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ABSTRACT. Surface tension at cavity walls can play havoc with the mechanical
properties of perforated soft solids when the cavities are filled with a fluid. This
study is an investigation of the macroscopic elastic properties of elastomers embed-
ding spherical cavities filled with a pressurized liquid in the presence of surface
tension, starting with the linearization of the fully nonlinear model and ending
with the enhancement properties of the linearized model when many such liquid
filled cavities are present.

1. INTRODUCTION

The study of the mechanics of interfaces in the continuum has a long and rich
history with origins dating back to the classical works of Young [29] and Laplace
[20] on interfaces between fluids in the early 1800’s and of Gibbs [15] on the more
general case of interfaces between solids and fluids in the 1870’s. Yet it was only in
1975 that complete descriptions of the kinematics, the concept of interfacial stress,
and the balance of linear and angular momenta of bodies containing interfaces were
properly formulated, even when specialized to the basic case of elastic interfaces
[17, [1§]. The results remained abstract at the time, most certainly because of the
technical difficulties in measuring and tailoring mechanical and physical properties
of interfaces. In the early 2000’s, the onset of new synthesis and characterization
tools reinvigorated the study of interfaces in soft matter. As stated in [28]: “Soft
solids, with their high compliance and ability to sustain large-strain elastic defor-
mation, provide unique experimental model systems that make accessible direct
measurements of this fundamental material property Moving forward, we antic-
ipate a rich interplay between experiments and theory for a broad range of solid
materials. For example, experimental studies probing elastocapillary mechanics in
micro-structured polymer gels and elastomers .... could inform our understanding
and design of nanostructured metals and semiconductors.”

In this context, elastomers filled with liquid — as opposed to solid — inclusions
are a recent trend in the soft matter community because they exhibit remarkable
mechanical and physical properties; see e.g. [27, B, 28, 21], 5, 30, 26]. In particu-
lar, the interfacial physics in these soft material systems can be actively tailored to
enhance or impede deformability. While the addition of liquid inclusions should in-
crease the macroscopic deformability of the material, the behavior of the solid /liquid
interfaces, if negligible when the inclusions are “large”, may counteract this increase
and lead to stiffening when the inclusions become sufficiently “small”.

As a first step in our understanding of this paradigm, a recent contribution by
one of us [13] derives the governing equations that describe the mechanical response

!By which the authors mean: strain dependent surface stress.
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of a hyperelastic solid filled with initially spherical inclusions made of a pressurized
hyperelastic fluid when the solid/fluid interface is hyperelastic and possesses an ini-
tial surface tension. Arguably, this corresponds to the most basic type of elastomer
filled with liquid inclusions.

From a mechanics standpoint, the main objectives of this work are twofold.

First, we derive the linearization of the governing equations put forth in [13] in
the limit of small deformations. Second, within that linearized setting, we derive the
homogenization limit of a periodic distribution of liquid inclusions as the period gets
smaller. Formal derivations of both results were proposed in [13, [14]. Our analysis
corroborates those, although even an attentive reader may be at pains to check that
the results are identical because of differential geometric intricacies.

Of course, the notion of linearization in the context of elastomers may be open
to criticism because those do undergo large rotations and potentially very large
stretches during deformation. However, the derivation of the homogenized effect of
surface tension starting from the fully non-linear model seems at present a task be-
yond reach, as will become clear when contemplating the energies that are involved
in the formulation of the problem (see (2.8), (2.9)). Note in this respect that no
homogenization results are available as of yet for true hyperelasticity. Further, the
quirks of the homogenized behavior that we derive would persist, provided that ho-
mogenization and linearization do commute, a result which has not been established
even in the standard setting of heterogeneous hyperelasticity; see [16] for an attempt
at such a result.

From a mathematical standpoint, given an elastic energy density W and an in-
teraction surface term _# on the boundary of a ball B, C 2 that will be detailed
below, we propose to linearize the energy

()= _ W(Vy)de+ Fly)—e | f-yda
O\Bq O\ B,
when the external load (here ef) is indeed of order €, € being a small parameter.
This is by now a classical problem that was first handled in [9] for finite elasticity
by computing the I'(L?)-limit of

1
I (u) = 8—2/QW(I +eVu) dx

for a standard elastic energy density W and showing the L?-compactness of almost
minimizers of v — S (v) — [, f - v dz. The celebrated rigidity result of [12] plays a
pivotal role in the analysis.

Since [9], a similar linearization process has been implemented in a variety of
settings generally assuming that the relevant forces were of order € and rescaling
the energy accordingly as above. In that spirit, the work which is closest to the
current investigation is [23] where live pressure loads are applied to an elastic body.

The current setting introduces a new feature in the analysis, namely a pre-stress
due to the liquid inclusions. This in turn changes the order of the various contri-
butions and results in a breakdown of the I'-convergence process. We were unfortu-
nately unable to complete that process without the addition of a vanishing higher
order contribution to the energy. This is because, barring the presence of such an
additional term, we cannot hope to get a bound on the L2norm of the tangential
gradient of the (rescaled) field along the boundary — that is, the solid/liquid inter-
face — of the liquid cavity (a sphere). Consequently, we are adding an appropriately
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vanishing second order term to our energy (see (3.1]), (3.2)). A similar technique
was recently used in [1] to handle the linearization of a multi-well elastic energy.

Our first result is the linearization Theorem which gives rise from a P.D.E.
standpoint to a highly non trivial set of equations both on the solid part of the
domain and on the boundary of the liquid inclusions, that is, along the solid/liquid
interface (see Remark. To our knowledge, this linearization process is original on
two fronts. First the order of the linearization (g2 if ¢ is the linearization parameter;
see (3.1))) is different from that of previous linearizarion processes (¢). Then, we do
not know of any other linearization process that results in a surface P.D.E. in the
linearized limit. This is so precisely because the linearization order is 2 and not 1.

Our second result, Theorem is a periodic homogenization statement on the
linearized system with an appropriate rescaling of the surface tension on each inclu-
sion. The resulting homogenized behavior ends up being purely elastic. However,
the expression for the homogenized Hooke’s law incorporates a memory of the pres-
ence of surface tension on the solid/liquid interfaces. This is achieved through a
somewhat intricate unfolding of the oscillating fields which heavily draws on the
specific spectral properties of spherical harmonics and, to our knowledge is the first
time a homogenization process is performed on a system that couples bulk and
surface P.D.E’s.

The homogenization result promotes elastic enhancement as detailed in Subsec-
tion 4.2} Technical hurdles prevent the derivation of a general enhancement result
so we have to illustrate its occurrence on a uniaxial strain and for an isotropic
base material; see Proposition [£.4, We are confident that enhancement can always
be achieved for large enough surface tensions, although currently defeated in our
attempts to prove such a general statement.

Now for a few mathematical prerequisites. We recall that, for any C'-manifold M
embedded in an open set ) C R? and any smooth field u : Q — R3, the tangential
gradient V,u of u at x € M is defined as

V. u(z) = Vu(z) — Vu(z)r(r) @ v(z)

where v(z) is the unit normal to M at z. Similarly, the tangential divergence of u
at x € M is defined as

div, u(z) = divu(z) — (Vu)' (z)v(z) - v(2).

Note that, for any smooth vector field v on a smooth oriented manifold M with
normal unit vector v,

V. (div,v) = (I —v®@v)div, (Vo) - V. (V,0) 'y, (1.1)

where the tangential divergence of a tensor-valued function S is defined as div, S-e =
div,(STe) for any vector e (see [8, Lemma 2.6]).

We also recall a few useful algebraic identities. In the following M?**3 stands for
the space of (3 x 3)-matrices with I as the identity matrix and M3 for the subspace
of symmetric (3 x 3)-matrices.

For any A, B € M3*3 with det A # 0 one has

1
cof(A+ B) = cof A+ cof B+ m((cofA - B) cof A — (cof A)B” (cof A)) (1.2)

(see, e.g, [25, Proposition 1.6]).
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Also Cayley-Hamilton Theorem implies that, for any A € M?3*3,
1((tlr A)? —tr A*)A — (tr A)A* + A® = (det A)

2
so that .

cof A = 5((tr A)? —tr A*)I — (tr A)AT + (A7) (1.3)
from which we also obtain that

1
tr(cof A) = 3 ((tr A)* — tr A?). (1.4)
Finally, if {7y, 72, v} form an orthonormal basis of vectors with 71 X 75 = v,

(cof A)v = A1y x Ary  for every A € M*. (1.5)

Notationwise, we denote by B, the open ball of center 0 and radius » > 0 and
by id the identity mapping (id(z) = x). Also, throughout {é;,i = 1,2,3} is the
canonical orthonormal basis of R and €, is the unit normal at the point under
consideration on any sphere.

We always omit the target space when writing a norm, so, for example, if u : Q —
R?, [Jul| 12y is the L?(Q; R?)-norm of u.

We say that a sequence (a.) C R indexed by € N\ 0 is of the order of ¢* (and
write a. ~ &%) if there exist two positive constants ¢, ¢’ such that ce® < a. < e®
for all e. The symbol CC means “compactly contained in” and the symbol f stands
for “periodic”. The characteristic function of a set A is denoted by x 4.

Finally, “-” stands for the Euclidean inner product on R? as well as for the Frobe-
nius inner product on matrices, i.e. A- B :=tr(BTA) for A, B € M>*3,

2. THE NONLINEAR FORMULATION

2.1. Setting. Let Q2 C R3 be a Lipschitz bounded domain containing a closed ball
B, with a > 0.

The elastomer occupying 2\ B, is assumed to possess an elastic energy density
W M3*3 — [0,+00] that satisfies what are by now the usual assumptions of
geometrically non-linear elasticity theory, namely,

(i) W(F) = W(RF) for every F € M**3 and R € SO(3),

(il) W(I) =0, W(F) = +oc if det F' <0,
(iii) W(F) > cdist*(F, SO(3)) for every F € M>*3, for some ¢ > 0,
(iv) W is C? in a neighborhood of SO(3) and A := W JOF*(I),
(v) W(F) — 400 as det I — 0%,

Remark 2.1. The assumptions on W imply that the quadratic form F +— Q(F) :=
AF - F is positive definite on symmetric matrices. q

The ball B, is filled with a compressible pressurized liquid. The initial Cauchy
pressure is p. We take the internal energy density of the liquid to be

A
Wy(F) = g(dew — 12— pdetF, Ay >0. (2.1)

In other words, the liquid is assumed to be an elastic fluid with bulk modulus Ag.
This corresponds to a first Piola-Kirchhoff stress of the form

ang
P pum—
oF

(F) = (—p+ Ap(det F — 1)) cof F, (2.2)
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hence to a Cauchy stress of the form
Y= (—p + /\fg(detF - 1))]

Denote by y : Q@ — R? the deformation and by v, the exterior normal to y(B,)
at y(x). Because of the presence of interfacial forces at the solid/liquid interface 0B,,
the interface 0B, exerts a normal force per unit surface area —yx(y(z))vy() on the
liquid. In this last expression, v > 0 stands for the surface tension of the solid /liquid
interface, an intrinsic property of the interface at hand, while k(y(z)),x € 0B,, is
the mean curvature at the image of x under the deformation .

We assume that, in the absence of any external loading process, the initial liquid
pressure p is so that the hydrostatic pressure —pé, equilibrates the surface tension
without deformation of the ball so that, y = id, Kk = —2/a and

p=2v/a. (2.3)

The relation (2.3)) between the pressure p and the surface tension vy will be assumed
throughout the rest of the paper.

The contribution to the energy of the surface tension is YH?(9y(B,)). Indeed,
assuming that y is a C2-diffeomorphism on € so that, in particular, y(£) is open, and
dy(B,) is a C*-manifold, and considering a deformation of the form ®¢(y) = y+ez(y)
with z smooth and compactly supported in y(Q2), we get (see [2, Theorems 7.31,
7.34])

O 200 (0(B.) o =
Oe

div, zdH? = —/ k(y)yy, - 2 dH>. (2.4)
9y(Ba)

0y(Ba)

Now, since y is one to one and dy(B,) = y(0B,), the area formula yields
H2(Oy(B,)) /a ol | a7 (2.5)
and that contribution becomes “
’y/ | cof Vyé,| dH>. (2.6)
0Ba

Further, the fluid must be in equilibrium; thus div P = 0 in B, with P defined by
(2.2). Explicit computations yield
0 = div P = A p(cof Vy) 'V (det Vy).

Since det Vy > 0, the matrix (cof Vy)T is invertible, hence det Vy = cst in B, and
the constant must be |y(B,)|/|Bal. So, recalling (£2.1]), the contribution of the fluid
to the energy is

— ply(Ba)| + %!Ba\ (@%)\ — 1) . (2.7)

In view of (2.6)), (2.7)), we conclude that, for y a C?-diffeomorphism on  and in
the presence of a body load applied to the solid part of {2 and of density ¢f with
e>0and f:Q\ B, — R3 the total energy is given by

Ey) = W(Vy)dw+f<y)—s/ foly—a)ds (2.8)

ON\B, \Ba
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where

)= [

0B,
Note that we can always write

1
ly(B.)| = / det Vy(z) dx = —/ cof Vyé, -y dH>.
a aBa

. A B, 2
(cof V)| ar? + 215 (%—1) Bl (29)

3

Remark 2.2. From a mechanical standpoint the imposition of a (dead) body load
acting only on the solid part of the domain 2\ B, might seem unrealistic. It would
certainly be more appropriate to impose surface loads on 9Q \ T, where T is the
Dirichlet part of the boundary. Of course surface loads are generally live loads and
this would add an additional level of complexity which we do not want to address
here. The interested reader is directed to [23] where a study of linearization in the
presence of pressure loads is undertaken.

The undeformed geometry of the inclusions (spheres) might seem very restrictive.
But, from a mathematical standpoint, it is the only geometry which is compatible
with the premise of this study, that is that, in the absence of any kind of loading, the
solid part of the body does not feel the presence of liquid inclusion, thereby giving
the identity a chance to be an energetic minimizer. This is so because the pressure
in those inclusions is a constant. Consequently, only spherical cavities will induce a
surface tension which can match the hydrostatic pressure.

Besides, from a more physical standpoint, the actual fabrication process of soft
solids with liquid inclusions consists, as a first step, in mixing the liquid (e.g., glyc-
erol, ionic liquid, ferrofluid, or liquid metal) that will make up the inclusions with
the elastomer in a liquid state. Then, solidification through cross-linking results in
the remaining liquid self-arranging into spherical inclusions; see e.g. Section II in
the Supplementary Material in [27]. The literature on elastomers filled with liquid
inclusions only deals with spherical liquid bubbles, this precisely because of that
process. q

2.2. Existence of a minimizer in the absence of external loads. As seen in
the previous Subsection, relation ensures that the pressure in the fluid B, is
balanced by the surface tension on 9B, in the initial configuration. Consequently,
in the absence of external loadings, no loads are applied to the solid part of €2, that
is to Q\ B,. Thus the identity mapping id should in essence be a “stationary point”
for #, this independently of the values of v or Ay. Of course, such will only be
true for smooth variations because of the determinant constraint.

In the context of , we investigate if and when the identity mapping id is an
energetic minimizer when f = 0.

Formally, the isoperimetric inequality implies that

H*(9y(Ba)) > (36m)"*ly(Ba)|** =: Cly(Ba)|**
so that, in view of (2.5,
|y(Ba)]

£ 2ol P+ 15 (B 1) sl

Set

A t ?
O(t) = 70t2/3+%|3a] (|B | —1) —pt  fort >0,
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and note that
2
®(0) = ZmApa® >0, ®(0) =+oo,  lim @(t) = lim @'(t) = +oo,

t——+o0 t—+o00

and ®”(t) < 0 for t < t*, "(t) > 0 for ¢t > t* with

- My )

N (270 |Ba|> '

Now, recalling (2.3), ®'(t*) = ((2"/3*)Ap)/4(v/a)¥* — (A +27/a). The maximum
in v/a of the previous expression is attained at v/a = (3/2)Ap and it is 0, so that
P'(t*) < 0 except when v = (3/2)A\ga in which case ®'(t*) = 0.

In view of the already established properties of ®, this means that, for v #
(3/2)Apa, ® has a unique maximizer at some point ¢ < t* and a unique minimizer
at some point t” > t*. Now, ®'(|B,|) = 0 and ®"(|B,|) = a=®/7(3\p/4 — va™1/2),
which is positive if and only if v < (3/2)Apa. In that case, | B,| must be a minimizer
and it is unique.

For v = (3/2)Apa we have ®'(t) > 0 for ¢ > 0 and thus @ is increasing. Further
O(|Ba|) > ©(0), so |B,| is not a minimizer of ®.

Since the elastic energy fQ\Ea W (Vy)dz is strictly positive for y # Rz + ¢ we
conclude that, provided that v < (3/2)Aga, &. is only minimized at y = id, and
also possibly at y = Rz + ¢ for R € SO(3) and ¢ € R3, if we have imposed no
boundary conditions on y.

In conclusion we have obtained the following

Lemma 2.3. In the absence of external loadings and under assumption (2.3)), id is
the unique minimizer of &. (possibly up to rotations and translations) provided that

3
v < 5)\ﬂa (or equivalently p < 3\p). (2.10)
Further 4
é.(id) = gﬁvag. (2.11)

Remark 2.4. Condition (2.10) is always satisfied by incompressible liquids, i.e.
when A fo = +00. q

From now onward, we restrict the setting to that for which both (2.3)) and (2.10))
hold true.

3. LINEARIZATION IN THE PRESENCE OF A HIGHER ORDER REGULARIZATION

As mentioned in the introduction, the linearization process cannot succeed with-
out the addition of a regularizing term.

For simplicity we will assume henceforth that the domain €2 is clamped on a part
I' of its boundary, so that we can apply Poincaré’s inequality. We assume I' to
be a non-empty subset of J€), open in the relative topology of 92 and such that
capy(I'\T') = 0 (we refer to [L1], Section 4.7] for the notion of 2-capacity). This last
condition is needed to ensure a suitable density result in the proof of the I'-limsup
inequality.

Let ¢ > 3 and

ng’q(Q;Rg) ={u e W*(Q;R?) : u=0onT}.
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Recalling (2.11]), we consider for a given load f € L*(Q \ B,;R?) the regularized
functional F, defined on L?(Q\ B,;R?) as

1
= <é"5(id + €u)—E5(id)) + e / \V2u|?dz, u € (C2, NWFY) (2 R?)

Fe(u) == ON\B.
00, else
(3.1)
where
e?3 In. 5 0. (3.2)
We define

A={uc H(Q\ B;R* : u-¢& € H'(0B,) and u =0 on I'} (3.3)

and the functional

(1
- Q(Eu) dz+ 1/ IVo(u-é)|*dH? - 12/ lu - &,|* dH?
2 Jo\B, 2 Jom, a* Jam,
o 2
Flu):= + As (/ u-é}d?—ﬂ) —/ frudr, ue A
2|Bal \Jog, O\B.
[ 00, else

with Eu := 1/2(Vu + VuT) and @ defined as in Remark .
Our first main result is the following compactness and convergence theorem.

Theorem 3.1. Assume that (2.3) and (2.10)) hold true. Let (u®) be a sequence in
C2 (4 R?) N WEP (4 R?) such that

loc
F.(uf) < C. (3.4)

Then there exists u € A such that, up to subsequences, u® converge to u weakly in
HYQ\ By; R?) and u® - & — u - &, weakly in H'(0B,).
Further, the T-limit of F. in the strong L*(Q\ Bg;R?) topology is precisely F.

Remark 3.2. Condition (3.4)) is clearly satisfied by any minimizing sequence (uf)
of F. since F.(0) = 0. q

Remark 3.3. By (A.4) and (2.10) we have

2
’Y/ 12 2 'V/ -2 2 Afe (/ - 2)

— Viu-e)*dH — — u- e dH” + —— u- e dH >0
2 6Ba| ( ) a? BBa| | 2|Ba| \Jos,

for any u € A. Furthermore, again by (A.4) and (2.10)), for every 6 > 0 small enough
the following coercivity property holds:

2
Y NP 2 7 12 2 Ao (/ - 2)
— V. (u-e, dH——/ w- e *dH” + w- e dH

2 /63a ‘ ( )‘ a? 8B, ‘ l 2‘Ba| 9B,

0B, 0B

for any u € A. 9
Proof of Theorem[3.1. We split the proof into three steps.
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Step 1: Compactness. By ({3.4) we deduce that

1 4
- < W(I+eVu®) de+ #(id + cu®) — —maz) + 175/ |V2uf|? da
€ Q\B., 3 O\B.,

< [ f e € < Wl ez, + O (39
Since # (id 4 eu®) > %7?7@2 by Lemma for some possibly larger C' > 0 we have

- W +eVu) de < C(||[u || 2z, + 1)-

ON\B.

We now apply the rigidity estimate [12, Theorem 3.1] and conclude that there exists
a constant R° € SO(3) such that

11+ eV = B2 005,) < C(1w]l 25, + - (3.6)
Let £° be the mean of the function id+cu® — Rz on Q \ B,. By Poincaré-Wirtinger’s
inequality we obtain
Hld + 5U€ — REI — 58“12[[1(0\?[1) S 062(“u€”L2(Q\Ea) + ].)
Since u® = 0 on I', the continuity of the trace operator yields
lid — R — €22 < Cllid + a0 — Fa — &2 05, < Ol gy + 1)
By [9, Lemma 3.3] (see also the proof of [9, Proposition 3.4]) this implies that
I = F°| < Ce¥(|[wfll oo,y + 1)
Consequently, by (3.6) and the boundary condition on I', we conclude that
(uf) is bounded in H'(Q2\ B,;R?). (3.7)
Therefore, by (3.5 we obtain
4
J(id +eu®) — §7T’)/CL2 < Ce? (3.8)
and
7]5/ IV2uf|?dx < C.
O\B.

By Sobolev embedding we deduce that
&€ € IS 1 E
Ve s < COTw e + 120 ) < 40 ()

Thus, by (3.2)),
1\ @
guqu“CO(ﬁ\Ba) < C (?7—) =: CU& — 0. (39)

In all that follows the O(c?) terms should be understood as quantities whose norm
in C°(Q\ B,) is of order ¢ with k£ > 3. In other words, because of estimate (3.9),
we can neglect in the I'-convergence process all terms that are more than quadratic
in eVu®©.

Using we have that

det(I 4+ eVu®) = 1 + edivu® + e® tr(cof Vu®) + &* det Vu, (3.10)
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while
cof (I +eVus) = I +e((divu)I — (Vu)") + &% cof Vu'. (3.11)
From ) and ( . we can further write that
cof (I +eVu) = I +e((divu’)] — (Vus)")
+ &2(tr(cof Vu©)I — divus (Vur)" + (Vu) (Vu)"). (3.12)
By we obtain
|cof(I +eVu)e, > = 1+ 2¢(dive’ — (Vu)'e, - &)
+ & (|(divus)e, — (V)" €[> + 2 cof Vu.é, - €,)

+ O(a?). (3.13)
The e-term in (3.13) reads as 2e div, u®, while for the e2-term we use that
(divuf)e, — (Vud)e, = (div, u)é, — (V.u)Te, (3.14)

so that
(divuf)é, — (Vus) e, |? = |(div, uf)é, — (Vouf) e |? = (div, uf)® + |(V.uf) e, |2
Finally, from (|1.5)), we deduce that cof Vu.é, = cof V,u.é,. Thus,
|cof (I +Vus)e,|* = 1+ 2ediv, v’
e (|(V-u)"&)* + (div, u®)* + 2 cof V,u.E, - €,) + O(a?).
Using the expansion v/1+z =14 3z — g2? + O(2*), we conclude that

2
|cof Vy©e,| =1+ ediv, v + — (|(V u)'E|* + 2 cof V,u.e, - €,) + O(c?). (3.15)

From ((1.3) and (1.4]), we have that
2 cof V,u.€, - €. = 2tr(cof V,u®) — (div, ua)(VTua)Ta - €

But, since V,ucé, =0,
—(div, u)(Vud) e, - & + (V) (Vaud) e, -6 =0,
so that, using once again,
2 cof V,u.é, - €, = 2tr(cof V,uf) = (div, u®)? — (V,uf)' - V,ul.
Hence finally reads as

2

|cof Vyfe,| = 1+ediv, u® += (!(V u)'e |+ (div, u)? — (V,u0)" - Vo) + O(0?).
(3.16)
With the help of (3.10]) and (3.16) we get from (2.9))

Z(id + euf) = YH*(0B,) — p|B.| + 5/ ('y div, u® — pu® - 67«) dH?
9Ba

+ &2 (/33 % (V) e + (div, u®)? — (Voud)T - Vo) dH?

2
Y ( / uﬁ.é’rd’}-ﬂ) —p / tr(cofwf)dx>+0(a§’)- (3.17)
2|B,| \Jas, B
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In view of (2.3)), the constant term in (3.17) is 4/37ya* while the linear term disap-
pears upon invoking the second equality in (2.4)) for the sphere 0B,.
Note also that, with the help of (1.4]) once again,

tr(cof Vaut) = %((div P — (V) = = (div(diveu®) — div(Vau?)),

2
so the last term in (3.17)) can be written as the boundary term
p

P / i - (div e, — (Vud)TE) di?
2 Jam,

or still, in view of (3.14)), as

_P / (divT uut - e, —ut - (VTuE)Té;) dH?.
2 JaB,

Summing up, (3.17)) also reads as
7 (id + euf) — _#(id)
= ¢ ( / Z ([(V-u)TE, > + (div, u?)® — (V,u)" - Vo) dH?

2B, 2
)\fg </ . 2)2
+ u® - e, dH
2|Ba| 0B,
- g / (div, w'u - & —u - (V,u)'E,) d?-l2) +O(c?). (3.18)
dB.

Appealing to (1.1]), we obtain, after some algebraic manipulations,
(div, u)? — (V,u)T 1 V,uf = div, (div, u'u® — Voufud)
+ (div, (V) - &) (uf - &) + (V) e, - (Vi) ul
Therefore, using the second equality in and , reduces to
F(id+eu®)— Z(id) =

g (/ i ([(V,u) e + (div(Vou)" - &) (u - &) + (Vou)TE - (V,e) uw) dH?
B,

2
A 2
+ ua-érdH2> >+O o). (3.19
7 (L o) 319)

We now write u® = v°® 4+ ¢°€,, where v° - €, = 0 and ¢° = u° - €,. By differentiating
we have

1
(V9)le, = —(V.e) v = —=0°
a
since V.€, = 1/a(I — é, ® €,). Thus
1
(V,ud)'e, = V,0f — (V,6,) 0" = V0 — —0°. (3.20)
a

Therefore,
(Voud)Te, - (Vee) v = (Vaud)le, - (Ve ) o

1 1 1
= (V,ud)Te, - (=0°) = =V, - v° — —]v°|%, (3.21
(Vo) Te, - (20F) = 2V, 0 — o, (321)
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while, using that V., u°é,. = 0 and that V,¢° - €, = 0,
div (V)T e = div.(Vu'e,) — (Vaud)! Ve,
= (V)" -V,é,
1 1 2
= ——div,u® = ——div,v® — —<p (3.22)
a a
Combining (3.20)—(3.22)) together, expression (3.19) can again be rewritten as
F(id+eu®)— £(id) =

1 1 2 1 1
62 / z ‘VTQD€——’UE‘2——QpEdiVT’U€——|g08|2+—v7—90€'1)8——|Ua|2 dHQ
B, 2 a a a? a a?

([ 7o) ) voe
+ “dH +O(o2). (3.23
AR (02). (3.23)

Integrating by parts the second term in the first integral above yields, in view of the
second equality in (2.4)),

2
/ O div, v dH? = — Voo vt dHE+ = / OV - €. dH>
9B, @ JoB,

0B

= - V.o - v° dH
0B,

We finally conclude that expression (3.23)) is given by

F(d+euw’) — Z(id) = Z(id + euf) — %maﬂ

A ’ :
= ¢? 1/ |V7905!2dH2—12/ |02 dH? + 2 (/ @5d%2> +0(a?),
2 Jom, a® Jop, 2|Ba| \Jos,

(3.24)

where we recall that ¢* = u®

By . and the deﬁnltlon (3.9) of 0., we deduce that

2
7/ e o2 2 7/ e =12 3942 A (/ e - 2>
— V. (u®-e)|*dH” < —= ut - e dH* — —— u® - e dH

2 8Ba’ ( N a? 8Ba‘ ’ 2’Ba‘ 8B,

1 3
+ C'f‘ ?O(O_e)

) cp/3
< C+ CHUEHLQ(BBE) +C ( 1

)
) < O ooy + C.

)

Since (u.) is bounded in H*(Q\ B,;R?), its trace on B, is bounded in L?(0B,; R?).
Therefore, the inequality above implies that

(V. (u - €)) is bounded in L?*(0B,;R?). (3.25)

At the expense of extracting a subsequence, u. — u weakly in H*(Q\ B,;R?),
u. — u strongly in L?(0By;R?), and V,(uf-¢€,) = V,(u-¢,) weakly in L*(0B,;R?),
for some u € A, which completes the first part of the proof of Theorem [3.1]

Step 2: I'-liminf. Assume that u® — u strongly in L?(€2; R?) and, also, without loss
of generality that F.(u®) < C and liminf F.(u®) = lim F.(u®). The first step of this
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proof guarantees that (3.7), (3.9), (3.24]), and (3.25) hold. Therefore, by (3.9 and

lower semicontinuity, we have that, up to a subsequence,

1 4
lim inf — </(id +eu’) — 57'('”}/0,2>

e—0 52
Y Y Afe ?
> = |VT(u~€T)|2d7-l2——/ (u- &) dH* + (/ u~€rd7-l2) .
2 /ag;a a? OB, 2|B,| 8B,
(3.26)
Moreover,
lim inf (7}5/ |V2us |9 dw — / fu d:c) > — frudz. (3.27)
e—0 O\B, \Ba O\ Bq
Finally, as in [9],
1 1
lim inf — W(I+eVu)der > = Q(Eu) dx.
=0 &7 Jo\B, Q\B,

Note however that, in view of (3.9)) and since the quadratic form @ is positive definite
(see Remark [2.1]), the above liminf is trivial in our setting. Together with (3.26) and
(13.27)), this proves that

lim F. (u®) > F(u).
e—0

Step 3: I'-limsup. We have to show that for every u € A (see (3.3)) for the definition
of A) there exists a sequence (u®) C C?,(Q; R?) NWEP(€; R?) such that u® converge

loc

to u strongly in H'(2\ By;R?), u® - €, — u - €, strongly in H'(0B,), and
lim . (v°) = F(u). (3.28)
e—0
If u € C2,(Q\ By; R?) N WEP(Q;R?), the constant sequence uf := @, where @ is

any C? . extension of u to €2, has all the desired properties. Indeed, since p > 3, by
Sobolev embedding Vu is uniformly bounded in 2\ B,, so that by Taylor expansion

1 1
lim — W( +eVu)dr = = Q(Vu)dx
M o ( ) 2 Jos, (V)
and moreover ([3.24]) holds with O(&?) in place of O(¢?). Therefore,
1 . 4
lim — (j(ld +euf) — 37a )

e—0 52

2

- ’Y/ SN2 7742 ’Y/ 12 3742 Ase (/ - 2)

== Vi(u-é)|*dH* — = w- e dH” + u-e. dH )
2 BBa| ( ) a? 83a| | 2|Ba| \Jas,

Finally, since n. — 0 by (3.2),

775/ |V2u]qu—/ fruder — — fudx.
O\B., O\B, OQ\B,

Let now u € A. By [I, Lemmas A.1 and A.2] and the assumptions on I' there
exists a sequence (v,) C C®(Q\ B,; R?) such that v,, = 0 on I' and v,, converge to u
strongly in H*(Q\ B,;R?). Let n > 0 be such that B,,, C Q. Consider a sequence
(1) C C°(0B,) that approximates u - €, strongly in H'(0B,) (see e.g. [19]).
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Let U := Bgyy \Ea. Consider the solution w, of the following system:
{—Awn =—A(v,-€.) inU,

wy, =, on 0B,, w, = v, - € on 0B,,.

By elliptic regularity we have that w, € C*°(U). Moreover,
w, — w strongly in H'(U),
where w is the solution to
—Aw=—-A(u-€,) inU,
{w:uw?r on OU,

so that w = w - €,.. Further, by construction w, converges strongly to u - €, in
HY(0B,).
Let ¢ € C°(Bayy) be a cut-off function such that ¢ = 1 on By, /. Define
Uy = (W, — vy + €.)Er + Uy
Then u, € C®(Q\ B,;R?) for every n, u, — u strongly in H'(Q2\ By;R?), and
Uy, - € — u - € strongly in H'(0B,). Since we clearly have that F(u,) — F(u), the
result is achieved through a diagonalization process. 0

Remark 3.4 (The linearized system). The I'-convergence and compactness result
of Theorem immediately implies the existence of a minimizer u for F on A.
Simple variations and use of the second equality in then demonstrate that u
satisfies the following set of equations:

(—div(AEu) = f in Q\ B,,

o v . - 3)‘fe
YA, (u - €,) + 2;u e+ ((AEU)er)r i

(AEu)é, || €,  on 0B,
lu=0onT, (AEu)rge=0on ONN\T,

/ u-é.dH*=0 on 0B,,
OBa

(3.29)
where, again, Eu = 1/2(Vu+Vul) and A, is the Laplace-Beltrami operator, defined
by A, = div,(V,p), on OB,. Note that (AEu)é, is an element of H1/2(0B,; R?),
so the notation (AEu)é,. || € means that it only acts on the radial component
of elements of H'?(9B,;R?), while ((AEu)é,) is defined through the following
equality:

<((AEU)€T)T, v - €T> = <(AEU)€T, U>H*1/2(8BE)XH1/2(8BG) (330)
for every v € H'/2(0B,;R®).
Note that (3.29)) has a unique solution since the associated quadratic form, that is,
1
= Q(Eu) dx + %/ Vo (u-&)|? dH* — 12/ lu - &2 dH?
a

2 O\B, 0B, 0B,

A 2
+ / u-ad#)
2|B,| ( OB

is coercive on A in view of the positive definiteness of @) (see Remark [2.1)) and of
Remark So, uniqueness and existence in A — which we have already secured,
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thanks to the I'-convergence process — can be obtained directly through Lax-Milgram
lemma.

This is, to our knowledge, the first time that a linearization process produces an
interfacial PDE, this at the expense of introducing a vanishing regularization. The
set of PDE’s is precisely that derived formally in [I3] when specialized to
solid/liquid interfaces with constant surface tension ~. 9

Remark 3.5. Testing (3.29) by €, we obtain with the help of (2.4) that

((ra), = (3% 22 ) [ waane ‘

a a?
Remark 3.6. The above result equally applies to domains containing any finite
number of liquid inclusions. q

4. THE LINEARIZED PROBLEM IN THE PRESENCE OF MANY INCLUSIONS

4.1. Homogenization. In this subsection, we propose to investigate the limit (ma-
croscopic) behavior of a linearized solid filled with many periodically distributed
liquid inclusions pressurized at the same pressure. Note that the periodicity as-
sumption is not essential; we adopt it below for brevity sake.

The setting is as follows. The domain € of the previous sections is under the same
loading f (defined as an element of L?(2;R3) this time) and boundary conditions
as before (see the beginning of Section (3)).

We cover Q with identical disjoint cubes Y := ei + €Y for i € Z* YV :=
[—1/2,1/2)3, each containing an identical centered spherical inclusion B!, := i+eB,
with a < 1/2, filled with a liquid pressurized at the pressure ep. Let I. denote the set
of centers i € Z* such that Y C Q and dist(Y?,9Q) > e. Note that #([.) ~ 1/&3.
We define the following domains
ga

QF:=Q\ (UZ-E]EE ) ;W= UZ-GIE(Y; \EZG), QF = Uz‘eIEY;-

As an immediate corollary of the results in Remark the solution u® to the system
(—div(AEw) = f  in O,

YA (uf - E) + 2%u€ &+ ((AEW)E,),

3\ .
-3 55‘23 / u-& dH>=0 ondB',, icl., (4.1)
™ dBi,

(AEw®)é, || €, on OB!

ea’

(= OonT, (AEu)rsg=0o0nd0Q\T

1€ 1o,

exists and is unique in the class
A ={ue H(OR%) : u € € Ui H'(0B.,) and u=0o0nT}. (4.2)

Note that the various powers of ¢ in (4.1)) correspond to the rescaling of both p
and v by e, the natural scaling if one wishes to conserve both (12.3) and (2.10)).
The solution u° is then the (unique) minimizer in A® of the functional

= 1 N Q(Ev) dz + Z Vi(w)— | f-vdx, (4.3)

2
icl. Qs

Fo(v)
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where

VE(v) = 7—5/ |VT(U-€T)|2dH2—l/ (v- &) dH?
2 Joni, OBL,

ca?
A 2
- €, dH? 4.4
5B, </aB ° ”) (44)

for i € I.. Note that by (A.9) with K = Apa?/(2v|B,|) we can rewrite

Vi) =L [ et - 2 [P e an

2
€a” Jomi,

1 3)\fg ’y) / - 2 2
— = €. d , (4.
* dreda’ ( 2 a oBL, v & aH (45)

where P72, is the orthogonal projection in L*(9B¢,) onto the orthogonal space to

affine functions, see Appendix A.
From the minimality of u® we have

0=F(0) > F(u)

1
> 5 [amaa s ST [ vt anpanes
Qe 0

i€l B;ﬁa

1 3)\]% Y 2
—_— E'_’ 2 _ . €
(5 -2) </832au erd’H> } /Ef o dz, (4.6)

where we used (4.5) and the coercivity estimate (A.10]) in Appendix A. By (2.10))

and because of the positive definite character of () we deduce that

B[ 7200 < Cllwd]|z20e). (4.7)

Appealing to |24, Theorem 4.2], there exists a linear extension operator
Re: HY(Q5R?) — HY(Q;R?)
such that, for some constant C' independent of ¢,
IR ull @) < Cllulla g,
[ERul|20) < Cf|Bullr2(e)

for every u € H'(Q;R3). Because of this result we actually obtain, in lieu of (4.7)),
that

IER w72y < ClIR | 12,
so that, using Korn and Poincaré-Korn inequalities on €2, we conclude that

Further, by (4.6) and (4.8) we deduce that
2
> ( / ut - é, dHQ) < Ce* (4.9)
i€l 8B§a

and

eZ/ VA (P, (u - €)))?dH* < C. (4.10)
OB:

1€l
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Let
HL(OQ;R?) == {ue H'(RY) : u=0onT}.
We propose to establish the following homogenization result.

Theorem 4.1. The unique solution u® to (4.1) can be extended to a function R°u® €
HY(2;R3) such that

Reu® —u  weakly in H'(Q;R?),

where u is the unique solution in HE:(Q;R3) of

—div(ApomEuw) = (1 — |By|)f  in Q,
(ApomEu) = (1 — [By) ) (411)
u=0o0onT, (ApmBEu)vgg =0 on dQ\T,
with
ApomF - F 1= 2F o (F, \p) (4.12)

for every F € M2X3 and A\p denotes the unique minimizer of Fper(F,-) defined in

Sym
(4.17)) below.

Furthermore, the following corrector results hold:

2
L3
lim E,v° — E,u— = Z (/ - (Eyu)ij(2) dz) E \j(x/e)| de =0
€ wNw*® e
(4.13)
for any w CC 2, and
lime ) / V(P2 (- &)
° el /9Bl
1 & i
S P2 E.u). . .e 2 _
= VT< ; (/E (qu(z)y +J§1( xu)]k(z))\]k(y)>dz er>> e dH® =0,
(4.14)

where P? is the orthogonal projection in L*(0B,) onto the orthogonal space to affine

a

functions on OB, while P?., is the orthogonal projection in L*(0B.,) onto the or-

,ea

thogonal space to affine functions on OB, (see (A.5)) in Appendiz A) and
)\ij = )\F..

]

(4.15)
with (Fij)kn = 1/2(010,n + 6indjk)-
In Theorem above, the cell problem is given by
min {Fpe, (F,00) : ¥ € 27},

where

2 ={Y e H(Y\Bs;R’): ¢ - & € H'(0B,)} (4.16)
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and

1 —
FralB) =5 [ Qs Py 3 [ 9P R e
Y\Ba B,
s IR Fy) &) i
Ba

a?

1 2y B 2

and P? is the orthogonal projection in L?(9B,) onto the orthogonal space to affine
functions on 9B, (see (A.1l) in Appendix A).

Remark 4.2. As could be easily seen from reproducing the computations leading
to (A.9) in Appendix A, an equivalent expression for F,., defined in (4.17)) above is

1
FF) =2 [ QEe+Fydy+] / V(4 + Fy) - &) dH?2
2 B, 2 Jom,

/\ 2
O (@ Fyy e a2 (/ (¢+Fy)-ad’}{2).
a 0Bq 2|Ba’ 0B,

In that form it is clear that an argument analogous to that used in Remark
would demonstrate the existence and uniqueness of Ap. We also note that, because

of Remark and of (2.10)),

Apom defined in (4.12)) is definite positive. q
Remark 4.3. Since
1 e
Vu— —3/ - Vu(z)dz — 0 strongly in L*(Q; M**?),
£ Y—: x/e

a simpler expression for the corrector result (4.13]) can be obtained, namely

3 2

lim { / Eoif — Bu— 3 (Bou)y By (/)| da
€ wNw® ij=1
w3 [ a)
i€l 6B§a
3 2
- V. (Pj ((quy + Z (Exu)jk)\jk(y)) . €r> ) ) d?—l2} =0
k=1 y=e/e

provided that, either Ey\;; € L®(Y;M23) and V \;; € L®(0Bq; R?) for all 4,5 €
{1,2, 3}, or that u turns out to be sufficiently smooth.

While the regularity of w will hinge, in particular, on the regularity of f, the L*>
regularity of E,\;; and of V;\;; might be true, but we confess a lack of determination

in the matter. q

We now proceed with the proof of Theorem [4.1]
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Proof of Theorem [4.1. We define the unfolding of u¢ adapting the ideas in [4} [7] (see
also [0]). Define x : R® — Z3 so that

T E }/'1”(33)’

that is, x(z) provides the center i € Z* of the cube Y{ := i + Y containing z. In
particular,

zeY! ifandonlyif i= /<:<£>
£

for every z € R®. We define the unfolding 4° : Q° x (Y \ B,) — R as

u (z,y) = u’ <5m<§> + &?y).

Observe that, for z € Y7, 4° does not depend on z, while as a function of y, it just

comes from u® by the change of variables y = (x — i) /e, which transforms Y7\ B.,
into Y \ B,. '
Using the definition of @° and recalling that w® = U;ep. (Y7 \ B.,), we have

/ |Vus (x ]%lx-Z/ |Vus (z)]? do = & Z/ |V (i + ey)|* dy

i€l icl. YV Y\Ba

:_Z/ / |V, a° y)|2dydx:—2/ / |V, (x, y) | dy dz.
i JY\B £ Oe y\Ea

i€l

(4.18)
Analogously, we obtain that

/ QEw)dr = / L, emi )y (4.19)
u - e 2 2 _ 1 2 W (x .é 2 2 x
[, 1Pt aapan = 2 [P ) ) ata(a.0)

i€l

; (/aBga W e d”H2)2 = 5/5(/83‘1 @ (z,y) - €.(y) dH2(y))2dx, (4.21)

where ¢,.(y) = y/|y| and P?(4°(x,-) - €,) denotes the orthogonal projection in
L*(0B,) of the function y — 4°(z,y) - €.(y) onto the orthogonal space to affine
functions on dB,. Moreover,

S [ et ayrae = 5 [0 -a) P as

i€l
(4.22)
In view of (4.8)—(4.10]), we conclude in particular that

—// |vyuxy|2dydx+—// IV, (P2 (2, ) - &) dH2(y) da
< JY\B. = JoB,

2

+—(/ (o) 60) () ) do < C
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Let now

~E 1 ~E 1 ~E
w (x,y) = gu (x,y) - g]f’\B u (*Ta Z) dz
1 1
= —u° - - “(2)dz. 4.23
D VO (1.23)

By the previous bounds and Poincaré-Wirtinger’s inequality applied to Y \ B, a
(not relabeled) subsequence of w* satisfies

w° — 1w weakly in L*(w; H' (Y \ Bg;RY)) (4.24)
and
P2(0f - €,) — P*(-¢,) weakly in L*(w; H'(0B,)) (4.25)

for any open set w CC 2 and for some w € L2 (S HY(Y \ By;R?)) such that
- € L2 (Q: H'(OB,)).

loc

Further, in view of (4.8]), we can assume that
Reuf — u  weakly in H'(;R?). (4.26)

Take &) as the first vector of the canonical basis in R? and note that the definition
of 1. implies that

. . 1 R 1
Ue<37 + ey, —§,y27y3) = Us(% §,y2,y3>

for a.e. € QF and a.e. (y2,93) € (—1/2,1/2)%. Thus the definition (4.23) of @*
implies in turn that

~ — 1 -~ 1
We <x + €eq, —§,y2,y3) - we(xa §7y27y3>

_ _][ Rz +26) = Bu() 4 (qomy
B

3

for a.e. z € QF and a.e. (y2,y3) € (—1/2,1/2)2. Thus, passing to the limit, we get

1 ou

w(% ——7yz7y3) - l@<$, §7y27y3> = _8_1:1(96) (4.28)
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Indeed, taking ¢ € C°(Q;R?) and integrating ([4.27) over the support K of ¢ we
get, for € small enough,

. L, 1 . 1
/ <ws<$+€€1,—§,yz>y3> —ws<$,§7y2,y3>>90($) dx
K
. | . 1
- / <w5($+€61, 27y27y3> —we($u§,y2ay3>>¥7($) dx
= _Z/][ u Z+561) Rw(z) o(x)dz dx
v Y

i€l

_ /1][1\3 fur ”561) B 2y dede+ O()

i€l

B Reue z+€el) Reus(z)
_ 1_’B|/ o(2) dz + O(e)

= ple —e1) — p(2) “ut(z)dz €
= 1—]B|/ R°uf(2)dz 4+ O(e).

Since by periodicity X, — 1 — |B,| weakly* in L®(w) for every w CC 2 and
Rfuf — u strongly in L?(Q;R3) by and Rellich Theorem, this yields (4.28).

Reasoning analogously with respect to the other vectors of the canonical basis,
we conclude that

i (a,y) == 1i(z,y) — Vu(a)y € L2o(Q HY(Y \ By RY). (4.29)

We now consider v € C*(€;R?) with v = 0 on T and v; € C}(; C} (Y \ Ba; R?)).
Define v* by

v (z) = v(z) + evy <.CE, g) (4.30)
By minimality we have
Fe(u®) < Fo(vF). (4.31)

By definition of F¢ and (4.5)), we have

F(f) = = QEU d:c+275/ P2, (v° - &) dH?
i€l 0BL,
- 'Lsa v° gT 2dH2
Z |, 1Pt -2
L B3\ v / c s
+;47r€3a3( 2 a) ( 332(11} & dH
[ de. (4.32)

(93
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Let us pass to the limit in the different terms of the right-hand side of (4.32)). The
first term yields with obvious notation

L o@meyde = 2 [ Q@®a(a) + Byonle, o/2)) dz + O(e)
2 /o 2 /o

— EZ /yi\B" Q(E,v(et) + Eyvy (i, z/e)) dz + O(¢)

i€l

_ 1 Z &3 Q(E,v(ei) + Eyvi(ei,y)) dy + O(e)

2 —
iel. Y\Ba

— %/E - Q(E,v(z) + Eyvi(z,y)) dydr + O(e). (4.33)

For the terms in (4.32)) on the boundary of the balls B’, we write

v (z) = v(ei) + Vu(ei)(z — ei) + evy(ei, x/e) + wl(w)
for x € 8Bga, where [|wl||co@p:,) = O(e?) and ||wL|c1opi,) = O(e). Using that
P2 (v(ei) - €.) = 0, we obtain for the second term in ([4.32)

7,eQ

782/ zsa E'gT))|2dH2

i€l 9B,

e 78 Z/ Ta: RQEa a,vxl)(gi)é;, . é;. +Ul(5i,x/5) . g?"))‘2 dHQ + O({‘:)
OBt,

i€l
= 1/ / IV, (PA(V,0y - & 4 w1 - €))|” dH2(y) dx + O(e). (4.34)
€ J OB,

Arguing in a similar way, the third term can be written as

zsa 6 é;’ 2d%2
DO LA

i€l

- azZ/aB

= ﬁ// |P2(V,0y - & + v - &)  dHP(y) de + O(e). (4.35)
¢ JOB,

2
(aVv(ei)e, - €. +vi(ei,x/e) - €| dH* + O(e)

zsa

For the fourth term we get

2
v° - €, d”HQ)

2
= </ (aV,v(g1)é, - €. + vi(ei, z/e) - €,) d’H2> + O(e)
iel. /9B,

2

= L /Qa </83a (va(x)y €+ v (x,y) -5,,) d’H2(y)) dr + O(e). (4.36)

4ma3

Finally, since by periodicity xwenw — (1—|Bal)X. weakly in L*(2) for every w CC €,
it is easily concluded, upon letting w 7 €1, that

f-vide= [ f-vdx+0O() — (1—|Ba])/f-vdx. (4.37)
0

Qe Qe
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Collecting (4.33)—(4.37) and letting € tend to 0, we finally obtain that, for v® as
in (#.30),

1
lign]-"E(Ue) — 5/ . Q(E,v(z) + Eyvi(x,y)) dy dx

1/ /8Ba |V7,y<P3<V$U(x)y . e_} + U1(56,y) . e—'r)ﬂ? d”HQ(y) dx

// |PA(Vav(a) y - & + (o, y) - &) dH3(y) da
0B,
3\ 2
+ 47Tla3( = 1) / </83 (va(x)y €+ vi(x,y) 'é}) d’HQ(y)) dx
— (1= [Bal) /f (4.38)

On the other hand, recalling (4.5) and making use of (4.19)—(4.22) and of the
definition (4.23)) of w®, we have that for w CC € and e small enough,

Fo(uf) > %/w Y\EQQ(Eyws(%y))dyd“’
Y 2/ ~¢ = 2 2
+7 / / [T P (@) & W) () da
B l/ / P2 (2, y) - & () |* dH2(y) da

1 3Af£ ’)/ e . 2 ]
"l ) /w (/dB (z.9) - &) dH?(y)) do— | f-ufde

(913

= Gw°)— | f-udx, (4.39)
Qe

where we also used that for a.e. z

v

3| vy ey - % [ pa ) @R e
tma(3 -0 ([ den awacy) =0 @

by with e = 1, and .

Now, the inequality above and the positive definite character of () imply that the
quadratic functional G defined in is non-negative, hence convex on the space
of functions 2, with

Z = {we L (w;H(Y \ B;;R?) : PXw-é,) € L*(w; H(0B,))}

{we L(w; HY(Y \ B, RY) : w- & € L*(w; H(9B,))}. (4.41)
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Thus, in view of convergences (4.24)—(4.25)) and of (4.29)), weak lower semicontinuity
yields
lim inf F*(u®)
g
1 N
3 / Q(E,u(z) + Eyiy (2, y)) dy dz
w JY\Bg
f}/ — ~ —
s3] Py al) + i) 20 P dH) do
w J OB,

L[] 1Ry )+ i) - ) )

A 2

—47;3 (% - g) /w ( /a ,, (Veul@)y - &) + iz y) - & (y)) de(y)) dz

~limsup ot (4.42)
3 Qe

Now, for any w, CC Q with |Q\ w,| < n, we may write

/ f-uedx:/ f-Rauadx:/ Xz, (@/e)f - Rou dx.
QeNwy QeNwy w

n

Therefore, in view of (4.26)) and Rellich’s Theorem we have

/ f-uedx—>(1—|Ba|)/ fudz.
QeNwy Wn

/ f-utdr
Q% \wy

as n — 0, we deduce that

Since

< Ol fllo@wy) — 0

lim | f-udx=(1—|B,|) /fudx (4.43)
(913

€

_ By (4.43) and by letting w ~ Q in ([4.42), we conclude that 4, € L*(Q; H' (Y \
B.;R3)) and P%(1, -€,) € L*(Q; H(0B,; R?)) (and not only locally as in (4.29)) and
as implied by (4.24)) and that
lim inf F°(u®)

1

> —/ QE u(z) + Eyiy(z,y)) dy dz
2 JaJyv\B.
s3] Pty 6+ i) 2 P ) da
o Jon,

— 12// |P2(Vou(x)y - € +d1(z,y) - €-(y))|? dH*(y) dx
a” Ja Jon,

47r1a3 (ﬂ - 1) /Q (/83 (Vou(@)y - E(y) + i (z,y) - (y)) d’fi?(y))ilx

—(1—|Bd|) /f (4.44)
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By [I, Lemmas A.1 and A.2] and the assumptions on I the set {v € C*° (4 R3)

v =0 on I'} is dense in H{(Q; R?). Further, C1(Q; Cf (Y\ B,; R?)) is, of course, dense
in L*(Q; H} (Y \ By; R?)) but also in 2 defined in ({1.41)) because C} (Y \ Bq; R?)
is dense in 2" defined in (4.16). Indeed, take ¢» € 2" and ¢, € CP°(Y \ B, R3),
gn € C*(8B,) converging strongly to ¢ and ¢ - €, in H} (Y \ By; R?) and H'(0B,),
respectively. Solve, with periodic boundary conditions on 9Y,

Av, = A(tp, - €.) in Y \ By,

Up = gn O11 8Baa

so that v, € C°(Y \ B,) converges to v - €, strongly in H'(Y \ B,) and v,|ss,
converges to v - €, strongly in H(0B,). Let n > 0 be such that a + 7 < 1/2 and
let ¢ € C2°(Baty) be a cut-off function such that ¢ =1 on B,y 2. Define

Cn = @(Un - wn : é;.)é;q + wn
Clearly, ¢, € C°(Y \ Bq;R?) for every n, ¢, — 1 strongly in Hﬁl(Y \ By;R?), and
Ca - € — - €, strongly in H(OB,).
In view of (4.31)), (4.38)), and (4.44)), these density results establish that (u, ;) is

a solution of the problem
min {/ Fper(Egv(z),v1) dr — (1 — |Ba|)/ frvdx:
Q Q

(v,v1) € HA (G R?) x 2o} (4.45)

with F, defined in ([(.17) and 2 in (4.41).

Further the minimizing pair (u, ;) is unique by Remark , which implies the
uniqueness of Vyuy + iy € L*(Q; H} (Y \ Bo; R?)), hence of (u, iy) in H (5 R?) x
L*(Q; H (Y \ Bs;R?)). In particular, convergence of (f) holds along the whole
sequence and not only along a suitable subsequence.

Moreover, by taking the limsup instead of the liminf in , we actually get
from , , together with the already mentioned density argument that, for
any w CC , as € = 0,

E,0° — E,u+ E, i, strongly in L*(w; L*(Y \ B,;R?)) (4.46)

and
V(P20 (2,+)€,)) = Vo (PH(Viuy-€ +1y-€)) strongly in L?(w; L*(0B,; R?)).
(4.47)

Note that, in view of (4.45)) and of the definition of Ar as the minimizer of (4.17))
for any F' € M3X3

Sym )

dn(x,) = (Bau(@))iihij, (4.48)
where \;; is defined i.
Then remark that (4.45)) also reads as
min {%/{)AhomEU(ZE) -Ev(z)dx — (1 —|B,|) /Q frvdr: ve H%(Q;Rg’)}
with Apom defined in , which, together with , delivers .
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Finally, convergences (4.46) and (4.47) above can in turn be rewritten in terms
of u® as follows. First, for w CC (2, consider I C I, the set of indices ¢ such that

Y! C w and set &° := Ujepe (Y \Eia). Then,

I

- Z /Y;\Bia

icly

1 € A
S 3 Z/ E,uf(z) — Eyu(z) — By (2, /¢)|* deda

1€y YEZ\Bea p

< / / 11/eE, i (z,y) — Epu(z) — Byt (z,y)| dydzx
w JY\B,

2

dx

3 1 ~
E,u®(z) — = /YK(I/E) (Eyu(z) + Eyty (2,2 /¢)) dz

2

dx

5 [ Bat(e) = Boate) = Byin(e,/2)

= / / |E, % (2,y) — Bpu(z) — Byl (z, )| dydz = 0 (4.49)
w Y\Ea

where we have used ([4.23)) and (4.46)).

Since

1 e
E,u— —3/ " E,u(z)dz — 0 strongly in L?(£2; M**3),
I Y: x/e

we conclude from (4.49) that

J.

hence, in view of (4.48)), that

[

Similarly, in the notation of the statement of Theorem [4.1] one can obtain

2
de =0,

1 .
E,u’(x) — Equ(z) — = /YH(IM E, (2, z/e)dz

dr —+0. (4.50)

3
. 1
B’ ~ B ]Zzl < /Y By (2) dz) B\ (/)

2

dH?

y=x/e

—8—13VT <Pa?</ (qu(z)y + 23: (Exu)jk(Z)Xjk(y)>dZ : 67))

€ 7,k=1

50, (4.51)

Equations (4.50) and (4.51)) yield (4.13) and (4.14)). Indeed, we can replace &° and
(50) and (L51);

I¢ by wNw® and I, in ) and ( respectively, upon choosing, for any w CC 2,
another set w’ CC ) containing all Y’s that intersect w.
In view of (4.26), the proof of Theorem is complete. O
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4.2. Elastic enhancement. In this last subsection, we compare the homogenized
behavior obtained in the first subsection with that of the elastomer without the in-
clusions. We establish in a specialized setting the following counterintuitive result: a
large enough surface tension will produce elastic enhancement (stronger elasticities)
in spite of the lack of resistance to shear in the fluid inclusions.

To that effect we propose to compare between 1/2AF - F' (the elastic energy for
a given constant strain F' associated with the original material occupying the whole
volume) to 1/2AwomF - F' = Fper(F, Ap). This will be done through a “dualization”
process.

First we recall the expression for Fpe, as well as in Appendix A. We
obtain the following inequality for every F € M2X3 and ¢ € 2:

sym

1 —
FuE) > [ QEe+F)dy+ ] / IV, P2(6 + Fy) - )2
2 Jy\B. 3 JoB.

1 2y A
wamy (e 5) ([, @ Po-ce)

Taking a supremum over triplets (o,&,t) € L3(Y \ By M2%3) x L2(0B,; R?) x R with

Sym

dive =0 in Y\ B,,
ov taking opposite values on opposite sides of 9Y, (4.52)

o€, || € on OB,

quadratic duality, integration by parts and (2.4]) imply that

fper(Fa¢)ZSUP{</ Udy)F+/ UElbdy
gt Y\Ba Y\Ba

2 1 2
B eV P Fy)a) dH (Aﬂ - 1) t ( [ wery e d%?)
3 Jog, |B.| 3a 0B,

1 -1 ’Y/ 2 2 1 27\ o
—— dy — = dH* — Ap— — |t
5 Y\EQ (o) dy 3 o, €]°dH 2B, \M T 3

sl ([ aws [ oeyeyan) r- [ oa e py-a)an

el (— div €+ 26 a) PA(0 + Fy) - &) dH?
1 2’)/ - 2 1 -1

7 2 2 1 27\ o
s aH> — Ap— =) 2},
3 /E)Ba S 2(B,| ( # 3a) }

In the right handside of the equality above, the term [, div, & P ((¢4Fy)-€,) dH?
should be understood as a duality product between H'(9B,) and its dual.
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Taking the infimum in ¢ in the previous inequality and using that inf, sup, ., >
sup, ¢, infy, yields

1
—AhomF-FZSupinf{</ de—i-/ (aé})®yd7-l2) -F
2 ol ¥ Y\Ba 9B,

_/ (0@, - &) (¥ + Fy) - &) dH> + 21/ (— div, € + 25 : é;) P (¢ + Fy) - &) dH?
9Ba 3 Jos, a

1 2y / - 2) 1 —1
+ Ap—— |t + Fy)-e.dH" | — = d
| Ba| ( 7 3“) ( 8Ba<w v) - 2 Y\EQ (9)dy

Y 2 2 1 27y 2
! dH? — Ap— L) 2% (4
3/93a'§' " 2|Ba|<” 3a) } (4.53)

Given (o,1,t) the infimum at the right hand-side in is —oo unless the part
that is linear in v vanishes. Therefore, the supremum can be restricted to those
(o,1,t) for which this linear term is zero. This is, in particular, the case if £ and ¢
are such that

2
/ (—div, &+ =€ €y dH? = 0,
9B, a

(4.54)

2 2 1 2
%(—dingqLag-a)—aa-a—k@ (Aﬂ—S—Z)t:oOn OB,

We do not know how to optimally exploit (4.53)) with the restrictions (4.52)), (4.54])

on (0,1,t) as a possible way to demonstrate enhancement for general A’s or F'’s.
We propose instead to illustrate enhancement in the specific case of an isotropic
elastomer, i.e., Ajjgn = X6;;0kn + 1(0ik6jn + 6indji), where A,y stand for the Lamé
constants, and for an axisymmetric shear strain F' = F(f) with

F(f) = —g(€1®51+52®52)+f53®€3.

Then 1/2AF(f)- F(f) is 3/2uf?. Furthermore we will do so in the dilute limit, that
is when a 0.

We thus restrict o, &, and ¢ to be of the form

0:;(y)€; ® €; in Sy, ={y:a<|yl <b},
o(y) =

5:511 (€1®€1+€2®€2)+553€3®€5 iHY\gb,
2 2 3
N nys o Y2ys3 Ys Yz \ o
£(y) = Br <—?61 - ?62 + (Z - 5) 63) )
t = P, (4.55)
with components
21(y) = aoyrys + uy1yoy;,

=0
o13(y) = 031(y) = as1ys + a4y1y§’, o90(y) = aq + 04293 + 04393 + 0449%?/?%,
093(y) = 032(y) = asYays + auyays, 033(y) = ag + 73 + auys, (4.56)

on(y) = a1 + aoyi + asys + cuyiys,  oa(y)
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where a; through a7 (which are functions of |y|) and 7 and s (which are constants)
are spelled out in Appendix B, and where 71, 733 are two arbitrary constants. It
can be checked that the fields o, &, t defined above satisfy and .

The first equality in (4.55) corresponds to the stress field in a spherical shell
of inner radius a and outer radius b made of an elastic material with elasticity A
containing a liquid with bulk modulus A y; the solid/liquid interface r = a is endowed
with a surface tension . The outer boundary r = b is subject to the affine traction
é,. The choices for £ and t in correspond to the traction fields at the interface
of the liquid inclusion with the spherical shell in the same problem. Note that the
resulting displacement field on the outer boundary of the spherical shell is of the
form F(f)y for some f, which motivates our choice of o.

The second equality in (4.55)) corresponds to an affine extension of the stress field
in the complement of By, in the unit cell Y.

Rather cumbersome but straightforward calculations ensue. First, we use (4.55])
in , so that the terms that are linear in ¢ + F'y cancel out. The result is a
concave polynomial of degree two in 71; and @33. We compute its maximum in &,
and T33. Next we go to the dilute case, letting 6 := 4ma®/3 tend to 0. We then
obtain the following fully explicit bound:

1 3 15p(A + 2p) (v/(2pa) — 1)
§Ah0mF 2 7f2 ! 14p+ 9N+ (34 + 157)y/ (2pa) 0| +00).
(%) (4.57)

If v/ > 2a, expression (x) in (4.57)) will be positive. We conclude that the following
holds true.

Proposition 4.4. Consider an isotropic elastomer with Lamé coefficients \, . If
/i > 2a, then, in the dilute limit 6 0 (0 being the volume fraction of the fluid
filled cavities), enhancement will occur for axisymmetric shear strains of the form
F == _f/2<€1 ® 51 -+ 52 ® 52) + fgg ® 53, that Z'S,

1 1 3
—ApomF - F > -AF - F == f2
2" 2 2
The presence of liquid inclusions leads to a stiffer elasticity than that of the
elastomer, in spite of the fact that the inclusions have zero shear resistance.

Remark 4.5. A similar computation could be performed for uniaxial strains of the
form fé€® € with |€| = 1. In that case enhancement can also be achieved but at the
expense of choosing both 7 large with respect to p and A g much larger than ~.
For large 7’s and still larger Ay, we expect enhancement for general elasticities
and strains, but the technicalities involved in deriving a useful lower bound for the
homogenized energy remain intractable at present. q

Remark 4.6. In the case of rigid inclusions the homogenized tensor is given by

1 ..
_ArlgldF . F
2

:min{1 Q(EY + F)dx : weHﬁl(Y\Ea;RB), Y = —Fy on 8Ba}.
2 Y\Ba
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In view of the formula (4.12]) for A}y, in the present setting,
1 .. 1
5A”gldF F > 5AhomF - F,

independently of the values of v and Ag.
Thus, while surface tension on many small liquid inclusions can surprisingly en-
hance elasticity, it cannot compete with rigid inclusion, as expected. q
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APPENDIX A

In this appendix we review some variants of Poincaré’s inequality on the boundary
of the unit sphere, that are instrumental in the proofs of our main results.

Consider the spectral decomposition of H'(9B;) associated with the eigenvalues
e, £ > 0, of the Laplace-Beltrami operator on 9By, i.e., the solutions in H'(0B)
of

V.o -VapdH? = [Lg/ o dH?  for every ¢ € H'(OB,).

0B1 0B

It is well known that p, = (¢ + 1), £ > 0 and that the space V* of eigenvectors
relative to p, has dimension 2¢ 4+ 1 (see [10, Proposition 4.5]). We are especially
interested in the space V°, which is given by constant functions, and in the space
V1 which is given by the restrictions to OB; of the linear functions in R3.

Denote by P°, P! the orthogonal projections in L?(0B;) onto the spaces V° and
V1 respectively. Setting

PP:=1—-P'—P', V2= (V' V), (A1)
and recalling that p; = 2, us = 6, we have

||90||%2(331) = ||P080||%2(331) + ||P1§0||%2(831) + ||P2S0||%2(631),

||V790”%2(831) = ||VTP180H%2(631) + |’VTP290H%2(631)7

and
/ VPP dH? = 2/ Pl 32, (A.2)
8B1 8-Bl

/8 |V, P?p|?dH* > 6/(9 | P2p]? dH? (A.3)
B1 Bl
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for every ¢ € H'(0B;). Combining the previous results, we have

1 1
| lelPar < 1Plany + 5 [ VPP g [ (9P e
0B1 2 0B1 6

0B,

1 S |
< _(/ ¢dH2) +—/ V0l dH?,
dm \ Jop, 2 Jop,

where we used that
P(p) = —7r/ 0 dH?.
4 Jop,

A simple scaling argument shows that

7,2 1 2
/83 lo|? dH? < 7/33 Vel dH? + ([93 god?—[z) (A.4)

for every ¢ € H'(0B,) and r > 0.

In Section [4] we need a refinement of (A.4) established in what follows.

Using the change of variables x = €i —|— eay, which transforms dBy into OB, w
deduce that H'(9B:,) decomposes as the orthogonal sum of V;,, = {¢((x—ei)/ Ea)

¥ € V*}. Denoting by

P/_, the orthogonal projection of L*(9BL,) onto Vi, (A.5)
we have, as above,
HSOH%Q(aBZ =[P, aa@Hm oBi,) T 1P, aaSOHLQ opi,) T |, aa90HL2(aBl )1
IV-¢l17 opiy = V2P, aa80||L2(de + V- P, sa@||L2 (9Bi,)’
and
ot [ VPP ant =2 [ PLaf @ (A6)
dBi, ' oBi,
ot [ VPPt o [ P (A7)
dBi, OBL,
for every p € H'(0B¢,). Moreover,
P u:;/ wdH? (A.8)
hea dme?a® Jop:, ' '

For K > 0 let us define

j a’e” 5 a0 K 2 ? 2 1442
e I R U (M I R
OB, 0B, 0B,
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for every ¢ € H'(0B.,). By (A.6 - and - we deduce that

] 2.2 , , 252 ) ,
EZ,K(SD) = 2 ‘V 15(190' dH + ) ’V 1aa90‘ dH
HBZ aBz

K 2 1 2
= an?) — dH?
- g? (/am'agp " ) dma?e? (/63;@@ " )
- / Pl dr? - / P2l an?
BB}% BBga
2.2 1 1 2
= | VPRl (K- ) (/ god’;’-[2>
2 aB‘ 5 47ra HBi

ga

- / |‘Pi2,6agp|2dH27 (Ag)
OB,

hence by (A.7))

22

) a‘e 1 1 2
i (o) > L5 2 M2 (K— ) / aH?) .
€,K((IO) — 3 /aBz |v €a()0| ,H 2 471’&2 aBga SO H

Thus, in our setting (see (4.4))), the following coercivity estimate holds upon taking
K = Apa?/(29|Bal),

2
ve SN2 3242 v ~\2 79/2 Ape / = 2
— V.(v-e) dH — — <6 ) dH 6. dH

2 aBga| (v &)l ea? /aBga(v ) - 263| B,| ( aBgaU ‘ )

2
'€ 2 >\ (12 722 1 > 1742
> = P . _ 1 . )
5/, é_a|V (Pa(v-€))"dH +4 (2 o )( . v erd’H)
(A.10)

APPENDIX B

The functions «; through a7 in the components (4.56|) and the constants [3; and
Ps in relations (4.55) were computed using Wolfram Mathematica software. They
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read as
10832
156 uA|y|? 2Bep — =5 3Bap
=T 280+ B5 (20 + 3)) + +
oy P Bapt + B5(2 ) PE PE
283(51+3\)
125 3'“( e 256) _ 15B4p
? p A lyl> ly|”
_ 3Bip(14p + 25)) 183544 _ 15B4p
p+ A P +A) "
105840 9085p
Gy = 9 70
Y| |y
~ 6B1uA W — 661 458,11
5 = 5 - 7
p+ A Y| Y
2
3 2(1440 + 15 21 1 2B 9
g = Prplyl(14y: + ) + 4B+ Bs (20 + 3N) + p 3 + 5457
P Y| |y
_ 3Prp(14p +17A)  6u(Bs(p+A) — B3(8u+9A))  90B4p
p+ A Yl (1 +A) ly|™
and
18a” B\ + 6a2B5(5u + 3\) — 9 + A
5y = 6y AL OCIOREIN 9N g (Do ) im,
a®(p+ ) a
with

B =k1(11 — T33), Bo = ko(G11 — T33), B3 = k3(G11 — T33), Ba = ka(T11 — T33),
Bs =ks(2011 + Ts3), B = ke(2011 + T33),

where k; through kg are coefficients explicitly known in terms of A, p1, Ay, 7, @, and
b. They read as
ki =—20a"° K~ (4 A) [2a° (e + A) + @®yp — 2ab’pu(p + N) + b2y (p+ N)]
1

ko :gbg’K*l [50a° 1 (281% 4 561X + 27A%) + 200a™y (Tp* + 11pA + 3N%) —

1008a5b? (g + N)? — 504a°b?yu(p + N) — 2ab” (144 + 9N) (144 + 190) —
b'y(34p 4+ 15X) (14p + 19N)]

ks :ga?’bgK_l(,u + A) [2a® (14 + 19X) — 8a™y(Tp + 5X) — 2ab” u(14p + 190)+

b y(14p + 19N)]
ks =a’0* K~ [2a°p(p + N) (141 + 19X) — 8a’y(p + ) (T + 5X)—
2ab°pu(p + A) (14 + 19X) — bPyp(14p + 190)]

b b*(2y — dap — 3ady)
* T 12a (2 + 3X — 3Ap) + 24a’yp — 3ab?(2p + 3N) (4 + 3N ) + 603y (2 + 3N)
—a®b?[2y + a(2u + 3\ — 3\ p)]
3 (da* (2 + 3N — 3 p) + 8adyu — ab3 (21 4 3N) (4 + 3Ap) + 203y(2u + 3N))’

ke =
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where
K =p [2a" (14004 9N) (14 + 190) — 8ay(Tp + 5X) (144 + 9N)—
50a°b* (284 + 56pX + 27A%) — 200a"0%y (Tp? + 11pA + 3X?) +
2016a°b° (i 4+ A)* + 1008a°b°ypu(pe 4+ A) — 50a*b” 0 (28% + 561\ + 27A%) +
25a°b7y (2814% + 56pA + 27TA%) + 2ab™ (144 4+ 9N) (14p + 190)+
b™ (344 + 150) (144 + 19N)] .
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