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ABSTRACT. We examine the asymptotic behavior of a bilayer thin film using
the notion of I'—convergence. We allow for debonding at the interface, but
penalize it using an interfacial energy; thus the functional we consider consists
of the elastic energy of the two layers and the interfacial energy with penalizes
debonding. We show that the asymptotic theory or I'—limit depends on the
particular form of the interfacial energy, and derive detailed results for both
the cohesive and the brittle interface.
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1. INTRODUCTION

Thin films and coatings are being used in an ever increasing variety of applications.
These films are often subjected to severe internal stresses due to a host of reasons including
differential thermal expansion and epitaxial mismatch. These stresses in turn can lead to
failure: the interface between the film and substrate can fail leading to the debonding of
the film from the substrate, the film may fracture, the substrate may fracture and finally
mismatch dislocations can form in the case of heteroepitaxial films. Clearly such failure is
undesirable from the point of view of applications, and thus it has received much attention.
A striking feature of thin films is the existence of a critical thickness below which they
do not appear to fail, and much theoretical effort has gone into identifying this critical
thickness, as well as the factors which enable one to increase it.

The idea of critical thickness is intuitively clear from the point of view of scaling.
Consider for example a stretched film bonded to an infinite rigid substrate. The elastic
energy of this film scales as its thickness. If the film debonds from the substrate, the
elastic energy goes to zero, but it creates a new surface which costs an interfacial energy.
Thus debonding relieves elastic energy which decreases with thickness, but adds interfacial
energy which is independent of thickness. Consequently, there is a thickness below which
the cost of interfacial energy is greater than the gain of elastic energy, thus rendering
debonding energetically unfavorable.

A systematic review of the fracture of thin films is provided by Hutchinson and Suo
[14]. They find the critical thickness for a variety of configurations and failure modes in
terms of some empirical parameters. A typical analysis begins with an ansatz about the
(macroscopic) state of stress, assumes the existence of a crack, and finds the conditions
under which it is energetically advantageous for the crack to grow. While these results
have been found to be very useful in applications, the validity of the ansatz and the
assumption of the pre-existing cracks remain to be justified.

Similar issues arise in heteroepitaxial films where the substrate and the film are made
of different materials but are atomistically contiguous. Such films are widely used in mod-
ern electronics and they fail by the formation of misfit dislocations at the film-substrate
interface; but once again there is a critical thickness below which such failure does not
occur. This has also been studied quite extensively, see Freund [13] for a recent review. A
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typical analysis starts with an ansatz about the (macroscopic) state of stress, and studies
the growth of a suitable dislocation loop. A slightly different approach was undertaken
by Frank and van der Merwe [12] and more recently by Leo and Hu [17]; they too start
with an ansatz about the state of stress, assume a particular arrangement of dislocations
and compare the energies between the dislocated and undislocated states.

In this paper we examine the asymptotic behavior of a bilayer thin film allowing for the
possibility of debonding using the notion of I'—convergence. This notion has been used
successfully in recent years to rigorously obtain the limit behavior of various thin films
(see for example, [3, 5, 6, 11, 16, 18]), including homogeneous, heterogeneous and rough
films, but do not allow possible interfacial debonding.

Consider a bilayer film consisting of two regions QF = wx (0,eh) and Q7 = w x (—¢s,0)
for some given w C R2. The total energy of the film under a deformation y : QF UQ; — R3
is given by

B[ WDy / WDy e [ wtzadz

where ¢ is a (small) real number, W+ W™ : R3*3 — R are the elastic energy densities of
the two regions, e*¥ : R®* — R is the interfacial energy which penalizes the jump in the
interfacial deformation [y] := y(z1, 22,0") — y(21, 22,07 ) across the interface between QF
and Q_, and « is a real number. Notice that we have allowed for the interfacial energy to
scale with the overall thickness with some exponent o where o = 0 if the interfacial energy
is independent of thickness. We have chosen both layers to be of comparable thickness
(i.e., h/s = O(1)). Often the film is much smaller than the substrate; we comment on
that case in Section 6.

We assume that the equilibrium state of the film is described by the minimizer of this
functional over all admissible deformations y. We are interested in the behavior of a very
thin film. Therefore, we consider some sequence {€} of strictly decreasing real numbers
with limit 0, and study the asymptotic behavior of the minimizers of E.ase N\ 0. In
order to do so, it is convenient to make the following change of variables:

1 = z1, T2 = 22, xr3 = ng7

u(e) = y(:@).  Be = ZE..
Thus,

E. :/ W+(Dau|1D3u)dz+/ W (Dauﬁpgu)dzﬂ“*l / U ([ dar daca,

Qt € Q- € w
where Q7 :=w x (0,h), Q= w x (—s,0), Dau is the 3 x 2 matrix of partial derivatives
Ooui/0za, 1+ = 1,2,3, a = 1,2, (Ala) is a 3 x 3 matrix whose first two columns are
those of the 3 x 2 matrix A, the last column is the 3—vector a, and, as before, [u] :=
u(x1,w2,0") — u(z1,22,07). In this paper, we study the limit behavior of E. as ¢ — 0
within the framework of I'—convergence. See Section 2 for a precise statement of the
problem.

We now give a brief and non-technical description of our main results. We begin by
considering the case a < 1, which includes the case a = 0 when the interfacial energy is
independent of thickness. Here, the interfacial energy is very strong and goes to infinity
unless the limit deformation is continuous across the interface. Further, under polynomial
coercivity conditions on W#, we observe that the bulk energy goes to infinity unless the
limit transformation satisfies Dsu = 0. Thus, the limiting functional E (the I'—limit of E.)
is finite only if the limit deformation is continuous across the interface and independent of
x3. We show in Theorem 2.2 that for such transformations the I'—limit F of E. is ‘local’
so that we can write

E:/W(Dau)dxa
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for some function W that we call the effective energy density of the film. The characteri-
zation of W depends critically on the interfacial energy.

We consider in detail two types of interfacial energy. The first, studied in Section 3, is
the cohesive type which includes the case where the surface energy increases continuously
from zero with the jump in the deformation across the interface; for example

U(t)=Clt|", v>l—-a, a<l
There (see Theorem 3.1)

W(F) = hQW ' (F) + sQW (F)
where W (F) := min,cgs W*(Fla), and QWi is the quasiconvexification of W™, We
will explain this result momentarily.

The second, studied in Section 4, is Griffith’s brittle type interfacial energy,

T(0)=0 and ¥(t)=1,t#0.
In Theorem 4.1 we prove that
= — s — 1

W(F)=W(F):= Ln£8+h

/ W (F 4 Dod|A\D3¢, x3)dx
(=1/2,1/2)2 x (—s,h)

where
L W+(F) z3 > 0,
W(F, ) == { W(F) a3 <0,

and the infimum is taken over A\ > 0, and ¢ € C>®([=1/2,1/2]* x [—s,h]) with ¢ =
0 on 9[—1/2,1/2)* x [~s,h]. We note that we need a irksome technical hypothesis (H8)
to prove this result.

We also show that these two types of interfacial energy are extremal. In fact (see
Lemma 2.4), for any ¥ satisfying some mild hypothesis,

hQW (F) +sQW (F) < W(F) < W(F).
To understand these results, recall the case of a homogeneous thin film of thickness
2e with no fracture [16]. Here, the relevant sequence of functionals, after a change of

variables as above, is
E.(u) = / w <Dau|1D3u) dz,
Q 15

where  := w x (—1,1) and the I'—limit of this functional is
E(u) = 2/ QW (Dau)dzq.

Physically, as the thickness goes to zero, the deformation in the x3 direction tends to
be affine. Subsequently one can minimize this affine deformation out to obtain W. It
turns out that W may not be quasiconvex even if W is, due to “wrinkling” of the film.
Therefore, quasiconvexification is required.

Let us now return to our bilayer film with a cohesive interface. The effective energy is
hQW+ + sQW ; each part of the film has relaxed independently in spite of the absence
of overall debonding. Physically, the cohesive interface allows small debonding with small
energy, consequently the deformation in each layer can develop oscillations independently
as long as they are small. Thus each part relaxes to the extent allowed by a common overall
deformation. This suggests that in this case one should not expect a critical thickness;
instead the amount of debonding would become smaller and smaller with thickness.

The situation is quite different in the case of a brittle interface. Here, the effective
energy W is exactly that obtained in the case of a bilayer film with no possibility of
debonding [6, 18]. Physically, even a small debond costs large energy. This suggests the
existence of a critical thickness below which the minimizer is continuous. Unfortunately
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our I'—convergence results do not prove it, and such a result would require stronger
techniques.

We turn to the case a > 1 in Section 5. The interfacial energy is now weak, and
thus the limit energy can be finite even if the limit deformation is not continuous across
the interface. However, it is still true that Dszu = 0 for finite limit energy, and thus the
meaningful limit deformations are

U($17$27x3) = {

When a > 1, the limit energy is oblivious to the presence of the interfacial energy, while
in the critical case a = 1 it contains both bulk and interfacial energy terms (see Theorem
5.1).

Finally, Section 6 addresses the case of a thin film on a thick rigid substrate.

In the remainder of the paper, — will denote strong convergence, while — will stand
for weak, or weak—* convergence; points in w will be designated by xz or g unless there
is some ambiguity.

ut (21, 22) x3 >0,
u” (z1,x2) x3 < 0.

2. LOCAL CHARACTER OF THE LIMIT ENERGY

Consider two continuous non-negative elastic energy densities W, W~ : R® — R such
that

(H1) 1/C|F|P —C < WE(F) < C(1+ |F|P), F € R**3 1 < p < oo,
a lower semi-continuous function ¥ : R® — R such that

(H2) ¥(¢) >0, t#0, ¥(0) =0,

(H3) ¥ is subadditive: ¥(a + b) < C(¥(a) + ¥ (b)), a,b € R,

(H4) t+— W(t) increases with |¢|,

and a real number o with

(H5) a< 1.

Let w be an open, bounded, connected subset of R? with Lipschitz boundary. We define,
for any open subset A of w and any u € L”({; R?),

fo(fl,O) W™ (Dau|l/eDsu) dx + fo(O,l) W (Dau|l/eDsu) dx
Ee(u; A) := + e [, U([u])dza, u € X(A),
0, otherwise,
where

X(A) := WH"P(A x (=1,0); R*) nW"P(A x (0,1); R?),
and consider

(2.1) Jiey(u; A) := inf {liminf E.(ve; A) : ve — u strongly in LP (€ RS)} .

{ve} €

A straightforward rescaling enables us to set h = s = 1 with no loss of generality.

Remark 2.1. If Ji)(u;w) < oo, then, in view of the coercivity property (H1), there
exists a sequence {ve} C X (w) such that a subsequence — still indexed by e— satisfies
; 4{ u” in WhP(w x (=1,0)); R%)
€

- Lo/ 3
utin W x (0, D)%) 4o EWITWRY,

so that Ds3u = 0 on w x ((—1,0) U (0, 1)) where u := { u+ on w x (~1,0)

uon w x (0,4+1) Furthermore,

by continuity of the trace and compactness,

Ve (Ta,07) — u” strongly in LP(w;R?),
Ve (T, 0T) — uT strongly in LP(w;R?).
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Now, the finiteness of Ji.} (u;w) also implies, since o < 1 (cf. (H5)), that

lim / ([v])dza = 0,

and Fatou’s lemma then yields [ ¥(u*—u")dz, = 0; appealing to (H2), we conclude that
uwt = wu”, and thus that v € WP (w;R?). Conversely, if u € WP (w;R?), take it as test
sequence in the definition of Jy.y(u;w); (H1) immediately implies that Ji.} (u;w) < oo.

In conclusion, provided that (H5) holds true, Jy,(u;w) < oo if and only if u €
WhP(w;R?). We will restric our analysis to such us in Sections 3 and 4, and will re-
frain from explicitly imposing (H5) unless necessary. In other words we will in those
sections only discuss the I'(LP)-liminf of Jy.y(+; A) for target functions u € WP (w; R?).
As mentioned before, this is the only non trivial case if a < 1. Section 5 will partially fill
the gap when o > 1.

In the spirit of [6], Section 2, we introduce a countable collection C of open subsets of
w such that, for any 6 > 0 and any open subset A of w, there exists a finite union C'4 of
disjoint elements of C with Ca C A and £L2(A) < £L2(C4) + 4. If R denotes the countable
collection of all finite unions of elements of C, then, with the help of a general argument
of I'-convergence (cf. [4]), we conclude that there exists a subsequence {¢*} C {e} such
that Ji.ry(-;C) is actually the I'(LF)-limit of E(.r,(+;C), for any C € R.

We are now in a position to prove that the limit functional is local.
Theorem 2.2. Assume that (H1), (H3), (H4) hold true. For any open subset A C w,
Jery (55 A) s the T'(LP)-limit of E{.»,(;; A), and there exists a Carathéodory function
Wiery R? x R**% = R such that, for any u € WP(w;R?),

J{sn}(u;A):/AW{sn}(xa;Dau)d:ca.

Proof. The proof is very close to that of a related result in [6] (see Theorem 2.5 there). We
therefore merely outline it and emphasize the differences. In a first step a slicing method &
la De Giorgi is used to prove that attainment sequences for a given u € W'?(w;R?), C €
R, can be modified so as to coincide with u in a neighborhood of the boundary 0C. A
second step proves the claim of I'(L”)—convergence. A third one establishes that Ji =y (u;-)
extends to a finite non—negative Radon measure. A short fourth step establishes the
integral representation through a direct application of Theorem 4.3.2 in [7].

STEP 1.
Lemma 2.3. Given u € W'P(w;R?), C € R, there exists a sequence {w.r} such that
w.r — u strongly in LP (Q;R?),

J{sﬁ}(u; C) = lgglEsﬁ (wsﬁ; O),

and
wer =u on C\ K

for some compact subset K C C.

Proof. The proof relies on De Giorgi’s slicing argument and is identical to that of Lemma
2.6 in [6], up to the addition of the term involving the surface energy, i.e.,

! [ Wi,
Consider an attainment sequence {v_r } such that
Jiery(w;C) = 151% EF(v.r;0).

The argument hinges on the choice of adequate cut—off functions .z : w — (0,1), in-
dependent of the transverse variable x3, such that the energy associated to the sequence
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{w.r }, with w.r := pv.r +(1—p)u, is asymptotically the same as the original one. Conse-
quently, we have to compare (°)*™" [, U([p.rv.=])dza with (e7)*7! [, U([v.z])dza.
But, in view of (H4),

Rya—1 Rya—1
) /A U([por vor])dza < (%) /A ([v.r])dza,

which permits to carry the proof of Lemma 2.6 of [6] over to the current setting. O

STEP 2. The proof is identical to that of a similar claim in Theorem 2.5 of [6].

STEP 3. For any u € WP(w;R?), the inner regularity of Jery(u;+) is, as in the proof
of Theorem 2.6 in [6], implicit in Step 2. The subadditivity of J;.ry(u;-) follows closely
that in Step 3 of the proof of Theorem 2.6 in [6], but for the addition of the surface energy
term. In the notation of that proof, we have to control from above a term of the form

() [ Wbk + (1 = Lo d,
Le

This latter task is immediately accomplished upon noting that, with the help of (H3—
HA),

€ [ U + (1= oD da
<

<o < [ weBndes + [ wuvfénmxa) .
Le Le

Thus Jg.=}(u;-) is inner regular, subadditive. Let {w.=} be an attainment sequence
for Jy.=}(u;w). Upon extracting a suitable subsequence {£} of {e®}, we may find a Radon
measure j on w as the weak—* limit of

W™ (Dawz|1/ED3we) L3 |w x (—1,0) + W (Dawe|1/2D3we) £ [w x (0,1)
+e* M ([we])H? [w x {0}
Setting, for any open subset A C w,

A(A) == (A x [-1,1]),
it is immediately checked that
Jrery (u;w) > A(R?),

Jery(u; A) < i(A), A open C w,

hence, according to De Giorgi—Letta’s criterion [8] — see also Lemma 7.3 in [6] —,
Jery(u;-) is a finite Radon measure. Further, the sequence {un} with u, = u is a
valid test sequence in the definition of Ji.=,(u; A); thus, according to (H1), Jy. =y (u;-) is
absolutely continuous with respect to £%|w.

STEP 4. Theorem 4.3.2 in [7] immediately applies in the present setting, and it yields the
desired integral representation. O

Our goal is to identify W{ER}(xQ;F) for any F € R3*2,

Here and in the remainder of the paper, for any Borel measurable function Z : RN —
R?, Qn.pZ stands for the quasiconvezification of Z, that is, for any F € RF*N

(2.2) Qu.r2(F) =it { | 2+ Dyt e @R},

where Q := (—1/2,1/2)".
For F € R3*?2, define

(2.3) W(F) = inf W(F|2),
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and

©,A>0

W(F) := inf / W™ (F + Dgp|AD3p) dzat
Q' x(—1,0)
2.4 _
(24) W (F + Dgp|A\Dsyp) daa
_ JQ’'x(0,1)
P €CT(@Q x [-1,1RY), ¢=00n0Q x (-1,1)},

where Q' := (—1/2,1/2)2.
We begin by proving the following easy bounds:

Lemma 2.4. Assume that (H1), (H3), (H4) hold true. Then
Q2xsW  (F) + QaxsW (F) < Wiery(za; F) < W(F),
for every F e R**? and a.e. xo = (za) € w.

Proof. Let xo € w be a Lebesgue point for W{En}(-;F). We first prove the lower bound
for W{sn}((xo)a;F). Consider, for § small enough, a sequence {v°z } C X (Q'(z0,d)) such
that v’ — F - x strongly in L”(Q’'(z0,5); R?) and

J{sR}(F - 2;Q'(20,0)) = lsl%n E{sR}(USR; Q' (x0,6)),

where Q'(zo,0) := zo + §Q’. This is possible according to Theorem 2.2. Then, in view of
(2.3),

/ Wiry(za; F) doa > lim inf {/ W (Do) dx
Q' (20,6) c Q' (20,6) % (~1,0)
=+ s
—|—/ W' (Dgvlr) d:c}
Q' (20,8)x(0,1)
> liminf / W™ (Dpvr) dz
R Q' (20,8)x (—1,0)
+liminf / W+(DﬁU§R) dx
" Q' (20,6)x(0,1)
> 0% (QuxaW (F) + Quxs W' (F))

> & (Q2x3W7 (F) + Q2><3W+(F)) ,

where the third inequality holds since the quasiconvexification of W' is the lower semi—
continuous envelope of W (cf. e.g. [1]), and the last one results from a straightforward
application of Fubini’s theorem in definition (2.2). Dividing the above inequality by &2

and passing to the limit as § \, 0 proves the lower bound on W_ry((w0)a; F) since zo is
a Lebesgue point for W =y (:; F).

Next we establish the upper bound. Given 1 > 0, there exist A\, > 0,p, € C>(Q’ X
[—1,1];R®), with ¢ = 0 on dQ’ x (-1, 1), such that

W(F)+n > {/ Wﬁ(F‘FDﬁ‘Pnp‘nDB‘Pn) dz+
Q’'x(—1,0)

/ wt (F + Dgoy|AnD3ipy) d:c} .
Q’%x(0,1)
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Extend ¢, by zperiodicity to R* x (—1,1) and set
— Ta
Vg (Ta,23) = F -z + Aoy (m, xg).

Then, as e \, 0,
vl — F -z strongly in L”. _(R*R?),

loc

hence, by the very definition of J{ER}(F -z, Q' (x0,0)),

/ Wiy (@a; F) deo = Jiory (F - 2;Q' (0, 6))
Q' (z0,9)

IN

lim inf / W™ (Dgvlx |1/€RD31}:R) dx
Q' (20,6)x(—1,0)

eR

+ / W+(Dﬁ’l):R |1/ERD3U;7R) dx
Q' (20,8)x(0,1)

. _ (= T3 T3
= lim / w (F+ Dgpy, (—7m3)|)\7 D3, (—79103)) dz
57‘{ Q' (w0,8)x(—1,0) e ' Ay
A g g
—|—/ W+(F+D5g0 (—,x3)|)\ D3y (—,:cg)) dx
Q' (20,6)%(0,1) T\ AR TN, ER

= 62 {/Q Cio) Wi(F—i—Dﬁ(pnP\an(pn) dzx
I (=1,

+ / W+(F + Dgpn| Ay D3pn) d:c}
Q’'x(0,1)

< SW(F) 4.

In the previous string of (in)equalities there is no surface energy term because the
constructed sequence is smooth across the interface xs = 0, while the last equality holds
true because a rescaled periodic function converges weakly to its mean as the rescaling
goes to 0. Letting n tend to 0, dividing by 6% and letting & tend to 0 yields the result
because xg is a Lebesgue point for W{E’R}(';F). a

3. COHESIVE INTERFACE

In this section, we consider an interfacial energy density which in the case where a@ < 1
corresponds to a cohesive interface where the surface energy increases continuously from
zero with the jump in the deformation across the interface. We assume that
(H6) ¥(t) <CJIt]", v>1—a.

Under assumption (H6), we show that the limit energy density coincides with the lower
bound established in Lemma 2.4. This agrees with our mechanical intuition, as explained
in the Introduction. Specifically, we obtain the following theorem.

Theorem 3.1. Assume that (H1), (H3), (H{), (H6) hold true. Then, for a.e. x € w,
Wiery (@ai F) = QexaW ' (F) + QaxaW  (F).

Proof. Fixn > 0. In view of (H1), of the density of C§°(Q’; R®) into LP(Q’; R®), and using
a measurability selection criterion, we may find pairs ;7,7 € C5° Q" ]R3) such that

QaxsW ' (F) + QaxsW (F)+n > [, (W (F+Dsp[¢7) +
(3.1)
WH(F + Dsp*le7)) daa.
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Extend ¢, ,§,"" by xzo—periodicity to R? and set

Foo+ ()T (o +eRast) <x7al) inw x (—1,0),
L (572)1+_o
VR (Ta, T3) 1=

=

o+ (e 4 Raet) () nwx (0.)

_1
(eR)TFo

with ¢ > 0 to be chosen later. Clearly, v.r — F - x strongly in L”(w x (—1,1); R?®). Now,

if 2o € w is a Lebesgue point for Wi_ry(; F') and J is small enough,

/ Wiery(z5; F) daa = Jiery (F - 2;Q' (20, 6))
Q' (x0,0)

< liminf {/ W™ (Dav.r|1/e% Dsv =) da
Q' (z0,0)x(—1,0)

eR

+/ W (Dav.r|1/% Dsv.r) da
Q' (w0,6)x(0,1)

Rya—1
SR R Enu)da}

Ta

< liminf / W (F+ Dayp™ +e%a3Doé[€7) | — | da
R Q' (20,8) % (=1,0) (eR)THe

+/ WHF + Doy’ +eRasDate") [ —22— | da
Q' (20,8)x(0,1) (eR)THe

eRye—t U([v.r])dza p .
s [ ) }

The flﬂlctions W=, W™ are continuous, hence uniformly continuous on compact sets, and,
since F 4+ Do, & ,23D0é™ (resp. F 4+ Dap™, €T, 23D0&7) take their value in compact
sets of R®*? and R?, the last term in the previous string of inequalities reduces to

liminf/ W (F+ Dap |¢7) | —2— | da
eR Q' (20,8) % (=1,0) (eR)THe
+/ WH(F + Daptleh) | —2— | da
Q' (0,6)x(0,1) (eR)THe
HEme [ \p(umn)d%}
Q' (x0,0)
ghminf/ W™ (F+ Dap [¢7) | —2— | daa
eR Q' (20,8) x (=1,0) (eR)THe

+ W*(F + Dagtl6%) [ —22 ) dae
Q' (z0,6)x(0,1) (eR)T+e
+ COER) T (R) e

where C is a constant that only depends on ||¢V ||z + 1o lloe + 1€ Lae + 1€ Lo -
But a rescaled periodic function weakly converges to its mean so that, in view of (3.1),

/ Wiy (wg; F) doa < 67 {Q2X3W+(ﬁ) + Q2xsW (F) + 77}
Q' (z0,6)

+ CC°lim sup(sR)a71+1+LU .
eR
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We now choose o > 0 so that v > (1 + 0)(1 — «), which is possible by virtue of (H6).
Then, the last term in the above inequality is 0 and the desired result is obtained upon
letting 7 tend to 0, dividing by 62, letting & tend to 0 and recalling that xo is a Lebesgue
point for W_ry (- F). a

Remark 3.2. Note that the result is independent of the value of « as long as hypothesis
(H6) holds. Of course, for a > 1, Ji.}(u;w) may be finite for u € LP(w x (—1,1); R?) \
WP(w;R3) (see Remark 2.1 and Section 5).

4. BRITTLE INTERFACE

We now consider a brittle interface where the surface energy is of Griffith’s type, i.e.,
it is constant except when the deformation is continuous. Assume that

(H7) ®(0) =0 and W(t) =1, t £ 0.

To proceed further in this case, we need an additional assumption about the nature of
the two elastic energies, namely,

(H8) W (resp. W) (Ful|F3) = W (resp.W ™) (Fa| — F3).

We believe that this additional assumption is unnecessary and is simply an artifact of our
strategy of proof. One should be able to remove it, but we confess to our inability at
doing away with it. We note however that this hypothesis is consistent with a wide class
of materials, including any material which has the film plane to be a plane of reflection
symmetry.

We show that, under hypotheses (H7) and (HS8), the limit energy density is in fact
equal to the upper bound established in Lemma 2.4. Specifically,

Theorem 4.1. Assume that (H1), (H3), (H4), (H5), (H7) and (H8) hold true. Then,
for a.e. x € w,

Wiery (2a; F) = W(F).

Proof. Let zo be a Lebesgue point for W{ER}(';F). Then, for ¢ large enough so that
Q' (%0,1/q) C w, we have

(4‘1) /;2/( l) W{ER}(:CB§F) dre = J{ER} (F - I Ql <:CO7 é)) .

According to Theorem 2.2, there exists a sequence {wZR} cX (Q' (:co, %)) such that
wlp — 0, R\, 0 strongly in LP (Q'(:tco7 1) x (=1, 1);]R3) and

q

(4.2)

J{ER}(F sz Q' (:1:0, 1)> = ligl {/ W~ (F + Dow?!n |1/5RD3wZR) dx
q e Q' (%0, ) x(~1,0)
+/ WH(F + Dow?!n |1/5RD3wZR) dx
Q' (wo,2)x(0.1)
+ (sR)“’l/ ‘I’(I[wgnll)d%}-
(o)
Set

1
Wy R = quin (xo + E:ca,:c3), za € Q.
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Then, according to (4.1), (4.2), and since ¥ is homogeneous of degree 0,
(4.3)

Wiery ((z0)a; F) = limlim{/ W (F+Daquﬁ| Dgquﬁ) dx
Q’'x(—1,0)

q eR

+/ W*(F+D qun| —Duw, . )dx
Q' %(0,1)

e[ wqu,snu)d%} .

Thus, in view of (4.3), (H5), (H7), and by a straightforward diagonalization argument,
there exists a sequence {vg := w, .r (4} With vg — 0 strongly in LP(Q’x (=1, 1); R®), ¢ /
00, such that

1
(4.4) = >q,
(4.5) lién L2{za €w: [vg] #0}) =0,
while
o Wiry ((wo)a; F) > limqsup {/Q/X( ) w— (F+D vq| ( )ngq) dx

+/ W*(F+D vl ngq) de b
Q'x(0,1) ( )

Recalling definition (2.4) for W, the proof would be complete if vy € WhP(w x
(=1,1);R?) and v, = 0on dQ’(0,1) x (—1,1). Unfortunately, such may not be the
case and we must modify vq accordingly. In contrast to the setting of [6], a slicing ar-
gument does not work due to a lack of control of the energy on the transverse strips
{z € w: [vg] # 0} x (=1,1). We thus appeal to the following lemma applied to the
sequences {ug := F - & + vy} and {e(q) := ¢s™(q) }:

Lemma 4.2. Let A be an open subset of w, let {e(q)} be a sequence of nonnegative real
numbers such that £(q) - 0, and let {ug} be a sequence in WP(A x (—=1,0);R3*) N
P

WhP(A x (0,1);R?), p > 1, such that

(4.7)
ug — u strongly in LP(A x (—=1,1);R?), with u € L*°(A4;R3),

q—0o0

fAX(fl,o) (lDauCI|p + 5(;)p |D3uf1|p) dz + fo(O,l) (lDaufl|p + 5(;);7 |D3uf1|p) dx

<C < o0,

£2({lud] # 0}) — 0

Then, under assumption (HS), for any n > 0, there exists a sequence {uj} in WHP(A x
(=1,1); R3) such that

up — u strongly in LP(A x (—1,1);R?),

q— 00

lim inf / D u Dsu dx+/ W ( Dou Dsug ) dz
q—0° { Ax(— 10) q| () q) Ax(0,1) ( q| () q) }
>lim inf W™ (Do DsTl) da + W (Dol | D3l )dm}

90 Ax(—1,0) Ax(0,1)
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Let us postpone for now the proof of Lemma 4.2 and complete the proof of the theorem.
In view of (4.4), (4.5), (4.6) and (H1), Lemma 4.2 is applicable. Denote by {F -z + 7]}
the sequence produced by Lemma 4.2. Then, by virtue of (4.6),

Wiery((w0)a; F) > limqinf {/ W™ (F + Dovy| D3ty da
Q' x(—1,0)

(4.8)
+ / W (F + Da®y|Dsv]) dz 3 — 1.
Q'x(0,1)

We still have to cure the potential failure of 7] in taking the value 0 on 8Q’ x (—1,1).
This latter task is achieved by appropriately cutting the values of 77 near 8Q" x (—1,1)
with a smooth cut—off. We do not go into the details of that process since it is verbatim
that described in the proof of inequality (3.8) in the proof of Theorem 3.1 in [6]. Thus,

W(F) < liminf / W~ (F + Dov;|Dsvy) dx
g Q' x(—1,0)

(4.9)
+/ W (F + Dov]| D37} dz ¢ .
Q’x%x(0,1)

Recalling (4.8), (4.9) and letting 1 tend to 0T, we finally conclude that

Wiry((@o)a; F) > W(F).

The proof of the theorem is complete, provided that Lemma 4.2 holds true. This is the
object of the proof below. O

Proof. (Lemma 4.2) Assume that (4.7) holds. Set

g ::{ A ((i = 1)e(q),ie(a)), N(g) >
' A x (ie(q), (i + 1)e(q)), —N(q) <

where the number N(q) of layers is

L7 if == is an integer,
e(q) =@
N(q) =
{L] + 1, otherwise.
e(q)

Further define, with sgn(¢) denoting the sign of t € R,
Fl.st — g7

sgn(i)?

(pazs) = (2o (<1 as + (~1)'sen() | ] 2:(0)),

and
Fi(za,x3), xz3 >0
q —— + @y ’ - Y%
F(@a, z3) = { Fi(2a,13), ©3 <0,
where
N(q)
F{:Ax(0,1)— 8], F{:= Z Xsfﬁ(Ax(O,l))Fiq7
1
and

—1
F%:Ax(-1,0)— 87, Fi:.= Z Xsan(ax(—1,00F7
—N(a)



Also set

Note that, in view of the bound on the gradients in (4.7), a trivial ?Z)fdilation yields

(4.10)
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0f (Ta, T3) 1= uq (:co” $x3)7 (Ta,T3) € ST,

Uy (Ta,23) 1= Uuq (ma, %xg), (Ta,z3) € S;.

1 o
=) fsf |Dag P dz < C,

5 Jsa IDig | dz < C.

Also note that

(4.11)

[tq] = [uq] across xsz = 0.

Finally define

(4.12)

UQ(xOHx3) = ﬁQ(Fq(xa7x3))7 for (IEQ,LE3) € Q/ X (_17 1)

Then, U, € WHP(A x (=1,0);R*) nWHP(A x (0,1); R?) and, in view of (4.11),

(4.13)

[Uq]l = [uq] across xs = 0.

Furthermore, by virtue of (4.10),

/ IDUP dz = [, .0y DU (F)DFLP da
Ax(0,1)

(4.14)

N(q) N(q)

-3/ D (FOP dr < Y [ Dl W) dy
T Jsinax ) — Jsa

= N(q) [ss |Ditg ()| dy < N(q)z55C < 2C,

e(q)

where the second equality holds because

(4.15)

depend upon z3, thus

/ Uy —ulP dz = / Uq (mm ) —u(za)| dz
Ax(0,1) Ax(0,1) (q)
N
- i)/ ’uq (xm Ef x)g) —u(za) g dz
T /s e(q
N(q)
= Z‘I / ‘uq(xa, ﬁ) —u(za) " dz
T /s £(q)
= N@ela) [ fuglasas)  ulzn) do
Ax(0,1)
< 2c |ug(Ta, z3) — u(za)|? dz,
Ax(0,1)

so that, since a similar computation could be performed on A x (—1,0),

(4.16)

Ug — u, strongly in LP(A x (—1,1).

13
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Recalling (4.13), (4.14), (4.16), and the second limit in (4.7), we conclude that U, €
SBV (A x (—1,1);R3), that S(U,) C {[uq] # 0} U By, with H*(FE,) = 0, and that

U, — u strongly in LP(A x (—1,1); R?),
(4.17) H2(S(Uy)) — 0,
fo(—l,l) |DU,|P dx < C < oo.
Note that, in view of (HS8), (4.15), together with the definition (4.12) of Uy,

/ W (Dauq| Dguq) dm—i—/ w (Dauq| Dguq) d
Ax(—1,0) ( ) Ax(0,1) ( )

(4.18)
{/ ~(DaU, |D3U)dx+/ W (DaU,|DsU,) dx}.
Ax(— 10) Ax(0,1)

Fix n > 0. Since u € L®(A4;R?), we may replace {U,} by {W7} with W7 :=
Ti(qm(Uq), where {k(g,m)} is a well-chosen subsequence of Z* such that k(g,n) < M(n)
(a positive constant independent of q) and where, for each k € Z*, T}, € W01'°°(R3,R3) is
such that

_ [ @z <€
Tk:(x) e { |LE| > ek+1
while
VT ()] < 1.

A proper choice of M(n) and {k(q,n)} (see, for example, the proof of Proposition 2.8 in
[10]) permits to ensure that {W,} still satisfies (4.17), while

1
hmmf / DaW” DsW]) dx + / W (DWW ——DsW?) dz
{ Ax(— 10) =) () ) Ax(0,1) ( qlE(Q) q) }

(4.19)
< hmmf{/ ~(DaU,|DsU,) dm+/ WH(DaU,|DsU,) dm} +1
Ax(— 10) Ax(0,1)

Now |[W|| Lo (ax(—1,00) < €™ while, in view of the second limit in (4.17) applied to
W7, H*(S(W])) — 0, thus the singular part of the measure DW, is such that

(4.20) |DsWJ(Ax (—1,1) — 0.
q

By virtue of (4.17) (for W), (4.20), we are in a position to apply an equiintegrability
lemma (see Lemma 2.1 of [15]; see also [2]) to conclude to the existence of a sequence {4}
in WhP(A x (—1,1); R?) such that

{Ty} is bounded in WP (A x (—1,1); R%),
(4.21) {|Dug|?} is equiintegrable,

£3({wy #1,} U{VWy £ Da,}) =0

where VW(? = DW;|{(IQ’13)113¢0}.
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Then, in view of (4.18), (4.19), together with (H1),

liminf{/ <D I Dguq) dx—|—/ w (D gl —— Dguq) dx}
90 Ax(—1,0) ( ) Ax(0,1) ( )
1 _
> (lim ———— ) [ liminf / W (DaW|DsWD) da
(. ) [mine { ey (Pl IPsWa)
+/ W (Do W Ds W) dm} —n]
Ax(0,1)

>lim inf

{/ W™ (Datig|Dstg) d
e (AX(=1,0)\{VW{ #Dug}

+/ W (Daiy| Dsg) dx} —q
(Ax(0,)\{VW{ #Dug}

>lim inf {/ (DTl Dsy,) dx+/ W (Daiy| DsTig) dx}
g— oo (Ax(— 10)) (Ax(0,1))

—C limsup { (1 + |Day|? + |DsTy)|P) dx} -
VW #Dug}

qg— oo

But the last term in the last inequality above tends to 0 when ¢ /" co by virtue of (4.21).
Lemma 4.2 is proved. |

Remark 4.3. Equality (4.18) would fail in the absence of (H8) because of the presence
of minus signs in front of the zs—derivatives of U, on even layers S7 when going from the
first two integrals to the second two integrals. Also note that this is the only place in the
proof of Lemma 4.2 — and in that of Theorem 4.1 — where (HS8) is used.

5. WEAK INTERFACE

In this section we investigate the impact of dropping assumption (H5), namely that
a < 1; hence we assume that a > 1 unless otherwise noted in this section.

Note firstly that, in view of Remark 2.1,
. ) ' in w x (0,1),
(5.1) Jiey(u;w) < oo if and only if u = { w= in w x (—1,0),

where ut,u” € WhP(w;R?).

Theorem 5.1. Assume that (H1) holds true and that o > 1. Then (5.1) is satisfied and
further, for such u’s,

Tgey (u; w) /{szgw (Dat™) + Qaxs W (Dau )}dxa.

Proof. The lower bound is straightforward; indeed, for some subsequence of {¢} — still
ut in w x (0,1),

denoted by {e} — there exists a sequence {u.} with u. — u = { u= in w x (—1.0),
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strongly in L” (w x (—1,1); R?), such that

Jiay(ww) = lim w- Dau5|lD3u5 dx + wt Dau5|3D3us dx
(e}
€ wx(—1,0) € wx(0,1) €
et [ () doo )
> liminf{/ W’(Daug)dwr/ W (Daue) dm}
€ wx(—1,0) wx(0,1)
> liminf{/ W’(Daug)d:c}ﬂiminf{/ W+(Dau5)d:c}
€ wx(—1,0) € wx(0,1)
>

/ {QMW*(DQM) n Q2X3W’(Dau*)} daa,

where the last inequality holds since the quasiconvexification of W' is the lower semi—
continuous envelope of wh (see the beginning of the proof of Lemma 2.4 above for a
detailed justification of the last inequality).
ut on w x (0,1),
u” onw X (—1,0),
measurable selection criterion and the density of C§°(w;R?) into LP(w;R?), for any n > 0
there exist a pair £*,£7 € C§°(w; R?) such that

Conversely, if u = { , then, by virtue of (H1) together with the

[ (Dua) + W (Dau e > [ (W (Do I65) + W (Do)} — .
Defining as test sequence for Jy.y (u;w)

S ut +exsét, inw x (0,1),
T u Hersé, inwx (—1,0),

and remarking that

[ue] = [u] across z3 = 0,
we conclude, through an easy application of Lebesgue’s Dominated Convergence theorem
and because a > 1, that

Jiey(usw) < / WJr(Daqu) dra + / W (Dau™) dxo +n.
Letting 7 — 0, we obtain

(5.2) Jiay (wsw) < /W*(Dazﬁ) dxa+/W (Dou™) da.

But, since Ji¢y(-;w) is, in particular, sequentially weakly lower—semicontinuous at u for
sequences {un} of the form

| wlinw x (0,1), with uf € WhP(w;R?) and u;l — u™ strongly inL? (w; R?),
Un T w inw x (—1,0),

(5.2) implies
Jiep(uw) < / Q2X3W+(Dau+) dza —|—/W7(Dau7) dze.
Repeating the argument for W finally yields
Jiey(usw) < / QaxsW  (Dau') daa +/ Q2x3W (Dau™) dza.
The proof of the theorem ?s complete. i |

We finally investigate the case @ = 1. In such a case, the surface energy explicitly
remains in the expression for Ji.y (u;w):
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Theorem 5.2. Assume that (H1) holds true and that o = 1. Then (5.1) is satisfied and
further, for such u’s,

Jiey(uyw) = /w {Q2x3W+(Dau+) —|—Q2x3W7(Dau7)} dza +/w\If(|[u]|)da:a

Proof. The proof of the lower bound is nearly identical to that in the proof of Theo-
rem 5.1. Upon noting that the liminf of a sum is greater than or equal to the sum of
the liminfs, the additional term to control is liminf. [ W([uc])dza which, by virtue of
the lower—semicontinuous character of ¥ and Fatou’s lemma, is greater than or equal to
[, ¥([u])dza. The proof of the upper bound is exactly that in the proof of Theorem 5.1.
Note that the surface energy term is then exactly equal, for all €’s, to fw U([u])dzo. O

6. THICK SUBSTRATE

We conclude by discussing briefly the case of a thin film bonded to a thick rigid sub-
strate. The displacement in the thick rigid substrate is identically zero (or equivalently
the deformation is identity), hence we need only to consider the elastic energy of the film
and the surface energy at the film-substrate interface. Thus, after a suitable change of
variables as in the introduction, we obtain the following problem. Let = w x (0,1). We
define, for any open subset A of w and any u € LP(£; R?),

fo(0,1) ‘1/‘/+(Da“|1/5D3“)dx ) ,
Ee(u; A) = + g%~ fA U (u(z1,x2,0) — {z1,22,0}) dze, u€ WP(A X (0,1);R?),
0, otherwise.

We define Jy.=)(u; A) as before (see Section 3). We obtain the following theorem, the
proof of which follows those in the previous sections.

Theorem 6.1. Assume that (H1), (H3), (H4) hold true. For any open subset A C w,
Jery (5 A) is the T(LP)-limit of Eq.ry(-; A).
If a <1 then

. _ |A|W{5R}(I) uEid7
Jremy (u; 4) = { 0 otherwise,

where W=y (I) € R satisfies
QW (1) < Wiamy (I) < WH(I).
Further, if (H6) holds then
Wieny () = QW' (1),
while if (H7) and (H8) hold then
Wiry(I) = WH(I).
If o > 1 then

fw Q2x3W+(Dau)dxa u € Wl’p(uHRB):
o0 otherwise,

while if a =1 then
L4 Qees T (Daw) + W(u(or, 22) pdza  we WHP(wiR)
J{ER}(U; A) =

00 otherwise.
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7. CONCLUDING REMARKS

Finally, we would like to summarize the results of this study. The reader is referred to

the Introduction for a mechanical interpretation. We have assumed throughout that W+
are continuous, satisfy (H1) and that ¥ is lower semicontinuous. Then,

1. If a < 1, then the only targets that give rise to a finite energy are in WP (w; R®);
2. If a > 1, then the only targets that give rise to a finite energy are of the form
B x (—1
u:{ u” onw X (—1,0),

ut on w x (0,1),

with u* € Wh?(w; R®);

3. If @ < 1 and (H3), (H4) hold true, then the limit behavior is local in the sense of
Theorem 2.2 and the energy bounds of Lemma 2.4 are satisfied;

4. If @« < 1 and (H3), (H4), (H6) hold true, then we obtain the cohesive model of
Theorem 3.1;

5. If @ < 1 and (H3), (H4), (H7), (H8) hold true, then we obtain the brittle model of
Theorem 4.1;

6. If a > 1, then we always obtain the decoupled model of Theorem 5.1;

7. If a = 1, then we always obtain a model coupled by the surface energy term as in
Theorem 5.2;

8. If one of the layers is identified as a rigid substrate, then we obtain all previous
results upon replacing the bottom part of the target deformation field, u™, by id,
which will force the entire deformation u to be id in all cases where it is continuous
across the interface.
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