ERRATUM TO “THIN ELASTIC FILMS: THE IMPACT OF
HIGHER ORDER PERTURBATIONS”

IRENE FONSECA, GILLES FRANCFORT, AND GIOVANNI LEONI

ABSTRACT. The asymptotic behavior of an elastic thin film penalized by a van
der Wals type interfacial energy is investigated when both its thickness and
the magnitude of the additional energy vanish in the limit. Keeping track of
both mid-plane and out of plane deformations (through the introduction of
the Cosserat vector), the resulting behavior strongly depends upon the ratio
between thickness and interfacial energy. Non-locality is evidenced for a critical
value of that ratio.
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1. INTRODUCTION

In the paper [2] the main objective was to identify

E7 (u,b; A) = inf {hmigf EY(ue; A) + ue € W22 (;R?)

e—0
ue — uin WhHe (O R?) éDgus —bin LY (Q;RB)} ,

where

1
EX(u; A) ::/ W (Dpu D3u> dx
AxI €

1 1
+ E’y/ <D§u|2 + = |Dpsul?® + 4|D33u|2> dx
AXI € €

if u € W22(Q;R?), and E2(u; A) := oo otherwise. Here ¢ > 1, Q = w x I, A(w) is
the family of open subsets of w, and W satisfies the condition
(Hy) W :R33 —[0,00) is continuous and there exists C' > 0 such that

SIFT—C<W(F) <+ Y
for all I € R3%3,
We recall that
(1) V' i={(u,b) e WH (Q;R?) x LI (% R?) : Dyu =0 L? ae. in €,
Dsb=0 L ae. in Qif y <2, Dsbe L? (G R?) if v =2}
and for (u,b) € V¥ and A € A(w),

H7 (u,b, A) := inf { lism(i)alf " W (Dpue () |be (2)) dz = {u.} € WHI(Q;R?),
- X

{be} C LT (R, ue — uin WHI(Q;R?), b — b in Lq(Q;R3)}

1



2 IRENE FONSECA, GILLES FRANCFORT, AND GIOVANNI LEONT
if v #£ 2, and

H? (u,b, A) = inf{liminf/AXI [W (Dyue () |be (x)) + | Dsb (x)ﬂ da -

e—0t
{uc} € WHI(QR?), {b.} € L9 (4 R?) with Dsb. € L? (;R?),
ue — win WH(QR?), b — b in Lq(Q;]RS)}.

In this erratum we slightly change notation and denote H” and H? by Hg 3 and
H3 5, respectively. We also introduce Hj 5 and H3 5 that we define analogously
except for the fact that the approximating sequences {u.} belong to W14(w; R3).

The proof of Theorem 3.1 has an error in the upper bound. To date this upper
bound can only be established if v < 2 or if D3b = 0 £3 a.e. in Q. Therefore,
Theorem 3.1 should read as

Theorem A (New Theorem 3.1). Assume that condition (Hy)' is satisfied. Then,
(2) H;B (u,b, A) < E7 (u,b; A) < H;3 (u,b,A)

for all (u,b) € VY and A € Aw). If y <2 ory > 2 and D3b =0 L3 a.e. in Q,
then

EY (u,b; A) = H3 g (u,b, A) = Hj g (u,b, A) = HJ, (u,b, A)
= /A (Q2 x Cy) [W] (Dpu (2a) |0 (x4)) diq.

The lower bound in the original Theorem 3.1 is correct. The mistake in the
proof of Theorem 3.1 was in trying to show that the upper bound is still H. 313. The
correct upper bound is H; 3, as justified next, and in general there may be a gap
between Hj ; and Hy ;. However, when D3b = 0 £3 a.e. in Q (a condition that is
automatically satisfied when v < 2 in the finite energy regime), then indeed

H;?) (u,b,A) = H;?) (u,b,A).

To see this, we refer the reader to the proof of Theorem 4.1 that still works un-
changed for any v > 0 when D3b =0 £3 a.e. in Q.

To prove the second inequality in (2) we remark that the estimates involving
{u*@j,bx* ;) led to (3.2) and (3.3) for (u,b, A), and this analysis relied heavily
on the fact that Dyu = 0 £3 a.e. in Q. Therefore, given (u,b) € V7, A € A(w),
if {u;} € Wh4(w;R3) converges weakly to u in Wh?(w;R3) and {b;} C LY(Q;R3)
converges weakly to b in L4(2; R?), then we may apply (3.2) and (3.3) to (u;,b, A),
and we deduce that

E? (u,b; A) < liminf E” (uj, b;; A) < liminf W (Dpu;j (z4)|bj (x)) dx

e J—0o AxI
if v # 2, and if v = 2 that
E? (u,b; A) < liminf E2 (uj, bj; A)
j—oo
<timinf [ [W (Dyu; (wa) b (2)) + |Dab; (2)]°] d.
J7=oe JAxI
Taking the infimum over all such sequences {u;} and {b;} yields

EY (u,b; A) < Hy 5 (u,b, A).
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Theorem A covers completely the case v < 2 but leaves (partially) open the case
v > 2 when D3b # 0 £3 a.e. in Q We close the gap in this erratum. To be precise,
if v =2 and if W satisfies the additional g-Lipschitz condition

3) W (F)-w (@) <C(1+[F* 617" ) [F -Gl

for all F, G € R3*3, then we characterize the I'-limit in Theorem B, while for v > 2
we refer to Theorem G.
When v = 2, we introduce the functional

Wy : R3S x WH2(I;R?) — [0, 00)
defined for F € R?*3 and b € W12(I;R?) by
2

(4) Wy(Fb) := %{/Q <W (F+Dpso(w)|b<x3)+LDsso(x))+‘iD§so(x)

+ |Dyap(e) | + ¥ (w5) + LDsap(a)|” ) de
L>0,p€W>(Q;R?), ¢(-,23) Q-periodic for L' a.e. x3,
D3p(q,x3) dze = 0 for L' a.e. xg}.
Ql
We have the following representation

Theorem B. Assume that v = 2 and that conditions (H,)" and (3) are satisfied.
Then for all (u,b) € V? and A € A (w),

(5) B2 (u, b; A) = /A Wa(Dyu(a)|b(a, ) dea,

where Wy is defined in (4).

To prove the theorem above, we start by showing that under the g¢-Lipschitz
condition (3), minimizing sequences for Wy prefer scales L diverging to infinity.

Proposition C. Assume that v = 2 and that conditions (H,)" and (3) are satisfied.
Then for all F € R**3 and b € WY2(I;R3) the inf, 1, in the definition of Wa(F|b)
may be replaced by limy_. inf,.

Proof. For F € R?>*3_ b€ WH2(I;R?), and L > 0 let
2

H(F|b) == igf {/Q (W (F + Dyo()|b(zs) + LD3p (z)) + ’iDicp(m)

+ | Dpsp(@)| + [V (z3) + LD33Q0(:E)|2> d -
© € W>*(Q;R?), ¢(-,x3) Q-periodic for L' a.e. x3,

Dsp(24,13) dze =0 for £ ae. 1133} .
Ql
Clearly

Wo(F|b) < liLm inf Hy (F|b).

We now prove that o o
limsup Hy, (F|b) < Wa(F|b).

L—oo
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Consider a sequence {L, } converging to infinity such that

limsup Hy (F|b) = lim My, (F|b).

L—oo

Let ¢ € W2(Q;R3) and L > 0 be admissible for Wy (F|b), and define

where

with (

n—oo

— _ 1
lim Hy, (F|b) <liminf { /Q (W (F 4 Dypgn (z) b (23) + Ly D3y (x)) + ‘Lancpn (x)

1

on (x) := mfnw(mnxa,xs),

e

W the integer part of L—L" Note that ¢, is admissible for Hp,, and so

n—oo

+ Dy () + IV (23) + LnDagion (2)]°) dx}

=liminf { / (W <F—|— D, (myxo,3)
n—oo Q

2

L,
b(x3) + mD3<P(mn’Ia,1’3)>

)

= lim inf { / (W (F + Dpp (mnxa, x3) |b(23) + LD3¢ (mpzq, x3))
Q

n—oo

m
—— D2 (mpTa, T3)

—|—Ln

L,
+ Dy (o) 4| (22) + 2 Da (o )

n

1 2
+ ‘LDf,go (MpTea,x3)

+ |DP390 (mnmaax3)|2 + ‘b/ (73) + LD33p (mnxaax3)|2> dx} +o(1),

where in the last equality we used (3) together with the facts that L, — oo and
that ¢ € W2>(Q;R?). Since ¢(-,z3) is Q'-periodic for £! a.e. x5 € I, it fol-
lows from Lebesgue’s Dominated Convergence Theorem, Fubini’s Theorem, and
the Riemman-Lebesgue Lemma that

n—o0

. — — 1
lim Hp, (F|b) < /Q ((W (F + Dy (2, x3) |b(23) + LD3¢p (0, x3)) + ‘LD;%SO (T, 3)

+ |Dp3p (a, @3)[° + [V (23) + LD33¢ ($a7$3)|2> dz.

Using the arbitrariness of ¢ and L, the density of smooth functions in the set of
test functions for (4), and the growth hypothesis (H;)', we conclude that

lim My, (F|b) < Wa(F|b).

n—00

2

2
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To prove Theorem B, it is enough to show that for any given sequence {e,},
with e, — 07, there exists a subsequence {e,, } of {€,} such that the I-lower limit
defined by

(6) E{_Enk}(u, b; A) := inf {hknigf Efnk (up; A) : up € W2 (;R?)
1

up = win WH (Q;R?),  —Dsuy,, — bin L9 (Q;R3)}
Nk

coincides with
/ Wa(Dpu(z) (20, ) dzg
A

for all (u,b) € V? and A € A(w).

To choose the subsequence {e,, }, let R(w) be the countable subfamily of A(w)
obtained by taking all finite unions of open squares in w with faces parallel to the
axes, centered at z, € w N Q? and with rational edge length. Since L!'(Q;R?) is a
separable metric space, using Kuratowski’s Compactness Theorem and a diagonal
argument, we may find a subsequence {e,, } of {,} such that

(1) T - klim Efnk (u,b; A) exists for all (u,b) €V? and for all A’ € R(w).

Theorem D. Assume that condition (H,) is satisfied and that v = 2. Then for
every (u,b) € V? the set function B }(u,b; -) is the trace of a Radon measure
’Vlk

absolutely continuous with respect to L2 Lw.

Proof. The proof is very similar to that of Theorem 4.2 and thus we only indicate
the main changes.
Step 1: Fix (u,b) € V2. We claim that

(8) B, (b Ay) < BT (u,bs Ag) + B

for all Ay, A, A3 € A(w), with A3 CC As C A;.

Without loss of generality we may assume that the right-hand side of the previous
inequality is finite.

Fix n > 0 and find {ux} C W*?2 (;R®) converging weakly to u in W17(2;R?)
and such that ——Dsuj, — b in L7 (Q;R?), and

n

oy (b A1\ Ag)

limg‘}f Efnk (ur; (A1 \ 43)) < E{_E%}(u7 b Ay \ A3) + 1.

k—

Extract a subsequence {ny; } for which
(9) Jim B2 (g (A As)) < By (u b A\ ) £,

Let A’ € R(w) be such that A3 CC A’ CC As. By (7) there exists a se-
quence {v,} C W22 (Q;R?’) converging weakly to u in W4(Q; R?) and such that
%ngk —bin L9 (Q;R?’) , and

"k

B, y(wb; A = Jim E?nk (vi; A') .
In particular
— . S H 2 .
(10) E{ank}(u’b’ A/) = jlirgo E57ij (Ukij/) :
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For every v € W?22(Q;R?), for every Borel set £ C w, and for every j € N define

1

q
Eng,

Gi(n;E) = / (1 + | Dpv|* + |D3v|q> dz
ExI

1
+/ sik‘|ng|2+|ngv|2+T\D33v|2 dx.
ExI 7 €

Nk .
kj

Due to the coercivity hypothesis (H 1)/ we may extract a bounded subsequence from
the sequence of measures v; := G;(uy,; ) +G;(vg,; -) restricted to A\ A3 converging
x-weakly to some Radon measure v defined on A’ \ A3.
Find ¢ > 0 such that v (S;) = 0, where

Sy i={x, € A" : dist(xy,0A3) = t}.
For § > 0 define

Ls:={z, € A" : dist(z,, St) < d}.
Choose 6 so small that Ly C A’\ Az. Consider a smooth cut-off function p; €
C§°(As2;0,1]) such that ¢s =1 in

{xq € A" dist(zy,0A3) <t —0}

and ¢5; =0 in
{zq € A": dist(zq,0A3) >t + 0},
with
| Dp@s|lLee(w) < C/6, HD129<P5||L°°(UJ) <C/s.
Define

i () = (1- apg(xa))u;;j (%) + ws(xa)vr, (x) if k = k; for some j € N,
: U (To) 4 eny fo° (0% Ug) (Ta,s) ds  otherwise,

where 9, = 1), (7o) is a standard mollifier. Then @, — u in W14(€; R?) and since
s does not depend on x3, we also have that %Dgﬂk — bin L9 (Q; R3) as k — oo.
g

Hence

11)  E-

{E%}(u7 by Ap) < liklri'g;f E?nk (ug; A1) < liminf E?nkj (Ur,;; A1)

Jj—oo
Thus it remains to estimate the right-hand side of the previous inequality. By the
growth condition (H;)’, we have the estimate

B2 (k; Ar) < B2 (ungs Av\ As) + B2 (vg,; A')
+C (Gj(uny; Ls) + Gj(vr L))

C Cg"%fk 2

(12) + 50 i |ug, — vk, |? do + 5 z / lug; — vk, |~ dw
sXI LsxI
CE?“U‘ 2 c 2
5 o |Dpukj — Dpvkj\ dx + 52 o |D3ukj - ngkj| dx.
8 5

Since

sup/ |Enkj D?uy,|* dz < oo,
JENJLsxI
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by Poincaré’s inequality we have that

2 2. )2
/ len,,. Dug,; — cj|* dx < C(;/ len,,. D uy,|* dx
J J
LsxI LsxI

where
1

Ci = —— €n,. Dug, dx — 0.
! £2 (L(S) /L(y x I ta kJ
Hence

sup/ len, Duy,|* do < oo.
JENJLsx1 7

It follows by Rellich Kondrachov Theorem and the fact that wy, — win Wh4(Q; R?)
that en, Dug; — 0 in L? (Ls x I;R3*3). Again by Poincaré’s inequality we have
that

/L , |5nk]_ Up; — d;|* dr < C(;/ |5nkj Dukj|2 dz,
s X

LsxI

where
1

d-:zi/ Eny, Uk, dx — 0,

L2 (L) Jpgkr

and so Eny, Uk; — 0/in L? (Ls x I; R3*3). Similar conclusions hold for vy,. Hence,
letting j — oo in (12) and using (9) and (10), we have

E

(e }(u,b;Al) <E., }(u,b;Al\Ig)+Eé77 }(u,b;A')+77+CV( )
k 'k 'k

[
< Ep, 3 (ubs A\ As) + B (u,b; A) + 0+ Cr(Ls)

and letting ¢ go to zero we obtain
E; k}(u, b; Ap) < E{;nk}(u, b; As) + E{;nk}(u, b; A1\ A3) + 20+ Cv(S)

{en
- -E“J;:"lc}(u7 b’ AQ) + E{Enk}(uﬂ b7 Al \A73) + 277

It suffices to let n — 0. O
As an immediate consequence of the previous theorem we have
- dE{_Enk}(u, b; )
B, (b 4) = /A By — (za) dza,
dE'{*Enk}(u,b;-)

dc?
to the Lebesgue measure in R2.

where is the Radon-Nikodym derivative of E{; }(u, b; -) with respect
’!Lk

Remark E. A proof almost identical to that of Remark 4.3 in [2] shows that Wa(-, )
is upper semi-continuous on R?*3 x WL2(I;R3) equipped with its strong topology.

We now turn to the proof of Theorem B. The argument is very similar to that
of Theorem 4.4 in [2] with the exception that in the proof of the lower bound the
additional hypothesis (3) allows us to avoid the use of equi-integrable sequences.

Proof. Fix (u,b) € V? and A € A(w). As usual, we identify u with a function in
W4 (w;R3). Also, for simplicity of notation from now on we write ¢ in place of

Eng -
Lower bound. We claim that

(13) Er,, (b A) > /A Wa(Dyu(e)|b(za, ) dae.
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Consider any sequence {uz} C W?2?2 (Q;RS) such that u; — u in WH9(Q;R3),
éDguk — b in LY(Q;R3). Extracting a subsequence if necessary, we may assume,
without loss of generality, that

(14) lim inf E?k (ug; A) = klim Efk (ug; A)

k—oo

and that the bounded sequence

M = (W (Dpuk

satisfies

&

1 2 1
6kpguk) + &2 | D2ug|” + | Dysur) + = |D33uk|2> L3[(A x 1)

ik — g in M (A x I)
for some of nonnegative finite Radon measure p on A x I. Denote by [ the finite
Radon measure on A defined by

a(B) :=p(Bx1I),
for all Borel sets B C A. We will show below that the Radon-Nikodym derivative
of [i with respect to the Lebesgue measure on R? satisfies
i
dL?
for £? a.e. every point z, € A.
Note that if (15) holds, then from (14)

Jim EZ (u; A) = Jim i (A< I) > fi(A)

(15)

> /A %(Z‘a) dre > /AW2(Dpu,(xa)|b(l‘a,'))d$a-

Taking the infimum over all admissible sequences {uy} we obtain (13).
Step 2: As in Lemma 5.1 in [2], it can be shown that, up to the extraction of a
subsequence,

1

(16) E—Dguk(-,xg) — b(-,x3) in LY(A;R3) for all w3 € T
k

and that for any Borel subset B C A and for all x3 € I,

1

— Daug (24, x3) dxo| < 00.
B €k
We now address the proof of (15).

Since u eWH4(w; R3), for L2 a.e. 20€ A we have

. 1 0 0 0\|q _
08) i g [ ) —u(ad) ~ Dyl o —ab)l e =0

(17) sup
keN

Moreover, viewing b as a Bochner integrable function, that is an element of
L1 (A; L7 (I;R?)),
for £? a.e. 20€ A we have

%
o [

2

q

1

6—2/ b(Tq,x3) dre — b(x2, 23)| drs = 0.
Q' (x2,,9)
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Fix a point 22 € A that satisfies (18), (19), and such that

(20) b(al, ) € WH? (I;R?)
and L
d[IL;( o) exists and is finite.

We claim that (15) holds at z0.
Consider a sequence {d;}, with §; — 0T such that

. 1 0
(21) Zliglo AE /Q . (2w, x3)drs = b(a,,x3)

for £ a.e. 23 € I, and

(0 (Q’(xg, 6;)x1)) = 0.
From the definition of i together with that of the Radon-Nikodym derivative, we
obtain

o Q) (@8 x 1)
d,CQ 1—00 (61) 2 i— 00 ((51) 2
= lim lim L </ %% (D ug () ks
imook—oo ()2 \ Jr (a0, 5)x1 P £k
+/ <€f |D§uk (1‘)’2 + | Dpsug (yc)|2 + i? | D33, (m)|2> dm)
Q' (x9,0)xI &‘k

d;
= lim lim (/ w (Dpvk,z‘ (v) ’ngm (y)) dy
i—00 k—o00 Q €k

+/Q ((?j) D2y ()| + | Dpsvw ()| + (6k>2|D33vkz( )|2> dy)’

where for y € @,

Dsuy (x)) da

(28 4+ 8iya, y3) — u(2?
VUk,i(y) = d y(s'yg) ( )7

uo (Ya) = Dyul(@q) *Ya,  bo (ys) := b(ag, ys)-
Note that, since uy — u in L(Q;R3) and by (18), we have

lim lim / [vk,i (1) — wo (ya)|* dy

1—00 k—00

~ i i 0k (2) — u(a) — Dpu(al) - (ra — 2|7
Q' (x9,8;)xT

u(wa) — u() — Dyu(al) - (2o — a2)|7 de = 0.

lim ! /
L
=00 (8;)°%9 J (a0 6

On the other hand, in view of (16), for all y3 € I,

0; 1 1
lim L D30k i (Yo Y3) Ay = hm — D3up(xqa,ys3) dz,
Ly 30k, (Yas Y3) Yo = L G / ) 7 3Uk(Tas Y3)
1
= 5 b(xa,ys3) dq,

(0:)" J@r(@9,.8)
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and so by (17) it follows from Lebesgue’s Dominated Convergence Theorem,

1
bl q

. 0;
lim / —D3vk,i(Yas Y3) dya — bo(y3)| dys
koo 1 | ) e
2
1 q
2 1 0
= / 2 / b(za,r3) dre — b(l‘a,xg) dxs.
~11(6:)" JQr (a8,
By (19) we have
L 5; a
lim * lim / —D3vki(Yas Y3) dya — bo(y3)| dys = 0.
1—00 k—o00 7% Q' Ek

By a standard diagonalization argument, we may extract subsequences v; 1= v, ;

and ¢; := 2 — 0% such that

05
dji , 1
(22) o0 > w(mg) :zliglc (/Q W <Dp’Ui <€Z-D3Ui>
2 1
+/ <5? |D2vi|” + [ Dpsvil* + = |D33Uz‘|2> dy) :
Q i
(23) lim [ |v; —upl? dy =0,
11— 00 Q
Y 1 a
(24) lim = Davi(yas y3) dya = bo(ys)| dys = 0.
1— 00 7% Q/ 'L

Reasoning as in Theorem D, we can assume, without loss of generality, that v; = wug
in a neighborhood of 9Q’ x I.
For y € ) define

i (4) = v () — ti0 (4a) — / (vi — t0) (waur 3) duwa.

/

Then

(25) DpSOi (y) = Dpvi (y) - Dpu(xg)a
1 1 1

(26) —D3pi (y) = —D3v; (y) */ — D3vi(wa, y3) dw,,
& E; Q' E;
1 1 1

(27) — D33 (y) = —Ds3v; (y) — / — D33vi(wa, y3) dwa,
Ei Ei Q' E;

and note that

(28) / D3¢i(Ya,ys) dya = 0 for all y3 € 1.
Ql



ERRATUM TO “THIN ELASTIC FILMS: THE IMPACT OF HIGHER ORDER PERTURBATIONS$1

Since ¢;(-,y3) is Q'-periodic for L1 a.e. ys, it follows that ; is admissible in the
definition of Wa(Dpu(x2)|b(2%, ). Moreover,

Lw (2|2

n /Q ( D20y )+ 1Dy () + 5 1D <y>|2) dy
(20)
= [w (Dpu<x3> Dy (v)
Q

Dsv; (y) ) dy

bo(yz) + §D3<ﬂi (y) + zi (ZB))

%

2
+/Q ( 2|1D2oi ()| + | Dpsepi ()|* +

2
) dy,

1
bo(ys) + ~ Dasei (y) + 2 (y3)
where
1
(30) zi (y3) == | —Dzvi(wa,ys) dwa — bo(ys).

Q' &;
Since by (28),

D3390 (Ya, y3) dya = D3 ( D3¢ (Ya, y3) dya) =0forall y3 €1,
Q' Q

it follows that
(31)

J

2 2

1
by + ;D33%‘ + 2

i

1
by + ;Dss%‘

dyz/
Q

J
We claim that
(32) zp—=0in W2 (I;R?).

1
dy+2/ (b6 + D33‘Pz‘> -z dy
Q &

dy+2/ by - 21 dy.
Q

2

1
by + ;D33%‘

If the claim holds, then letting ¢ — oo in the previous inequality yields

dy > lim sup/

To prove (32) note that, up to a subsequence, from (22) and (24) we may assume
that z; (y3) — 0 for £ a.e. y3 € I and that

/ 1
sup —
i JQI€

2 2

dy.

1
by + ;D?)s%' + 2]

1
(33) lim sup/ bl + — Dasp;
Q &i

17— 00

2
Ds3v; dy < 00.
%

Hence by Holder Inequality

1 2
/ |2) (y3) |* dys < 2

+ |b6(y3)|2] dys

U D33U2(wa7y3) dwa
Q/ €Z

I

2
<2

— D33v; (wm ZJS)
Ei

[
I

dwe + |b6(y3)|21 dys,
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and so also by (20)

N|=

sup/l |27 (y3) |” dys < oo.
1

2
By extracting a further subsequence, if necessary, we have shown (32). In particular,
z; — 0 uniformly. Moreover, by the coercivity hypothesis (H;)" and (22)

1
sup/Q (|Dp80i W+ |=

€i
Hence, using the ¢-Lipschitz condition (3) we obtain

L (Dutat) + Dy
Q

q
D3; (y) ) dy < oco.

1
bo + ;D3<Pi + Zi) dy

1
> / w (Dp“(xtox) + Dpyi |bo + aDSSDi) dy + o(1).
Q %

In turn, using also (22), (33) we have that

j—é;(xg) > lim sup </Q [W (Dpu(xg) + Dyipi

1—00

1
by + E_D3<Pi>] dy

2
2
+/ (s?!Disoi} + |Dysil” + ) dy)-
Q

Since by construction ¢; are admissible functions in the definition of W(D,u(z%)|b(z%, -))
(see (28)), it follows that

djpt
ac?
and the proof of (15) is complete.
Upper bound. We first prove the upper bound

(34) B (b 4) < /A Wa(Dyu(a) b(a, ) die

1
by + ;D33<Pi

(z0) = Wa(Dyu(a?)Ib(@, ),

when u(z4) = Fao + ¢ for all 2, € Q' and for some F €R3*2 ¢ € R?, and
bew!? (I; Rg). For n > 0 fixed, choose ¢ € W2 (Q;R?), and L > 0, with ¢(-, 3)
Q'-periodic and fQ’ D3o(24,23) dre =0 for L' a.e. w3 € I, such that

(35) /Q [W (F + Dpp(x)|b(xs) + LDsep () + b’ (x3) + LD33<,0(33)\2} dx

< Wz(?ﬂ)) +n.
Extend ¢(-, 23) periodically with period @' and for x € Q define
T3
(36) Uk (To, 23) = Fao + ¢+ Ek/ b(s) ds + Legyp (a:a, x3> )
0 Ley,

Since b and ¢ are bounded, it follows that {uyx} converges uniformly to w. In
addition for x € Q we have that

_ To
Dpuk (l‘) = F+Dp90 <Lgkax3) )

1 T
aD:suk (r) = b(x3) + LDsp (L;,JJ:&) .
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Hence {Dpu} is bounded in L>, and so uy — u in W4 (Q;R3), while by the
Riemman-Lebesgue Lemma, Fubini’s Theorem, and the fact that

Dsp(za,x3)dx, =0
Q/

for £' a.e. x3 € I, we have that iD;;uk —bin L9 (Q;R3). This proves that the
sequence {uy} is admissible for E{_ek}(u7 b; A), and we have

(37) =lim inf (/ w (Dpu;C
k—oo AxI

2 1 1
+/ €3 (\Dguky + <5 | Dpauk)® + |D33uk|2> da:) )
AxT €k €k

1
D3Uk> dr
€k

We have that

(38) /A W (Dpuk (z) iDguk (x)) do

= / %% (F+ Dy (%’%) ’b(acg) + LDsp <xa,x3) ) dx.
AxI Ley,

Lé‘k

On the other hand, for z € Q we have that

1 T
D2 D2 «
Pk (l‘) Leyg, r¥ (L€k7m3> ’

Lo
Dpsuy (x) = Dpsp <L€k»$3> ,

T
Dsguy () = exb’ (x3) + Lep D3syp (LEk’I3> ,

and so
(39)

2 1 1
/ €t <|D§“k| T2 | Dysu|” + ey |D33un,k|2> dx
AxIT k k

1 T x
— — |D? o D e
/AXI <L2 ¥ (Lsk,m) + ’ p3P (Lsk,xzz)

Since, for £! a.e. 23 € I the function

2 2

x
v LD il
+ ’ (w3) + LD33p (Lek ; xs)

2
) dx.

W (F + Dy (,23) [b(x3) + LDs¢ (-, x3) )

1 2
+ 73 Dy (o @3)[” + Dy (- ws) |+ b (w3) + LDssip (-, 3)[”

is Q'-periodic, it converges weakly in L!(A) to its mean, that is, to

|0V (F 4 Dy (20 b (25) + LD (0, 25))

1 T T
D2 a D e
p(p (Lskax?)) + ‘ P3P (Lska-r?))

2 2

L2

T
v LD -
+ ‘ (x3) + 339 (Lsk’x3>

2
) dx,,.
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Lebesgue’s Dominated Convergence Theorem and Fubini’s Theorem imply that

— T
I W (F+ Dy o b LD d
Jim "~ ( + pg0<L8k,x3)‘ (z3) + 3s0<Lk )) x
:c%ﬂ/wwf+mwummnumw4@w@mu»dx
Q

and

(40)

2
lim L?
k—oo Jaxr

2
T
D —
+ ’ P3P (Lskwr?))

T
D2p | =%
p@ (LEk ) l’g)

1
= EQ(A)/ (L2 | Dy (’Imxs)|2 + |Dp3ep (2, x3)|° + |V (23) + LDs3p (xa’$3)|2> 4,
Q

which, in view of (35), (37), (38), and (39), finally yields
By, y(u.b; A) < L2(A) W (F|b) + 1]

Letting n tend to 0, we conclude

(a1) EL (b 4) < LT (F).

This proves (34) when u(zo) = Fzo + ¢ for all z, € Q' and b eW™? (I;R?). The
general case follows as in Step 2 and 3 of Theorem 4.4. We omit the details. (]

In order to address the case v > 2 we first recall the result obtained in [1], where

T.(u; A) ::/ w (Dpu|1D3u> dx
AxI €

if u e WHhi(Q;R?), and Z.(u; A) := co otherwise. Fix a countable dense family
{6:},cn in LY (I;R3), where ¢ is the conjugate exponent of . For F € R2*3, b e
L(I;R?) we define

QW (F|b) :=sup Q,W(F|b) = lim Q,W(F|b),

nj—oo

where

W(Fb) = 1nf{/ W (F + Dyo(@)|b (23) + LDs (2)) da

(42) L>0,¢cWh(Q;R?), ¢(-,23) Q-periodic for L a.e. x3,

3)
L.
’/ LD?)SO ma;xS)e (x?,) dm Sﬁ 221""7’]’),}.

Remark F. If W satisfies (Hl)/, then a density argument shows that in the defini-

tion above it is possible to restrict admissible functions ¢ € Wha(Q;R3) to functions
p € CF(Q;R?)

x
o LD -
+ ’ (w3) + LD33p (Lek ; 373)

2
)dw
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The main result in [1] is that under condition (H)',

Z(u,b; A) := inf {hmlan (ue; A) : ue € WH (A x I;R?),

e—0t

(43) —uin W (A x I;R?), épgug —bin LY (A x I; R3)}

/Qw Dyu(ze)|blaa, ) dre

for all (u,b) € W4 (A;R?) x L7 (A x I;R?) and A € A (w).
Next we show that the I-liminf E” (u,b; A) coincides with Z(u,b; A). This es-
tablishes that in the case v > 2 the second order perturbation plays no role.

Theorem G. Assume that v > 2 and that condition (H,)' is satisfied. Then for
all (u,b) € VY and A € A(w),
E" (u,b; A) = / Qo W(Dpu(za)|b(zg, ) dey.
A
Proof. For any given sequence {e, }, with €,, — 01, we extract a subsequence {e,, }
such that
r-— hm Egn (u,b; A) exists for all (u,b) €V and for all A’ € R(w),

and we define the I'-lower limit

E{_Enk}(u’ b; A) := inf {hkn—ligf Eg"k (ug; A) = ug € W22 (Q; Rg) ’

1
up = uin WH (;R*),  —Dsu,, — bin L9 (Q;R3)} .
Eng
As in the case v = 2, it suffices to show that
E; (u,b;A)= | QoW (Dpu(za)|b(za,-)) dzy.
{Enk} A p

In the sequel, to simplify the notation, we write ¢ in place of €, .
Lower bound. In view of (43) we deduce immediately that

E{_E (u,b;A)ZI(u,b;A):/ Qoo W (Dpu(za)|b(Ta, ) dzg.
A

Upper bound. We first prove the upper bound
(44) B (u,bA) < /A QoW (Dpu(za)|b(za,-)) dza

when u(z4) = Fzo + ¢ for all 2, € Q' and for some F €R3*? ¢ € R?, and
b €L (I;R?). In this case the right-hand side reduces to QoW (F|b(:))L? (A). In

view of (H;)" we have that

(45) Q. W (FIb(:)) < oo.

By definition of Q, W (F|b(-)) (see (42) and Remark F) we may find admissible
©n € C®(Q;R3) and L,, > 0 such that

(46) /QW (F + Dppn(a)|b (x3) + LnD3pn (2)) do < QW (F|b()) + =
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Note that in view of (45) and (H;)" we have that
(47) sup H(Dp@n|LnD390n)||Lq(Q;]R3x3) < oo.

Extend ¢(-, z3) to R? periodically with period Q' and extend b to R by zero, and
for z € Q define

— T3
Uk (Tayx3) 1= Fxg +c+ g, / (b* p) (s) ds + Lueripn <$a,x3) ,
0 Lngkz
where
(t) . i i 6 — EWT72
Pk T 5kp §k ’ k-—¢Ck )
and p € C° (R), p >0, and [, p(t) dt = 1. Note that
(48) lim lim ([ug,n — ull o ms) = O-

n—oo k—oo

Moreover, for z € Q2 we have that

_ To
Dypug,n (x) = F+Dppn (L €k71'3> »
nEk

1 T
ng’uk,n (SC) = (b * Pk) (1’3) + Langﬁn <,£L’3> .
Ek LnEk:

Since (-, 73) is Q'-periodic for £ a.e. x3, by (47) it follows that

1
(49) sup <Dpuk,n | EkDgukm)

k,neN

< 00.
La(Q;R3%3)

For every ¢ € N, by (42)
1
[ (2 Dstn 0 = b02) ) 61 22) i
Q

£k
(50) = lim lim / ((b*pw(m)—b(mg)wnpwn (m))em dz
n—ook—oo | [ LnEk

/ / L, D3y (Yo, x3) dyab; (z3) do
wx I !

where we have used the Riemman-Lebesgue Lemma and the fact that for n > ¢,

1
/ L, D3pn(zq,3)0; (x3) d
Q

lim lim
n—oo k— oo

= lim

n—oo

:0’

<=
n

Also by (46), (H;)', the (generalized) Lebesgue Dominated Convergence Theorem,
and the Riemman-Lebesgue Lemma we have that

n—oo k—oo

lim lim w <Dpuk’n (x)
AxI

iDguk’n (z) ) dx
(51)

= lim lim w FJer(pn fia,xg (b pg) (x3) + L D3pn xia,zg dx
AxT LnEk: LnEk

n—o0 k—o00

n—0oo

= lim / / w (F—i—ngon (Yo, 23) | (23) + L D3, (ya,xg)) dy dx
AxI ’

< L%(4) lim Q. W(F[b() = L* (A) QoW (Fb(-)).
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Finally,

(52)

2
. . 1 T
= lim lim € ‘ Dggon 2z
n—00 k—oo J Ayt Lnffk: LnEk

2

. . ~ 2 2 1 2 1 2
lim lim €y |Dpuk7n| + =5 |Dp3tur,n|” + = |Dagurn|” | do
n—ook—oo fAxg €k €k
IO&
b < .
D) p3¥n , L3
foh L,cg

+
2
)dx:O,

L1
€k

X
ex (b* p)) (#3) + Lyper D3zon (sz’ 1‘3)

where we have used the facts that v > 2,

2
lim D3y, (%, x3> de = L2 (A)/ |D2<pn (Yo, ;z;3)|2 dye, dxs,
k—o0 AxIT Lngk Q'XI
and
Jim 172 |b* ply (z3)|° das = 0,
because

[[b p;f||L°°(I;R3) <C ||PZ||L°°(I) ||b||Lq(I;R3)
C C
<= Hb”Lq I;R3) — T3—2 ||bHLq I;R3) *
5 (I;R3) (I;R3)
k € 2
Hence, recalling (48), (49), (50), (51), and (52), we may find a diagonal sequence

Up = Uk, n

such that u, — u in W4 (Q;R?) and iDgun —bin L7 (;R?) and

n

limsup B2, (un; A) < L7 (A) QoW (Fb(-)).

Define
() = U, n (T) if k = k,, for some n € N,
UE) = Fag + o+ e Jo? (b p) (s) ds  otherwise.

Since the sequence {y} is admissible for E{_ek}(u, b; A), we have

By (u,b; A) <liminf E7 (un; A) < L2 (A) Qo W (F|b(+)).

{Ek} n—oo n

Just as in the proof of Theorem D, it can be shown that for every (u,b) € V7,
E{_Ek}(u7 b; ) is the trace of a Radon measure absolutely continuous with respect to

L£%| w. Therefore, to establish the inequality (44) for arbitrary (u,b) € VY we may
proceed as in proof of Steps 2 and 3 of Theorem 4.4. We omit the details. O
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