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Abstract. It was shown in [6] that, in the setting of linearized elasticity,
a Γ-convergence result holds for highly oscillating sequences of elastic
energies whose functional coercivity constant in RN is zero while the
corresponding coercivity constant on the torus remains positive. We
illustrate the range of applicability of that result by finding sufficient
conditions for such a situation to occur. We thereby justify the degener-
ate laminate construction of [7]. We also demonstrate that the predicted
loss of strict strong ellipticity resulting from the construction in [7] is
unique within a “laminate-like” class of microstructures. It will only oc-
cur for the specific micro-geometry investigated there. Our results thus
confer both a rigorous, and a canonical character to those in [7].
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1. Introduction

In the canonical scalar second order elliptic setting, that is when attempting to
solve

(1.1)

{
− div

(
A(x)∇u

)
= f in Ω

u = 0 on ∂Ω,

with A ∈ L∞(Ω;RN×N ), RN×N being the set of N ×N matrices, the coercivity of
the matrix A,

(1.2) ess-inf
x∈Ω

(
min

{
A(x)ξ · ξ : ξ ∈ RN , |ξ| = 1

})
> 0,

is a necessary and sufficient condition for a successful application of Lax-Milgram’s
lemma, hence for an existence and uniqueness statement for the solution to (1.1),
and this for all right hand-sides f ∈ H−1(Ω;RN ).

This is so because the bilinear formˆ
Ω

A(x)∇v · ∇v dx

is coercive over H1
0 (Ω) if, and only if (1.2) holds true.

In the case of a system, the situation may become a bit less pristine. As far as
linearized elasticity is concerned, the analogue of the matrix-valued function A is a
L∞-mapping

L : Ω→ Ls(RN×Ns ),
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where RN×Ns is the subspace of symmetric elements of RN×N , and Ls(RN×Ns )
denotes the space of symmetric endomorphisms on RN×Ns . Then, application of
Lax-Milgram’s lemma necessitates thatˆ

Ω

L(x)∇v · ∇v dx

be coercive, in other words that

(1.3) inf

{ˆ
Ω

L(x)∇v · ∇v dx : v ∈ C∞c (Ω;RN ),

ˆ
Ω

|∇v|2 dx = 1

}
> 0.

That condition is implied by very strong ellipticity, that is by the pointwise condi-
tion

(1.4) ess-inf
x∈Ω

(
min

{
L(x)M ·M : M ∈ RN×Ns , |M | = 1

})
> 0, (1)

but it only implies (strict) strong ellipticity, that is the pointwise condition

(1.5) ess-inf
x∈Ω

(
min

{
L(x)(a⊗ b) · (a⊗ b) : a, b ∈ RN , |a| = |b| = 1

})
> 0.

(See Remark 2.1 below.)
This apparently innocuous discrepancy strongly impacts linearly elastic behavior

and endows it with features that prove to be drastically at odds with its scalar
sibling: lack of maximum principle, differences between wave speeds and light cones,
etc... We do not intend to provide a review of those distinguishing traits and direct
the interested reader to e.g. [4], [11], [15] among many contributions.

In this work, we turn our attention to homogenization, and, more precisely, to
the simplest possible setting for homogenization, that where the oscillations of the
coefficients are periodic. We thus consider throughout an elasticity tensor (Hooke’s
law) of the form

L ∈ L∞per

(
YN ; Ls(RN×Ns )

)
,

where YN := [0, 1)N is identified with the N -dimensional torus, and the tensor-
valued function L defined in RN is YN -periodic, namely,

L(y + κ) = L(y), a.e. in RN , ∀κ ∈ ZN ,
so that the rescaled function L(x/ε) is εYN -periodic.

We then consider the Dirichlet boundary value problem

(1.6)

{
−div

(
L(x/ε)∇uε

)
= f in Ω

uε = 0 on ∂Ω,

with f ∈ H−1(Ω;RN ). We could impose a very strong ellipticity condition on L,
namely

(1.7) αvse(L) := ess-inf
y∈YN

(
min

{
L(y)M ·M : M ∈ RN×Ns , |M | = 1

})
> 0.

In such a setting, homogenization is straightforward as explained in Remarks 2.1,
2.3 below.

Instead, we will merely impose (strict) strong ellipticity, that is

(1.8) αse(L) := ess-inf
y∈YN

(
min

{
L(y)(a⊗ b) · (a⊗ b) : a, b ∈ RN , |a| = |b| = 1

})
> 0,

1Note that, because of the symmetries of L, replacing the symmetric matrix M in condition
(1.4) by an arbitrary matrix would not change its definition.
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and this throughout the paper.

Remark 1.1 (Strong ellipticity and isotropy). Whenever L is isotropic, that is

L(y)M = λ(y) tr (M) IN + 2µ(y)M, for y ∈ YN , M ∈ RN×Ns ,

then (1.8) reads as

(1.9) ess-inf
y∈YN

(
min

{
µ(y), λ(y) + 2µ(y)

})
> 0. ¶

The strong ellipticity condition (1.8) is the starting point of the study of ho-
mogenization performed in [6]. Under that condition, the authors investigate the
Γ-convergence, for the weak topology of H1

0 (Ω;RN ) on bounded sets (a metrizable
topology), of the Dirichlet integralˆ

Ω

L(x/ε)∇v · ∇v dx.

The results in [6] that will be of use to us are summarized in Theorem 2.7 of
Section 2 below. That theorem asserts that, under conditions that will be detailed
in that section, the Γ-limit is given through the expected homogenization formula
(2.3) in spite of the lack of very strong ellipticity.

In [6], no examples are given of a setting for which the above mentioned result
applies.

Our goal in this study is in part to remedy that situation by firstly establishing
a reasonable list of conditions on a multi-phase periodic mixture of isotropic com-
ponents so that the assumptions required for the application of Theorem 2.7 are
met; this is the object of Theorem 2.9 which holds true whenever the mixture is
either “laminate-like”, that is roughly one-directional, or else “inclusion like”, that
is so that no “bad” phase (i.e., one where very strong ellipticity does not hold) is
in essence “surrounded by” another bad phase.

Then we exhibit essentially necessary and sufficient conditions for those con-
ditions to be satisfied in the case of a one-dimensional mixture – one where the
elasticity L(y) only depends on one variable, say y1 – while producing a homog-
enized elasticity tensor that loses (strict) strong ellipticity. This is the object of
Theorem 3.9.

To this effect, we will carefully revisit a laminate geometry introduced in [7, 8].
In those papers it is established that a certain homogenization scheme – labeled 1*-
convergence (see Lemma 3.2) – applied to the lamination mixture of two phases, one
of which is very strongly elliptic while the other is only (strictly) strongly elliptic,
will lead to a limit behavior for which (strict) strong ellipticity, and even semi-strong
ellipticity (the condition which consists in replacing positivity by non-negativity in
(1.5)) fails. Remark 3.6 justifies the scheme introduced in those papers. Indeed we
show that the 1*-limit coincides with the Γ-limit, thanks in part to an application
of Theorem 3.9 in the specific setting at hand.

In turn, Theorem 3.9 demonstrates that the lamination process introduced in [7]
is canonical : it is the only one among rank-one laminates that will result in a loss
of (strict) strong ellipticity for the homogenized tensor.

In particular, no continuous dependence in y1 can produce a loss of (strict)
strong ellipticity; cf. Remark 3.10. This has a bearing on the usefulness of the
Γ-convergence result of Theorem 2.7 whenever functional coercivity, i.e., (1.3),
is not satisfied. Indeed, that result is only helpful if H1-bounds are secured for
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the sequence of minimizers associated with the investigated energy. A usually
convenient way to ensure such a bound is to add a quadratic zeroth-order term of
the form

γ

ˆ
Ω

|u|2dx

to the energy and to use a Gärding type inequality to conclude to the coercivity of
the resulting energy for an adequate value of the constant γ. But such a scheme
is doomed from the very start in our context because it is known that Gärding’s
inequality is false when the coefficients are not continuous (see [17]).

So, in the end, the homogenization scheme produced by the Γ-convergence re-
sult is debatable at least in the lamination setting. Our contribution merely cir-
cumscribes the extent to which it could produce a loss of strict strong ellipticity,
should the minimizing sequences associated with the periodic microstructure re-
main bounded in H1 as the size ε of the microstructure goes to 0.

Finally, for the sake of completeness, we point the interested reader to [1] as
the only paper which, to the extent of our knowledge, attempts to improve on the
results of [6] by abandoning any notion of ellipticity, or even non-negativity for the
elasticity of the microstructure. Unfortunately, that paper has no bearing on our
work.

Notationwise:

• IN is the unit matrix of RN×N .
• A·B is the Frobenius inner product between two elements of A,B ∈ RN×N ,

that is A ·B := tr (ATB).
• If A := ( a c

b d ) ∈ R2×2, the cofactor matrix of A is cofA :=
(

d −b
−c a

)
.

• H1
per(YN ) is the space of the functions in H1

loc(RN ) which are YN -periodic;

the spaces Lpper(YN ), Ckper(YN ), etc... are similarly defined.
• {ε} denotes a sequence of positive numbers which converges to 0;
• If I ε is an ε-indexed sequence of functionals with

I ε : X → R,

(X reflexive Banach space), we will write that I ε Γ(X)
⇀ I 0, with

I 0 : X → R,

if I ε Γ-converges to I 0 for the (metrizable) weak topology on bounded
sets of X (see e.g. [2, Definition 7.1] for the appropriate definition).

2. The Γ-convergence viewpoint

As announced in the introduction, this section is devoted to a revisiting of some
of the results obtained in [6]. For vector-valued (linear) problems, a successful
application of Lax-Milgram’s lemma to a Dirichlet problem of the type (1.6) hinges
on the positivity of the following functional coercivity constant:

(2.1) Λ(L) := inf

{ˆ
RN

L(y)∇v · ∇v dy : v ∈ C∞c (RN ;RN ),

ˆ
RN

|∇v|2 dy = 1

}
.

As long as Λ(L) > 0, existence and uniqueness of the solution to (1.6) is guar-
anteed by Lax-Milgram’s lemma.
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Remark 2.1 (Conductivity versus elasticity). In the conductivity setting (for, say
a symmetric N ×N - conductivity tensor A(y)), functional coercivity, that is

inf

{ˆ
RN

A(x)∇v · ∇v dx : v ∈ C∞c (R),

ˆ
RN

|∇v|2dx = 1

}
> 0,

is equivalent to pointwise strong ellipticity, that is

ess-inf
y∈YN

(
min

{
A(y)ξ · ξ : ξ ∈ RN

})
> 0,

as immediately seen by testing with a v(x) of the form ϕ(x) cos (n ξ · x), ξ ∈ RN ,
ϕ ∈ C∞c (Ω), with n→∞. The vectorial analogue does not hold true and Λ(L) > 0
only implies (strict) strong ellipticity, i.e. (1.8), while (1.7) is needed to pass from
a pointwise condition to the positivity of Λ(L).

Actually, even very strong ellipticity, that is property (1.7), is not sufficient per
se to ensure the positivity of Λ(L). This has to be combined with a Korn type
inequality which allows us to replace symmetrized gradients by full gradients. Such
an inequality is satisfied in e.g. the case of Lipschitz domains and for general
domains in the case at hand, i.e. for Dirichlet boundary conditions on ∂Ω (see [13,
Ch.I, Sec.2]). ¶

Further, according to classical results in the theory of homogenization, under
condition (1.7) the solution uε ∈ H1

0 (Ω;RN ) of (1.6) satisfies

(2.2)


uε ⇀ u, weakly in H1

0 (Ω;RN )

L(x/ε)∇uε ⇀ L0∇u, weakly in L2(Ω;RN×N )

−div
(
L0∇u

)
= f,

with

(2.3) L0M ·M := min

{ˆ
YN

L(y)(M +∇v) · (M +∇v) dy : v ∈ H1
per(YN ;RN )

}
.

Remark 2.2. It is stated in [14, Ch. 6, Section 11] that the first explicit homoge-
nization result in the framework of linear elasticity – this under the assumption of
very strong ellipticity (1.7) – is to be found in the work of G. Duvaut (unavailable
reference cited therein). ¶

Remark 2.3 (Homogenization in the functionally coercive setting). The additional
remark that functional coercivity, that is Λ(L) > 0, is actually the correct condition
for performing homogenization and is stable under the homogenization process can
be found in [5] independently of any assumption of periodicity.

In the periodic setting, the resulting homogenized tensor is still given by (2.3)
and, since it is functionally coercive, it is also (strictly) strongly elliptic, that is,
recalling (1.8),

αse(L0) > 0.

Further, if v ∈ H1(Ω;RN ) and wε ∈ H1(Ω;RN ) is the solution to

(2.4)

{
−div

(
L(x/ε)∇wε

)
= −div

(
L0∇v

)
wε = v on ∂Ω,
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then, multiplication of the equation by wε−v results, thanks to functional coercivity,
in an H1(Ω;RN )-bound on wε which in turn allows us to conclude that

(2.5)

{
wε ⇀ v, weakly in H1(Ω;RN )

L(x/ε)∇wε ⇀ L0∇v, weakly in L2(Ω;RN×N ),

as can be proved exactly as in [9, Theorem 1]. ¶

Set, for v ∈ H1(Ω;RN ),

(2.6) I ε(v) :=

ˆ
Ω

L(x/ε)∇v · ∇v dx, resp. I 0(v) :=

ˆ
Ω

L0∇v · ∇v dx,

We propose to quickly discuss the Γ-convergence properties of I ε to I 0. Under
the condition of very strong ellipticity, Γ-convergence is known to hold true for
both the weak H1

0 (Ω;RN ) and the weak H1(Ω;RN )-topologies on bounded subsets
of those spaces. In the lemma below, we generalize that result to the case where
functional coercivity holds. Unfortunately, the result is more restrictive.

Lemma 2.4 (Γ-convergence – the functionally coercive case). Assume that the
functional coercivity condition Λ(L) > 0 holds true. Then,

I ε Γ(H1
0 )

⇀ I 0.

Further, if, a.e. in Y ,

(2.7) L(y)M ·M ≥ 0, ∀M ∈ RN×N ,
then

I ε Γ(H1)
⇀ I 0.

Proof. We only treat the more difficult case of H1(Ω;RN ) and comment on the
easier case H1

0 (Ω;RN ) at the end of the proof.
Consider vε ⇀ v in H1(Ω;RN ), and wε ∈ H1(Ω;RN ), solution to (2.4).
For ϕ ∈ C∞c (Ω) with 0 ≤ ϕ ≤ 1, one gets, thanks to (2.7), (2.5),

lim inf
ε→0

ˆ
Ω

L(x/ε)∇vε · ∇vε dx ≥ lim inf
ε→0

ˆ
Ω

ϕL(x/ε)∇vε · ∇vε dx ≥

lim
ε→0

ˆ
Ω

ϕ
(
2L(x/ε)∇vε · ∇wε − L(x/ε)∇wε · ∇wε

)
dx =

ˆ
Ω

ϕL0∇v · ∇v dx,

and then one lets ϕ↗ 1. The Γ-liminf inequality is established.
The sequence {wε} is a good recovery sequence, as is immediately shown upon

passing to the limit inˆ
Ω

L(x/ε)∇wε · ∇(wε − v)dx =

ˆ
Ω

L0∇v · ∇(wε − v)dx.

In the H1
0 (Ω;RN ) case the same argument goes through without having to in-

troduce the cut-off function ϕ and thus condition (2.7) is not needed. �

Remark 2.5 (About Γ(H1)-convergence). In the absence of pointwise non-negati-
vity of the energy density L(y)M ·M , it is not clear to us that that same result
holds true under the sole condition Λ(L) > 0. In truth, we do not even know if the
Γ-limit of I ε for the weak H1-topology on H1-bounded sets can be expressed as a
local functional. ¶
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Remark 2.6 (About the non-negativity of the energy density). It is possible to
consider a Hooke’s law L(y) which satisfies Λ(L) > 0, (2.7), and yet where αvse

defined in (1.7) is non-positive. An example is provided in Remark 3.7 below in the
case N = 2. We are confident that a similar result is also valid when N = 3. ¶

The case Λ(L) < 0 is easily disposed of. Indeed, it is immediate from the proof
of [6, Prop. 3.2] that, in such a case,

I ε Γ(H1
0 )

⇀ I 0 ≡ −∞.

The case Λ(L) = 0 is more delicate. Define

(2.8) Λper(L) := inf

{ˆ
YN

L(y)∇v · ∇v : v ∈ H1
per(YN ;RN ),

ˆ
YN

|∇v|2dy = 1

}
.

Then the following result is found in [6, Theorem 3.4(i)].

Theorem 2.7 (Homogenization as a Γ-convergence result). If

(2.9) Λper(L) > 0,

then, I ε Γ(H1
0 )

⇀ I 0, with L0 given by (2.3).

Remark 2.8. In strict parallel with Remark 2.5, we do not know whether the
result of Theorem 2.7 still holds true when H1

0 (Ω;RN ) is replaced by H1(Ω;RN ) in
the Γ-convergence statement. ¶

No examples of applicability of the theorem were produced in [6], or, to the best
of our knowledge, in any later study. We now demonstrate the existence of a large
class of isotropic mixtures to which Theorem 2.7 applies. Our result is restricted to
the two-dimensional case N = 2 with (1.9) satisfied so as to ensure (strict) strong
ellipticity, although we suspect that similar results could be derived when N = 3.

Specifically, we assume the existence of p phases Zi, i = 1, . . . , p, with Zi open,
connected and Lipschitz, satisfying

∀ i 6= j ∈ {1, . . . , p}, Zi ∩ Zj = Ø and
⋃

i=1,...,p

Z̄i = Ȳ2,

such that

(2.10)


L(y)M = λ(y) tr (M) IN + 2µ(y)M, y ∈ Y2, M ∈ R2×2

s

λ(y) = λi, µ(y) = µi, in Zi, i = 1, . . . , p

min
i=1,...,p

{µi, λi + 2µi} > 0.

We also assume the existence of γ > 0 such that

(2.11) − min
i=1,...,p

{λi + µi} ≤ γ ≤ min
i=1,...,p

{µi}.

Define the following subset of indices:

(2.12)


I :=

{
i ∈ {1, . . . , p} : µi = γ

}
J :=

{
j ∈ {1, . . . , p} : λj + µj = −γ

}
K := {1, . . . , p} \ (I ∪ J) ,

and remark that, since λi + 2µi > 0, those three sets are disjoint.
Then, the following theorem illustrated in Figure 1 below holds true:
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Laminate-like Inclusion-like

Zi , i ∈ I
Zj , j ∈ J
Zk , k ∈ K

Figure 1. Sets Zi for a laminate-like or an inclusion-like micro-geometry.

Theorem 2.9 (Applicability of Theorem 2.7 – the isotropic case). Let (2.10),
(2.11) hold true. Then, Λ(L) ≥ 0.

Assume further that the sets defined in (2.12) meet one of the two following
conditions:

Case 1. For each j ∈ J , there exists an interval (aj , bj) ⊂ [0, 1] such that[
(aj , bj)× {0}

]
∪
[
(aj , bj)× {1}

]
⊂ ∂Zj or[

{0} × (aj , bj)
]
∪
[
{1} × (aj , bj)

]
⊂ ∂Zj ,

(we will refer to this setting as “laminate-like”); or
Case 2. K 6= Ø and, for each j ∈ J , there exists k ∈ K with H1(∂Zj ∩ ∂Zk) > 0,

(we will refer to this setting as “inclusion-like”).

Then, Λper(L) > 0.

Proof.

Step 1. Λ(L) ≥ 0: The proof that it is so is an adaptation of results presented in
[7, Section 4].

Because, for any v ∈ C∞c (R2;R2),

ˆ
YN

det∇v(y) dy = 0,

the definition (2.1) of Λ(L) equivalently reads as

Λ(L) = inf

{ˆ
R2

(
L(y1)∇v · ∇v + 4γ det∇v

)
dy :

v ∈ C∞c (R2;R2),

ˆ
R2

|∇v|2 dy = 1

}
.
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Thus,

(2.13) Λ(L) = inf

{ˆ
R2

[(
λ(y) + 2µ(y)

)((∂v1

∂y1

)2

+

(
∂v2

∂y2

)2
)

+

(
2λ(y) + 4γ

)∂v1

∂y1

∂v2

∂y2
+ µ(y)

((
∂v1

∂y2

)2

+

(
∂v2

∂y1

)2
)

+
(
2µ(y)−4γ

) ∂v1

∂y2

∂v2

∂y1

]
dy

}
.

The above quantity is certainly non negative if it is pointwise non negative. Such
is the case if we can choose γ satisfying

ess-sup
{

max{0,−(λ+ µ)}
}
≤ γ ≤ ess-inf{µ}.

Hence the result in view of (2.11).

Step 2. Λper(L) > 0: Since the determinant is a null Lagrangian for elements of
H1

per(Y2;R2), definition (2.8) equivalently reads as

Λper(L) = inf

{ˆ
Y2

(
L(y)∇v · ∇v + 4γ det∇v

)
dy :

v ∈ H1
per(Y2;R2),

ˆ
Y2

|∇v|2 dy = 1

}
,

or, as for Λ(L),

(2.14) Λper(L) = inf

{ˆ
Y2

[
P

(
y;
∂v1

∂y1
,
∂v2

∂y2

)
+Q

(
y;
∂v1

∂y2
,
∂v2

∂y1

)]
dy :

v ∈ H1
per(Y2;R2),

ˆ
Y2

|∇v|2 dy = 1

}
,

where P (y; ·) and Q(y; ·) are the quadratic forms{
P (y; a, b) :=

(
λ(y) + 2µ(y)

)
(a2 + b2) + 2

(
λ(y) + 2γ

)
ab

Q(y; a, b) := µ(y) (a2 + b2) + 2
(
µ(y)− 2γ

)
ab.

Upon considering the associated traces and determinants, it is easily concluded
that there exists α > 0 such that,

P (y; a, b) ≥ α (a+ b)2, Q(y; a, b) ≥ α (a− b)2, y ∈ Zi, i ∈ I,(2.15)

P (y; a, b) ≥ α (a− b)2, Q(y; a, b) ≥ α (a2 + b2), y ∈ Zj , j ∈ J,(2.16)

P (y; a, b) ≥ α (a2 + b2), Q(y; a, b) ≥ α (a2 + b2), y ∈ Zk, k ∈ K.(2.17)

Assume the existence of a sequence {vn} ⊂ H1
per(Y2;R2), with

´
Y2
vndy = 0, such

that

(2.18)

ˆ
Y2

|∇vn|2dy = 1,

while ˆ
Y2

L(y)∇vn · ∇vn dy → 0.

Note that, by Poincaré-Wirtinger’s inequality, it is immediate that

(2.19) vn is bounded in L2(Y2;R2).
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In the light of (2.14),

(2.20)

ˆ
Y2

[
P

(
y;
∂vn1
∂y1

,
∂vn2
∂y2

)
+Q

(
y;
∂vn1
∂y2

,
∂vn2
∂y1

)]
dy → 0.

Then, in view of (2.17), for k ∈ K,ˆ
Zk

[
P

(
y;
∂vn1
∂y1

,
∂vn2
∂y2

)
+Q

(
y;
∂vn1
∂y2

,
∂vn2
∂y1

)]
dy ≥ α

ˆ
Zk

|∇vn|2 dy,

so that, by virtue of (2.20), ˆ
Zk

|∇vn|2 dy → 0.

Summing over k ∈ K we get

(2.21) lim
n→∞

∑
k∈K

ˆ
Zk

∑
r,q=1,2

(
∂vnr
∂yq

)2

dy = 0.

In turn, in view of (2.16), for j ∈ J ,

ˆ
Zj

[
P

(
y;
∂vn1
∂y1

,
∂vn2
∂y2

)
+Q

(
y;
∂vn1
∂y2

,
∂vn2
∂y1

)]
dy ≥

α

ˆ
Zj

[(
∂vn1
∂y2

)2

+

(
∂vn2
∂y1

)2

+

(
∂vn1
∂y1
− ∂vn2
∂y2

)2
]
dy,

so that, by virtue of (2.20),

(2.22) lim
n→∞

ˆ
Zj

[(
∂vn1
∂y2

)2

+

(
∂vn2
∂y1

)2

+

(
∂vn1
∂y1
− ∂vn2
∂y2

)2
]
dy = 0.

Now, according to (2.18),

(2.23)
∂vn1
∂y1

is bounded L2(Zj),

while, in view of (2.22),

(2.24)
∂

∂y2

(
∂vn1
∂y1

)
=

∂

∂y1

(
∂vn1
∂y2

)
→ 0 strongly in H−1(Zj),

and, further,
∂2vn1
∂y2

1

=
∂

∂y1

(
∂vn2
∂y2

)
+ rn =

∂

∂y2

(
∂vn2
∂y1

)
+ rn,

with rn → 0 in H−1(Zj). Again using (2.22), we conclude that

(2.25)
∂2vn1
∂y2

1

→ 0 strongly in H−1(Zj).

Next, by Korn’s theorem applied to the Lipschitz domain Zj (see e.g. [12]) the
two norms ‖∇ · ‖H−1(Zj ;R2) + ‖ · ‖H−1(Zj) and ‖ · ‖L2(Zj) are equivalent on L2(Zj),
so that recalling (2.23), (2.24), (2.25),

∂vn1
∂y1

converges strongly in L2(Zj).



ELLIPTICITY AND HOMOGENIZATION IN ELASTICITY 11

Using once again (2.24), (2.25) combined with the connectedness of Zj , we obtain
that, for some constant dj ,

∂vn1
∂y1
→ dj strongly in L2(Zj).

This combined with (2.22) leads to

∂vn2
∂y2
→ dj strongly in L2(Zj).

Thus, we conclude that

∇vn → dj I2 strongly in L2(Zj ;R2×2),

hence, in view of (2.19),

vn → v := dj y + Vj strongly in H1(Zj ;R2),

for some constant vector Vj .
We now appeal to the assumptions in the statement of the theorem. In case 1,

we observe that, by periodicity, v = dj y + Vj should take the same values on e.g.
(aj , bj)×{0} and on (aj , bj)×{1}. But this is impossible unless dj = 0. In case 2,
we observe that v should take a constant value on ∂Zj ∩ ∂Zk for some k ∈ K
that satisfies the assumption. Indeed, vn converges strongly to 1Zj

v + 1Zk
ck in

H1(Zj ∪ Zk) for some constant ck, this thanks to (2.21) and to the connectedness
of Zk. Thus, due to the regularity of the open sets Zj and Zk, the trace of v agrees
with the constant ck a.e. on ∂Zj ∩ ∂Zk. But dj y + Vj cannot remain constant on
a set of non-zero H1-measure unless dj = 0. Hence, ∇vn converges strongly to 0 in
H1(Zj ;R2). Therefore, we conclude that

(2.26) lim
n→∞

∑
j∈J

ˆ
Zj

∑
r,q=1,2

(
∂vnr
∂yq

)2

dy → 0.

Finally, in view of (2.15), for i ∈ I,

ˆ
Zi

[
P

(
y;
∂vn1
∂y1

,
∂vn2
∂y2

)
+Q

(
y;
∂vn1
∂y2

,
∂vn2
∂y1

)]
dy ≥

α

ˆ
Zi

[(
∂vn1
∂y2
− ∂vn2
∂y1

)2

+

(
∂vn1
∂y1

+
∂vn2
∂y2

)2
]
dy,

so that, by virtue of (2.20),

(2.27)

ˆ
Zi

[(
∂vn1
∂y1

+
∂vn2
∂y2

)2

+

(
∂vn1
∂y2
− ∂vn2
∂y1

)2
]
dy → 0.

But, recalling (2.21), (2.26), combined withˆ
Y2

det∇vn dy = 0,

we obtain that

lim
n→∞

∑
i∈I

ˆ
Zi

det∇vn dy = 0.
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Hence, upon subtracting twice this quantity to the sum over i ∈ I of (2.27),

(2.28) lim
n→∞

∑
i∈I

ˆ
Zi

∑
r,q=1,2

(
∂vnr
∂yq

)2

dy → 0.

Recalling (2.21), (2.26), (2.28) results in a contradiction with assumption (2.18). �

Remark 2.10 (A case where Λ(L) > 0). Note that if γ > 0 can be chosen such
that the inequalities in (2.11) are strict, then Λ(L) > 0. This is because one can
argue as in the case where the phase is in K in the proof above at the expense
of replacing H1

per(Y2;R2) by H1(R2;R2); in particular, the integrand in (2.13) is

bounded from below by c |∇v|2 for some constant c > 0. ¶

Remark 2.11. As a special case of a general algebraic result on quadratic forms
(see, e.g., [16, (CKKS), P. 222]) and references therein), the strong ellipticity of
L(y) in dimension two implies the existence of a function γ(y) in L∞(Y ) such that

L(y)M ·M + 4 γ(y) detM ≥ 0, for a.e. y ∈ Y, ∀M ∈ R2×2.

In the proof of the previous theorem, we require the stronger condition (2.11), which
amounts to assuming that γ is independent of y. ¶

Our goal in Section 3 below is to demonstrate that a careful revisiting of the
layering construction proposed in [7, 8] delivers a L∞-mapping L(y1) which satisfies
precisely the assumptions of Theorem 2.7. We further demonstrate the uniqueness
(in a sense that will be further elaborated upon) of such a construction.

3. The canonical character of Gutiérrez’s lamination

3.1. Gutiérrez’s laminate. In [7], the Dirichlet problem (1.6) is investigated in
dimensions 2 or 3 under two additional assumptions. First, the microstructure
exhibits a laminate geometry, that is L(y) := L(y1), for y1 ∈ Y1.

We define, for any L ∈ Ls(RN×Ns ), the element A[L] ∈ RN×Ns as

(3.1) A[L](y1)ξ :=
[
L(y1) (ξ ⊗ e1)

]
e1, y1 ∈ Y1, ξ ∈ RN ,

so that Aij [L] = L1i1j .

Remark 3.1 (Invertibility). The matrix A[L](y1) is symmetric and definite positive
whenever L satisfies the strong ellipticity assumption (1.8). This was assumed to
hold true throughout this work. ¶

For such laminate geometries, the following periodic homogenization result is an
adaptation to the linear elasticity setting of a well-known result originally called
1*-convergence by F. Murat and L. Tartar (see e.g. [3, Ch. 3, Sect. 4]):

Lemma 3.2 (1*-convergence). Consider problem (1.6) and assume that it ad-
mits a solution uε and that the resulting sequence {uε}ε is a bounded sequence
in H1

0 (Ω;RN ). Then there exists u0 ∈ H1
0 (Ω;RN ) such that (2.2) holds true upon
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replacing L0 by L` defined through the following formulae

A−1[L`] =

ˆ
Y1

A−1[L](t) dt

A−1
im[L`]L`1mkl =

ˆ
Y1

{
A−1
im[L](t)L1mkl(t)

}
dt

L`ijkl − L`ij1mA−1
mn[L`]L`1nkl =

ˆ
Y1

{
Lijkl(t)− Lij1m(t)A−1

mn[L](t)L1nkl(t)
}
dt.

Proof. We merely sketch the proof. First we note that a straightforward application
of the div-curl lemma [10] yields that if

aε(x1) ⇀ a0(x1) weakly-∗ in L∞(Ω),

while 
uε ⇀ u, weakly in H1(Ω;RN )

σε ⇀ σ, weakly in L2(Ω;RN×N )

divσε ∈ compact set of H−1(Ω;RN ),

then, for 1 ≤ i ≤ N , aε
∂uεi
∂xj

⇀ a0 ∂ui
∂xj

weakly in L2(Ω), for 1 ≤ i ≤ N, 2 ≤ j ≤ N

aεσε1j ⇀ a0σ1j weakly in L2(Ω), for 1 ≤ j ≤ N.
Then it suffices to write the constitutive equation

σε := L(x1/ε)∇uε,
as

Bε = Mε(x1/ε) G ε

with

Bε :=

∂uεj∂x1
, j ≥ 1

σεij , i, j ≥ 2

 , G ε :=

 σε1j , j ≥ 1

∂uεi
∂xj

, i ≥ 1, j ≥ 2


and to pass to the limit in ε using the previous convergence results. The algebra is
left to the reader. Remark that the resulting matrix Mε is not a square matrix. �

Remark 3.3 (Isotropic laminates). If L(y1) is isotropic (see Remark 1.1), then,
whenever e2 is a unit vector perpendicular to the lamination direction, an easy
computation based on the result of Lemma 3.2 leads to

L`(e2 ⊗ e2) · (e2 ⊗ e2) =

(ˆ
Y1

ds

λ(s) + 2µ(s)

)−1(ˆ
Y1

λ(s)

λ(s) + 2µ(s)
ds

)2

+

4

(ˆ
Y1

µ(s)(λ(s) + µ(s))

λ(s) + 2µ(s)
ds

)
.

(See also [7] for a more direct derivation.) ¶

The second assumption used in [7] is that the microstructure is a two-phase ma-
terial and that both phases L1 and L2 are isotropic (see Remark 1.1). Specifically,
for a characteristic function χ ∈ L∞per(YN ; {0, 1}), we define

(3.2) L(y1)M = λ(y1) tr (M) IN + 2µ(y1)M, y1 ∈ Y1, M ∈ RN×Ns ,
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with

(3.3)


λ(y1) := χ(y1)λ1 +

(
1− χ(y1)

)
λ2

µ(y1) := χ(y1)µ1 +
(
1− χ(y1)

)
µ2´

Y1
χ(t) dt = θ,

and we assume further that, if N = 2,

(3.4)

{
µ2 > 0, λ2 + 2µ2 > 0, λ2 + µ2 < 0

µ1 = − (λ2 + µ2) , λ1 + µ1 > 0,

while, if N = 3,

(3.5)

{
µ2 > 0, λ2 + 2µ2 > 0, 2λ2 + 3µ2 < 0

µ1 = − (λ2 + µ2) , 2λ1 + 3µ1 > 0.

Then, using Lemma 3.2 and Remark 3.3, the following result is obtained in [7,
Proposition 1, Appendices A, B] for N = 2 or N = 3.

Proposition 3.4 (Loss of (strict) strong ellipticity). Take θ = 1/2 and assume that
(3.2)-(3.5) hold true. Then, the tensor L` associated with L(y1) through Lemma 3.2
satisfies

L` (e2 ⊗ e2) · (e2 ⊗ e2) = 0,

where e2 is a unit vector perpendicular to the lamination direction.

We propose below to revisit these results within the framework developed in [6]
and expanded upon in Section 2.

As a first step in that direction, we first establish that, provided that Λper(L) > 0,
the tensor L` obtained in Lemma 3.2 is also the tensor L0 defined through (2.3).

Lemma 3.5 (Identification of the homogenized tensor for a laminate). When
L(y) := L(y1), y1 ∈ Y1, with Λper(L) > 0, the homogenized tensor L0 given by
(2.3) can also be expressed by the following formula:

(3.6) L0M =

ˆ
Y1

L(t)
(
M + v′M (t)⊗ e1

)
dt, for M ∈ RN×N ,

where vM ∈ H1
per(Y1;RN ) is given by

(3.7)
v′M (y1) = A−1[L](y1)

{
− (L(y1)M) e1+(´

Y1
A−1[L](t) dt

)−1 ´
Y1
A−1[L](t)

(
(L(t)M)e1

)
dt
}

ˆ
Y1

vM (t) dt = 0.

Further, L0 = L` given by Lemma 3.2.

Proof. Since Λper(L) > 0, the bilinear form
ˆ
YN

L(y1)∇v · ∇v dy
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is coercive on H1
per(YN ;RN ), so that, for any M ∈ RN×N , there exists a unique

solution wM ∈ H1
per(YN ;RN ) to

(3.8)

 − div
[
L(y1)(M +∇wM )

]
= 0 in RNˆ

YN

wM dy = 0.

Because of uniqueness a straightforward verification shows that

wM (y) ≡ vM (y1)

defined by (3.7). Moreover, it is the unique minimizer in (2.3) with zero mean.
Therefore, the tensor given by formula (3.6) is also that given by (2.3).

It remains to establish that it coincides with the tensor L` given through Lemma 3.2.
Setting

uε(x) := Mx+ ε v′M (x1/ε)

we have

uε ⇀Mx weakly in H1(Ω;RN ),

and

σε := L(x1/ε)∇uε ⇀ σ weakly in L2(Ω;RN×N ),

which further satisfy

divσε = 0.

Then, on the one hand,

σ := lim
weak-L2

σε = L`M,

with L` given by Lemma 3.2.
On the other hand, since σε = L(x1/ε)

(
M + v′M (x1/ε)

)
is Y1-periodic, it con-

verges weakly to its mean in L1(Ω;RN×N ) which is precisely (3.6). The arbitrariness
of M yields the result. �

Remark 3.6 (Example of a loss of (strict) strong ellipticity via homogenization).
It is immediate that, under assumptions (3.2)-(3.5), assumptions (2.10), (2.11)
are in turn satisfied with γ = µ1, as well as those of Case 1 in Theorem 2.9, so
that the laminate construction whose strong ellipticity was shown to degenerate in
Proposition 3.4 satisfies

Λ(L) ≥ 0 and Λper(L) > 0.

Further, since in such a case Lemma 3.5 actually permits to identify the homoge-
nized tensor as L`, and since the strong ellipticity of L` is not strict, Λ(L) cannot
be strictly positive, because it would give rise to a (strictly) strongly elliptic tensor
L0 = L` (see Remark 2.3). We thus conclude that

Λ(L) = 0 and Λper(L) > 0.

The latter had not been remarked. This provides, to our knowledge, the first
example of a periodic composite for which bona fide homogenization results in a
loss of (strict) strong ellipticity. ¶
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Remark 3.7. If, in the two-dimensional case, we consider{
µ2 > 0, λ2 + 2µ2 > 0, λ2 + µ2 = 0

µ1 > 0, λ1 + µ1 > 0,

in lieu of (3.4), we can consider γ > 0 such that

γ < min{µ1, µ2}.

Then Remark 2.10 will apply and establish that Λ(L) > 0, although L(y) cannot
satisfy the very strong ellipticity condition (1.7) since L(y)I2 · I2 = 0 for a.e. y in
{χ = 0}. Note however that the energy density L(y)M ·M is pointwise non-negative
for every M ∈ R2 × R2.

According to [7, Proposition 2], the resulting homogenized tensor L0 = L` is
very strongly elliptic. ¶

In the next subsection, we demonstrate that the scenario put forth in [7] is in
essence unique within the framework of periodic lamination in (linearized) elasticity
if loss of ellipticity is the goal.

3.2. Loss of strong ellipticity for the homogenized tensor. The first para-
graph addresses the case of a general laminate, while the second paragraph special-
izes the results to the isotropic setting.

3.2.1. A general framework. Let L ∈ L∞per

(
Y1; Ls(RN×Ns )

)
be a Y1-periodic tensor-

valued function which is uniformly strongly elliptic in Y1, namely αse(L) > 0 (see
(1.8)).

Define, for a.e. y1 ∈ Y1, the y1-dependent inner product

(ξ, η) ∈ R2 7→ L(y1) (ξ ⊗ e1) . (η ⊗ e1) .

It is indeed an inner product because αse(L) > 0. The matrix-valued function
defined by

(3.9) L(y1) =

(
`1(y1) `21(y1)
`21(y1) `2(y1)

)
:=

(
L(y1)(e1 ⊗ e1) · (e1 ⊗ e1) L(y1)(e1 ⊗ e1) · (e2 ⊗ e1)
L(y1)(e1 ⊗ e1) · (e2 ⊗ e1) L(y1)(e2 ⊗ e1) · (e2 ⊗ e1)

)
is then symmetric positive definite.

The following result holds true:

Lemma 3.8 (Loss of strong ellipticity for a general laminate). Assume that, for
some constant γ,

(3.10) L(y1)A ·A+ 4γ detA ≥ 0, a.e. in Y1, ∀A ∈ R2×2.

Then, for any rank-one matrix M in R2×2 and a.e. in Y1,
(3.11)

L(y1)M ·M ≥ Q(M) :=
1

`1

[
L(y1)M · (e1 ⊗ e1) + 2γ cofM · (e1 ⊗ e1)

]2
+

`1(y1)

det (L(y1))

[
L(y1)M · (e2 ⊗ e1) + 2γ cofM · (e2 ⊗ e1)−
`21(y1)

`1(y1)

(
L(y1)M · (e1 ⊗ e1)+2γ cofM · (e1 ⊗ e1)

)]2
.
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Moreover, the homogenized tensor L0 is not (strictly) strongly elliptic if, and
only if there exists a rank-one matrix M such that

(3.12) L(y1)M ·M = Q(M), a.e. in Y1,

together with
(3.13)

ˆ
Y1

`2(t)

det (L(t))

(
L(t)M · (e1 ⊗ e1) + 2γ cofM · (e1 ⊗ e1)

)
dt

=

ˆ
Y1

`21(t)

det (L(t))

(
L(t)M · (e2 ⊗ e1) + 2γ cofM · (e2 ⊗ e1)

)
dt

ˆ
Y1

`21(t)

det (L(t))

(
L(t)M · (e1 ⊗ e1) + 2γ cofM · (e1 ⊗ e1)

)
dt

=

ˆ
Y1

`1(t)

det (L(t))

(
L(t)M · (e2 ⊗ e1) + 2γ cofM · (e2 ⊗ e1)

)
dt.

In (3.13) above, the matrix M can be substituted with its transpose MT .

Proof. Throughout, we will omit the y1-dependence in (in)equalities that hold a.e.
in Y1.

Let M be a rank-one matrix of R2×2, so that, in particular, detM = 0. First,
definition (2.3) of the homogenized tensor L0, the quasi-affinity of the determinant
and (3.10) imply that
(3.14)

L0M ·M = min
ϕ∈H1

per(Y2;R2)

{ˆ
Y2

L (M +∇ϕ) · (M +∇ϕ) dy

}
= min
ϕ∈H1

per(Y2;R2)

{ˆ
Y2

[
L (M +∇ϕ) · (M +∇ϕ) + 4γ det (M +∇ϕ)

]
dy

}
≥ 0.

Take ϕ = ϕ(y1) = (ϕ1, ϕ2) ∈ C1
per(Y1;R2). Then

∇ϕ = ϕ′ ⊗ e1 = ϕ′1 (e1 ⊗ e1) + ϕ′2 (e2 ⊗ e1)

is a rank-one (or the null) matrix. Because of (3.10) and since

det (A+B) = detA+ detB + cofA ·B, ∀A,B ∈ R2×2,

we have

0 ≤ L (M +∇ϕ) · (M +∇ϕ) + 4γ det (M +∇ϕ)

= L
(
M + ϕ′1 (e1 ⊗ e1) + ϕ′2 (e2 ⊗ e1)

)
·
(
M + ϕ′1 (e1 ⊗ e1) + ϕ′2 (e2 ⊗ e1)

)
+

4γ cofM ·
(
ϕ′1 (e1 ⊗ e1) + ϕ′2 (e2 ⊗ e1)

)
,

for any Lebesgue point of L in Y1. Using (3.9) it follows that

0 ≤ `1 (ϕ′1)2 + 2`21 ϕ
′
1ϕ
′
2 + `2 (ϕ′2)2 + 2

(
LM · (e1 ⊗ e1) + 2γ cofM · (e1 ⊗ e1)

)
ϕ′1

+ 2
(
LM · (e2 ⊗ e1) + 2γ cofM · (e2 ⊗ e1)

)
ϕ′2 + LM ·M.
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If attempting to rewrite the expression in the right hand-side of the above inequality
as a sum of squares, one is led to
(3.15)
0 ≤ L (M +∇ϕ) · (M +∇ϕ) + 4γ det (M +∇ϕ)

= LM ·M −Q(M) + `1

[
ϕ′1 +

`21

`1
ϕ′2 +

1

`1

(
LM · (e1 ⊗ e1) + 2γ cofM · (e1 ⊗ e1)

)]2

+
det (L)

`1

[
ϕ′2 −

`21

det (L)

(
LM · (e1 ⊗ e1) + 2γ cofM · (e1 ⊗ e1)

)
+

`1
det (L)

(
LM · (e2 ⊗ e1) + 2γ cofM · (e2 ⊗ e1)

)]2

,

where Q(M) was defined in (3.11).
Because the derivatives ϕ′1 and ϕ′2 can be chosen arbitrarily, the two square

brackets in (3.15) can be equated to 0 at any Lebesgue point y1 ∈ Y1 of L, which
yields (3.11) a.e. in Y1. Note that, by a density argument, inequality (3.15) also
holds a.e. in Y1 for any ϕ ∈ H1

per(Y1;R2).

Now assume that L0 is not (strictly) strongly elliptic, so that there exists a
rank-one matrix M such that L0M ·M = 0. The minimizer in (3.7) satisfies

0 = L0M ·M =

ˆ
Y1

L(t)
(
M + v′M (t)⊗ e1

)
·
(
M + v′M (t)⊗ e1

)
dt

=

ˆ
Y1

[
L(t)

(
M +∇vM (t)

)
·
(
M +∇vM (t)

)
+ 4γ det

(
M +∇vM (t)

)]
dt.

In view of (3.15), the integrand in the expression above must be pointwise null,
which implies equality (3.12) as well as

(3.16)



(v′M )1 +
`21

`1
(v′M )2 +

1

`1

(
LM · (e1 ⊗ e1) + 2γ cofM · (e1 ⊗ e1)

)
= 0

(v′M )2−
`21

det (L)

(
LM · (e1 ⊗ e1) + 2γ cofM · (e1 ⊗ e1)

)
+

`1
det (L)

(
LM · (e2 ⊗ e1)+2γ cofM · (e2 ⊗ e1)

)
= 0.

Due to the Y1 periodicity of vM , integrating the second equality of (3.16) over Y1

we get the second equality of (3.13). Finally, replacing (v′M )2 in the first equality
of (3.16) and integrating over Y1 we obtain the first equality of (3.13).

Conversely, assume that equalities (3.12) and (3.13) hold. Successive consider-
ation of the second equation of (3.13) then of the first one yields the existence of
two functions ϕ2 and ϕ1 in W 1,∞

per (Y1) such that, a.e. in Y1,
ϕ′2 −

`21

det (L)

(
LM · (e1 ⊗ e1) + 2γ cofM · (e1 ⊗ e1)

)
+

`1
det (L)

(
LM · (e2 ⊗ e1) + 2γ cofM · (e2 ⊗ e1)

)
= 0

ϕ′1 +
`21

`1
ϕ′2 +

1

`1

(
LM · (e1 ⊗ e1) + 2γ cofM · (e1 ⊗ e1)

)
= 0.

This combined with (3.12) yields equality in (3.15), which, by (3.14), implies that

0 =

ˆ
Y1

[
L (M +∇ϕ) · (M +∇ϕ) + 4γ det (M +∇ϕ)

]
dy1 ≥ L0M ·M ≥ 0.
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Therefore, L0 is not (strictly) strongly elliptic.
Finally, since L0M ·M = L0MT ·MT , conditions (3.12) and (3.13) are equivalent

to the corresponding equalities obtained upon replacing M by MT . �

3.2.2. The isotropic case. In this paragraph, we specialize the result of the previous
paragraph to the isotropic setting (see Remark 1.1).

Condition (3.10) is easily seen to become

(3.17) −λ(y1)− µ(y1) ≤ γ ≤ µ(y1), for a.e. y1 ∈ Y1.

Then,

Theorem 3.9 (Loss of strong ellipticity in the isotropic case). Assume that condi-
tion (3.17) holds true. The resulting homogenized tensor L0 is not (strictly) strongly
elliptic if, and only if the following conditions are satisfied

(3.18) γ > 0, L1({µ = γ}) = 1/2, and λ+ µ+ γ = 0 a.e. in {µ 6= γ}.

Further, in such a case,

(3.19)
{
M ∈ R2×2 : detM = 0 and L0M ·M = 0

}
= R (e2 ⊗ e2) .

Remark 3.10 (Canonical character of Gutiérrez’s laminate). In particular, Theo-
rem 3.9 shows that the example in [7] of loss of (strict) strong ellipticity for L0 is
actually unique in the class of two-phase laminates.

Furthermore, (3.19) asserts that, even in the more general setting of (3.18),
the matrix e2 ⊗ e2 remains the sole rank-one direction in which L0 loses strong
ellipticity. Also note that the last condition in (3.18) combined with (1.9) implies
that the functions λ, µ cannot both be continuous, which a posteriori justifies the
use of a two-phase laminate in the example of [7]. See also our previous remarks in
the introduction. ¶

Proof. Assume that L0 is not (strictly) strongly elliptic. Then, consider a rank-one
matrix M := ξ ⊗ η such that L0M ·M = 0.

When L is isotropic the matrix L of (3.9) is

L =

(
λ+ 2µ 0

0 µ

)
.

Also,

cofM · (e1 ⊗ e1) = ξ2η2, cofM · (e2 ⊗ e1) = −ξ1η2,

LM · (e1 ⊗ e1) = (λ+ 2µ) ξ1η1 + λ ξ2η2, LM · (e2 ⊗ e1) = µ (ξ1η2 + ξ2η1) ,

LM ·M = (λ+ µ) (ξ · η)2 + µ |ξ|2|η|2.

By Lemma 3.8 the equality L0M ·M = 0 is equivalent to conditions (3.12) and
(3.13) which, in the light of the previous equalities, read as
(3.20)

1

λ+ 2µ

[
(λ+ 2µ) ξ1η1 + (λ+ 2γ) ξ2η2

]2
+

1

µ

[
µ (ξ1η2 + ξ2η1)− 2γ ξ1η2

]2
= (λ+ µ) (ξ · η)2 + µ |ξ|2|µ|2, a.e. in Y1,

together with

(3.21) ξ1η1 + ξ2η2

ˆ
Y1

λ+ 2γ

λ+ 2µ
(t) dt = ξ1η2 + ξ2η1 − 2 ξ1η2

ˆ
Y1

γ

µ
(t) dt = 0.
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Equation (3.20) actually reduces to

η2
2

[
4γ µ− 4γ2

µ
ξ2
1 +

(λ+ 2µ)2 − (λ+ 2γ)2

λ+ 2µ
ξ2
2

]
= 0, a.e. in Y1,

which is equivalent to

(3.22) η2 = 0 or (µ− γ)

(
γ

µ
ξ2
1 +

λ+ µ+ γ

λ+ 2µ
ξ2
2

)
= 0, a.e. in Y1.

According to the last part of Lemma 3.8 conditions (3.21) and (3.22) are also
equivalent to the corresponding equalities obtained upon permutation of ξ and η.

From (3.21) and ξ, η 6= 0, we easily deduce that η2 6= 0.
If γ < 0, then by (3.17) λ + µ ≥ − γ > 0 a.e. in Y1, which implies that L

is uniformly very strongly elliptic and thus that L0 is (strictly) strongly elliptic.
Therefore, since L0 is assumed to lose (strict) strong ellipticity, γ ≥ 0. Moreover,
if γ = 0, then by (3.22) combined with µ > 0, we obtain that λ+ µ = 0 a.e. in Y1,
or ξ2 = 0. Inserting this into (3.21) easily yields a contradiction if ξ2 = 0. Thus
λ+ µ = 0 a.e. in Y1. But then

ξ1η1 − ξ2η2 = ξ1η2 + ξ2η1 = 0,

which contradicts the fact that ξ, η 6= 0. Therefore, we can assume that γ > 0.
Next, if µ = γ a.e. in Y1, then (3.21) gives

ξ1η1 + ξ2η2 = ξ2η1 − ξ1η2 = 0,

again in contradiction with ξ, η 6= 0. Hence, the set {µ 6= γ} has a positive Lebesgue
measure and (3.22), together with γ > 0 and (3.17), implies that

γ ξ2
1 = (λ+ µ+ γ) ξ2

2 = 0, a.e. in {µ 6= γ}.

Hence, ξ1 = 0, ξ2 6= 0, and the third condition of (3.18). Putting ξ1 = 0 in the
second inequality of (3.21) we also have η1 = 0, η2 6= 0. Using (3.21) once again,
we obtain that

0 =

ˆ
Y1

λ+ 2γ

λ+ 2µ
(t) dt =

ˆ
{µ=γ}

λ+ 2γ

λ+ 2µ
(t) dt +

ˆ
{µ6=γ}

λ+ 2γ

λ+ 2µ
(t) dt = L1({µ = γ} − L1({µ 6= γ}),

which yields the second condition of (3.18). Finally, the equalities ξ1 = η1 = 0
imply (3.19).

Therefore, the lack of (strict) strong ellipticity of L0, or equivalently, conditions
(3.21) and (3.22) satisfied by some rank-one matrix ξ ⊗ η, imply (3.18) and (3.19).

The converse is obvious, which completes the proof. �
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materials. Birkhäuser Boston Inc., Boston, MA, 1997.
[4] Gaetano Fichera. Il teorema del massimo modulo per l’equazione dell’elastostatica tridimen-

sionale. Arch. Rational Mech. Anal., 7:373–387, 1961.
[5] Gilles A. Francfort. Homogenisation of a class of fourth order equations with application to

incompressible elasticity. Proc. Roy. Soc. Edinburgh Sect. A, 120(1-2):25–46, 1992.

[6] G. Geymonat, S. Müller, and N. Triantafyllidis. Homogenization of non-linearly elastic ma-
terials, microscopic bifurcation and macroscopic loss of rank-one convexity. Arch. Rational

Mech. Anal., 122(3):231–290, 1993.

[7] Sergio Gutiérrez. Laminations in linearized elasticity: the isotropic non-very strongly elliptic
case. J. Elasticity, 53(3):215–256, 1998/99.

[8] Sergio Gutiérrez. Laminations in planar anisotropic linear elasticity. Quart. J. Mech. Appl.

Math., 57(4):571–582, 2004.
[9] F. Murat and L. Tartar. H-convergence. In A. Cherkaev and R. V. Kohn, editors, Topics

in the mathematical modelling of composite materials, chapter 3, pages 21–44. Birkhäuser,
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E-mail address, M. Briane: mbriane@insa-rennes.fr
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