Liya) M) er+

(ALl dr) "y, AL (L(2) M)er) dt}

/n onr (£) dt = 0,

Further, 1.0 = L¢ given by Lemma 3.2.

Proof. Since Aper(IL) > 0, the bilinear form

/ L(y1)Vv - Vody
YN
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is coercive on Hl  (Yn;RYM), so that, for any M € RV*N  there exists a unique

per
solution wy; € H (Yn;RY) to

per

—div [L(y1)(M + Vwy)] =0 in RY
(3.8) wyr dy = 0.
YN

Because of uniqueness a straightforward verification shows that

w (y) = v (Y1)

defined by (3.7). Moreover, it is the unique minimizer in (2.3) with zero mean.
Therefore, the tensor given by formula (3.6) is also that given by (2.3).
It remains to establish that it coincides with the tensor L given through Lemma 3.2.
Setting
u®(z) := Mz + e vl (z1/¢€)
we have
u® — Mz weakly in H'(Q;RY),
and
0° :=L(z1/e)Vu® — o weakly in L?(Q; RN *N),
which further satisfy
dive® = 0.
Then, on the one hand,
o:= lim o¢°=L‘M,
weak- L2
with ¢ given by Lemma 3.2.
On the other hand, since o° = L(z1/e)(M + v}, (21/¢)) is Yi-periodic, it con-
verges weakly to its mean in L (€2; RV %) which is precisely (3.6). The arbitrariness
of M yields the result. (Il

Remark 3.6 (Example of a loss of (strict) strong ellipticity via homogenization).
It is immediate that, under assumptions (3.2)-(3.5), assumptions (2.10), (2.11)
are in turn satisfied with v = pq, as well as those of Case 1 in Theorem 2.9, so
that the laminate construction whose strong ellipticity was shown to degenerate in
Proposition 3.4 satisfies

AL)>0 and A,.(L)> 0.

Further, since in such a case Lemma 3.5 actually permits to identify the homoge-
nized tensor as ¢, and since the strong ellipticity of L* is not strict, A(L) cannot
be strictly positive, because it would give rise to a (strictly) strongly elliptic tensor
LY = LL¢ (see Remark 2.3). We thus conclude that

AL)=0 and A,.(L)> 0.

The latter had not been remarked. This provides, to our knowledge, the first
example of a periodic composite for which bona fide homogenization results in a
loss of (strict) strong ellipticity. q
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Remark 3.7. If, in the two-dimensional case, we consider
o >0, Ao+ 2us >0, Ao+ 2 =0
{ p1 >0, Ay +pp >0,
in lieu of (3.4), we can consider v > 0 such that

v < min{pu, po}-
Then Remark 2.10 will apply and establish that A(IL) > 0, although L(y) cannot
satisfy the very strong ellipticity condition (1.7) since L(y)l2 - Iz = 0 for a.e. y in
{x = 0}. Note however that the energy density L(y)M - M is pointwise non-negative
for every M € R? x R2.
According to [7, Proposition 2], the resulting homogenized tensor L0 = L is
very strongly elliptic. q

In the next subsection, we demonstrate that the scenario put forth in [7] is in
essence unique within the framework of periodic lamination in (linearized) elasticity
if loss of ellipticity is the goal.

3.2. Loss of strong ellipticity for the homogenized tensor. The first para-
graph addresses the case of a general laminate, while the second paragraph special-
izes the results to the isotropic setting.

3.2.1. A general framework. Let I € Lo, (Yl;fs(RgXN)) be a Y;-periodic tensor-

valued function which is uniformly strongly elliptic in Y7, namely a.. (L) > 0 (see

(1.8)).
Define, for a.e. y; € Y7, the y;-dependent inner product
& eR = Liy) (E@er). M@ er).

It is indeed an inner product because o (L) > 0. The matrix-valued function
defined by

(6G) La(n)
(39) L(y) = <g211(y1) Zz(y11)> -

<L(y1)(€1 ®er) (1 ®e1) L(yi)(er®er)-(e2®@ 61))
L(yi1)(e1®e1) - (e2®e1) L(yi)(e2®er) - (e2®er)

is then symmetric positive definite.
The following result holds true:

Lemma 3.8 (Loss of strong ellipticity for a general laminate). Assume that, for
some constant vy,

(3.10) L(y1)A-A+4ydetA>0, ae inYy, VAR 2

Then, for any rank-one matriz M in R2*2 and a.e. in Y7,
(3.11)
1

Ly )M -M > Q(M):= — [L(y1)M - (e1 ® €1) + 2ycof M - (e ® €1)]”

4y
G (y1)
m [L(yl)M' (e2 ®@e1) +2ycof M - (e2 ®er) —

L1 (1
l1(y1)

(L(y1)M - (e1 @ €1)+2y cof M - (1 ® el))}.2

~—
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Moreover, the homogenized tensor 1LV is not (strictly) strongly elliptic if, and
only if there exists a rank-one matriz M such that

(3.12) L(y1))M - M =Q(M), a.e. in Y,

together with
(3.13)

l5(1)
y; det (L(?))

- M G e co - (e e
_/Y1 det(L(t))(H"(t)M (e2®e1) +2ycof M - (ex @ ey)) di

(L(t)M - (e1 ® €1) 4+ 2y cof M - (e1 ® e1)) dt

/Yl dftz(lét()t)) (L(t)Mé ((et; ©e1) +2ycof M - (e1 @ e1)) dt
1

= | Tt ey TOM - (2 @ex) + 200 M - (2 @ ex) .

In (3.13) above, the matriz M can be substituted with its transpose MT .

Proof. Throughout, we will omit the y;-dependence in (in)equalities that hold a.e.
in Yj.

Let M be a rank-one matrix of R?*2, so that, in particular, det M = 0. First,
definition (2.3) of the homogenized tensor LL°, the quasi-affinity of the determinant
and (3.10) imply that
(3.14)

LM - M = min /]LM+V (M+V d}
o (YQ;RQ){ [ L1+70)- 01+ To)dy

per

= i L (M (M 4 M > 0.
@eH%m(Ial@;Rz){/yz[ (M + Vo) (M+ V) + 4y det ( +V<p)]dy}_0

Take ¢ = ¢(y1) = (1, ¢2) € Cper(Y1;R?). Then
Ve=¢' @er =g (e1®e1) + ¢ (e2®@e1)
is a rank-one (or the null) matrix. Because of (3.10) and since
det (A+ B) =det A +det B+ cofA-B, VA,B¢cR**?

we have
0<L(M+ V) (M+ V) + 4y det (M + Vo)
= }L(M + 30/1 (el X 61) + (pl2 (62 X 61)) . (M + <,0/1 (61 ® 61) + 50/2 (62 & 61))+
4y cof M - (o] (e1 ® 1) + ¢h (e2 ® €1)),

for any Lebesgue point of L in Y;7. Using (3.9) it follows that

0 < 41 (91) + 201 9105 + L2 (95)% +2 (LM - (e1 ® e1) + 2y cof M - (e1 ® e1)) ¢}
+2 (LM - (e2®e1) +2ycof M - (ea ® eq)) b + LM - M.
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If attempting to rewrite the expression in the right hand-side of the above inequality
as a sum of squares, one is led to
(3.15)

0<L(M+Vy)-(M+ Vo) +4y det (M + Vo)

/ lo1 /
=LM -M—-Q(M)+ 4 @1+Z@2+
4 det (L) |: o 621

%

1
1
(LM - (e1 ®e1) + 2ycof M - (e1 ® e1))+

4
det (L)

(]LM -(e1®e1) +2ycofM - (e1 ® 61))}

727 det (L)

2
(]LM (ea®e1) + 2ycof M - (ea ® 61)):| ,

where Q(M) was defined in (3.11).

Because the derivatives ¢} and ¢} can be chosen arbitrarily, the two square
brackets in (3.15) can be equated to 0 at any Lebesgue point y; € Y7 of L, which
yields (3.11) a.e. in Y7. Note that, by a density argument, inequality (3.15) also
holds a.e. in Y; for any ¢ € H . (Y1;R?).

Now assume that L° is not (strictly) strongly elliptic, so that there exists a
rank-one matrix M such that L°M - M = 0. The minimizer in (3.7) satisfies

0=L'M-M= | LE)(M+vjy{t)®@e1)  (M+v)y(t)@er)dt
Y1

= /Y [L(t)(M 4+ Vo (t)) - (M + Vo (t)) + 4y det (M + Vup(t))] dt.

In view of (3.15), the integrand in the expression above must be pointwise null,
which implies equality (3.12) as well as

521 ’ 1

(var) + 7 ()2 + - (LM - (e1 @ e1) 4+ 2ycof M - (e; ®e1)) =0
1 1
14
(3.16) (vhr)2— detQ(lL) (LM - (e1 ®e1) + 2y cof M - (e1 @ e1))+
%

det () (LM -(e2 ®eq)+2ycof M - (e ® 61)) =0.
Due to the Y7 periodicity of vy, integrating the second equality of (3.16) over Y;
we get the second equality of (3.13). Finally, replacing (v),)2 in the first equality
of (3.16) and integrating over Y7 we obtain the first equality of (3.13).

Conversely, assume that equalities (3.12) and (3.13) hold. Successive consider-
ation of the second equation of (3.13) then of the first one yields the existence of

two functions @y and ¢y in W32°(Y1) such that, a.e. in Yy,

lo1
#h = qarry LM - (er @ e0) + 27 cofM - (er @ 1))+
¢
detl(L) (LM - (e2®e1) + 2ycof M - (e2® e1)) =0
V2 1
Pt P g (LM - (e ® e1) + 2y cof M - (e @ e1)) = 0.
1 1

This combined with (3.12) yields equality in (3.15), which, by (3.14), implies that

0:/ [L (M + Vi) - (M + V) + dy det (M + Vo) |dyr > LOM - M > 0.
Y1
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Therefore, IL? is not (strictly) strongly elliptic.
Finally, since LM - M = L°M7T- M7, conditions (3.12) and (3.13) are equivalent
to the corresponding equalities obtained upon replacing M by MT. O

3.2.2. The isotropic case. In this paragraph, we specialize the result of the previous
paragraph to the isotropic setting (see Remark 1.1).
Condition (3.10) is easily seen to become

(3.17) —Ay1) —ulyr) < v < plyr), forae. yi €Y1
Then,

Theorem 3.9 (Loss of strong ellipticity in the isotropic case). Assume that condi-
tion (3.17) holds true. The resulting homogenized tensor LV is not (strictly) strongly
elliptic if, and only if the following conditions are satisfied

(318) >0, L'{p=~Y)=1/2, and A+p+v=0 ae in{u#~}.
Further, in such a case,
(3.19) {MeR>?:det M =0 and L°M - M =0} =R (e3 ®es).

Remark 3.10 (Canonical character of Gutiérrez’s laminate). In particular, Theo-
rem 3.9 shows that the example in [7] of loss of (strict) strong ellipticity for L° is
actually unique in the class of two-phase laminates.

Furthermore, (3.19) asserts that, even in the more general setting of (3.18),
the matrix e; ® es remains the sole rank-one direction in which L loses strong
ellipticity. Also note that the last condition in (3.18) combined with (1.9) implies
that the functions A, i cannot both be continuous, which a posteriori justifies the
use of a two-phase laminate in the example of [7]. See also our previous remarks in
the introduction. q

Proof. Assume that LY is not (strictly) strongly elliptic. Then, consider a rank-one
matrix M := £ ® 5 such that LOM - M = 0.
When L is isotropic the matrix L of (3.9) is

I <A+2u 0>‘
0 %

cof M - (e1 ®ey) = &ama, cof M - (ea ® e1) = —&179,
LM -(e1®e1) = (A+2u)&m + Aana, LM - (ea ®er) = pu(Ema + Eamy),
LM - M = (A+p) (&-n)* + p[€]*n]>.

By Lemma 3.8 the equality LOM - M = 0 is equivalent to conditions (3.12) and
(3.13) which, in the light of the previous equalities, read as
(3.20)

Also,

2 1 2
N+ 2 [(A+2p) &om + (A +27y) Gama] ™ + " [ (Eama + Eam) — 2y &g
=A+p) (€ n)?+plEPluf,  ae inYi,
together with

A+2
(3.21) §&im + 527]2/ 2
vy

A+2u

(t) dt = &amz + amn — 251772/}/ %(t) dt = 0.
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Equation (3.20) actually reduces to

4y p — 42 A +2p)2 — (A +27)2 .
2 2 2
+ =0, a.e. inYj,
T2 PR X+ 20 &2 !
which is equivalent to
Yoo AFpu+y o .

3.22 =0 or — 4+ — =0, a.e. inY].
( ) 2 (=) <Mf1 X+ 2 §2> 1

According to the last part of Lemma 3.8 conditions (3.21) and (3.22) are also
equivalent to the corresponding equalities obtained upon permutation of £ and 7.

From (3.21) and &,7n # 0, we easily deduce that ne # 0.

If v < 0, then by (3.17) A+ pu > —~ > 0 a.e. in Yj, which implies that L
is uniformly very strongly elliptic and thus that LL° is (strictly) strongly elliptic.
Therefore, since LL° is assumed to lose (strict) strong ellipticity, v > 0. Moreover,
if ¥ = 0, then by (3.22) combined with x > 0, we obtain that A + 1 = 0 a.e. in Y7,
or & = 0. Inserting this into (3.21) easily yields a contradiction if & = 0. Thus
A+ =0a.e. in Y;. But then

&im — &ame = &z + &m =0,
which contradicts the fact that £, 7 # 0. Therefore, we can assume that v > 0.
Next, if 4 = v a.e. in Y7, then (3.21) gives
§&im + &ame = Som — &im2 = 0,

again in contradiction with &, # 0. Hence, the set {y # 7} has a positive Lebesgue
measure and (3.22), together with v > 0 and (3.17), implies that

V& =A+p+7)E =0, ae in{u#7}.

Hence, &1 = 0, & # 0, and the third condition of (3.18). Putting & = 0 in the
second inequality of (3.21) we also have n; = 0, 12 # 0. Using (3.21) once again,
we obtain that

_ [ Ay _/ A+ 2y
v A+ 2u {u=n} A+ 21

(t)dt +

A+ 2y 1 1
t)dt =L =7}—-L ,
| A= £ =1) £ £ 0D
which yields the second condition of (3.18). Finally, the equalities & = 1 = 0
imply (3.19).

Therefore, the lack of (strict) strong ellipticity of LY, or equivalently, conditions
(3.21) and (3.22) satisfied by some rank-one matrix £ ® n, imply (3.18) and (3.19).

The converse is obvious, which completes the proof. [
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