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Abstract. An obstacle is immersed in an externally driven 2D Stokes or Navier-Stokes
fluid. We study the self-equilibration conditions for that obstacle under steady state
assumptions on the flow. We then seek to optimize the translational and/or angular
velocity of the obstacle by varying its shape. To allow general variations, we must
consider a very large class of obstacles for which the notion of trace is meaningless. This
forces us to revisit the notion of self-equilibration for both Stokes and Navier-Stokes in
a measure theoretic environment.

Mathematics subject classification 2020 : 49J45, 49Q10, 49Q20, 74F10, 76D05, 76D07,
76D55,
Keywords : Stokes, Navier-Stokes, mobility, self-equilibration, capacity

1. Introduction

In this contribution, we aim to consider the issue of “self-equilibrated” obstacles
in a viscous flow. Assume that a rigid obstacle E is immersed in an incompressible
viscous fluid flow (with density ρ and viscosity µ) which thus obeys Navier-Stokes
equations. Classically, the obstacle is placed in a linear flow such that the far field
velocity is of the form u = A(x− x∗) + a where A ∈ RN×N is trace free (to respect
incompressibility), a ∈ RN is a translational velocity and x∗ is some arbitrary point
in E [15]. The rigid obstacle will be set in motion because of the drag forces exerted
by the fluid. In particular the point x∗ ∈ E will possess an acceleration γ∗ and
a velocity b; the solid will also possess an inertia matrix I∗ with respect to that
point and an angular velocity ω (which, for N = 2, we will take to be the 3-vector
ω = ω~e3), all of those, E, x∗, γ∗, b, I∗, ω being a priori time-dependent. Recall that
the inertia matrix about the point x∗ is given, for any vector α ∈ RN , by

I∗α :=

ˆ
E

(|x−x∗|2α−((x−x∗)·α)(x−x∗)) dx =

ˆ
E

(x−x∗)∧(α∧(x−x∗)) dx. (1.1)

The resulting set of equations is (more or less) classically seen to be



ρ

{
∂u

∂t
+ (u · ∇)u

}
− µ4u+∇p− ρ~g = 0, outside E

divu = 0, outside E

u→ A(x− x∗) + a, as |x| → ∞

u = ω ∧ (x− x∗) + b, on ∂E
1
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together with

mEγ∗ +
dω

dt
∧ ρE

(ˆ
E

(x− x∗) dx

)
+ ω ∧

[
ω ∧ ρE

(ˆ
E

(x− x∗) dx

)]
=

ˆ
∂E

σνdHN−1 +mE~g

I∗
dω

dt
+ ω ∧ (I∗ω) + ρE

(ˆ
E

(x− x∗) dx

)
∧ γ∗

=

ˆ
∂E

(x− x∗) ∧ σνdHN−1 + ρE

(ˆ
E

(x− x∗) dx

)
∧ ~g

wheremE := ρELN(E) is the (time-independent) mass of the obstacle, ρE its density
and where ~g := −g~e3 is gravity. The point x∗ is not necessarily the center of mass,
and this gives rise to the additional acceleration terms on the left hand side. Of
course, the system would have to be complemented by appropriate initial conditions
for the velocity u of the fluid, the initial position of x∗ and an initial velocity for b,
as well as an initial angular velocity for ω.

In the sequel we address two different problems. First, we consider the classical
Stokes mobility problem for a force-free obstacle in a background flow. This setting
commonly arises in the study of particle suspensions, such as transport in pressure-
driven pipe flow, where an external velocity is prescribed and the goal is to determine
the particle motion [15]. In view of the linear character of the Stokes equations, this
problem is also closely related to the self-propulsion of micro-organisms whose sur-
face velocity is prescribed; see e.g. [17, 13]. Here we assume that the Reynolds
number of the fluid (essentially ρ/µ) is very small so that inertial effects are ne-
glected, and the obstacle is neutrally buoyant, that is its mass density is assumed
to be that of the surrounding fluid. In that case, upon taking the point x∗ to be at
the origin, the system becomes

−µ4u+∇p = 0, outside E

divu = 0, outside E

u→ Ax+ a, as |x| → ∞

u = ω ∧ x+ b, on ∂E,

(1.2)

together with { ´
∂E
σνdHN−1 = 0´

∂E
x ∧ σνdHN−1 = 0.

(1.3)

The solution to this problem depends only on the domain E and on the far-field
flow Ax + a. While in principle the domain will change in time, we restrict our
attention to the quasi-static approximation in which the unknown fields u, ω, b and
the domain E are viewed as constant in time and the goal is to find ω, b such that
the system (1.2), (1.3) is solvable in u.

Second, we consider the Navier-Stokes mobility problem under the assumption
of negligible acceleration of the obstacle, but retain the nonlinearity in the hydro-
dynamic equations. Then in particular γ∗ = 0 and dω/dt = 0. We again use a
quasi-static approximation for which u, ω, b and E are viewed as constant in time,
this time in a reference frame moving with the rigid body velocity b. Doing so is no
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capricious whim, but rather because our proof of the existence of a self-equilibrated
motion of the obstacle in Subsection 4.1 collapses in a fixed reference frame. In this
setting the boundary condition at infinity has become u→ A(x− x∗) + a− b while
that on ∂E is still u = ω ∧ (x− x∗).

All of this results in the following system (at a fixed time t):

ρ(u · ∇)u− µ4u+∇p− ρ~g = 0, outside E

divu = 0, outside E

u→ A(x− x∗) + a− b, as |x| → ∞

u = ω ∧ (x− x∗), on ∂E

(1.4)

with A, a, ω, b constant, together with
0 =

ˆ
∂E

σνdHN−1 − ω ∧
[
ω ∧ ρE

(ˆ
E

(x− x∗) dx

)]
+mE~g

0 =

ˆ
∂E

(x− x∗) ∧ σνdHN−1 + (I∗ω) ∧ ω + ρE

(ˆ
E

(x− x∗) dx

)
∧ ~g.

(1.5)

Once again the goal is to find ω, b such that the system (1.4), (1.5) is solvable in
u. Observe that we could equally choose the point x∗ to be outside the obstacle,
thereby imposing that the obstacle rotates at constant angular velocity around that
point.

In both settings we say that the obstacle is self-equilibrated.

Before we proceed further, we must clarify and qualify the preceding formulation.
In our initial writing of the coupled Navier-Stokes/rigid solid system, we chose an
inertial fixed reference frame. Since the Navier-Stokes equations are invariant under
a Galilean change of frame, we are free to write that system in a frame that moves at
constant velocity, for example at velocity b. However, imposing time-independence
of the fluid velocity in that new frame is not equivalent to the same condition in the
original fixed reference frame.

Similarly, we could write the equations in a non-inertial frame in which the solid is
at rest, providing yet another time-independence of the fluid velocity. Doing the lat-
ter raises the following issue: Do the Navier-Stokes equations still hold unchanged in
a non-inertial framework at the expense of accommodating the centrifugal and Cori-
olis accelerations? Our “wille zur macht” seems to vindicate the assertion but the
resulting system which involves centrifugal and Coriolis terms in the Navier-Stokes
equation is more intricate than that in the translating frame while boundary condi-
tions become more challenging. This is why we confine the non-inertial framework
to the related comment in Remark 4.7.

Galdi [13] established that a solution to the (first) mobility problem exists for
smooth enough obstacles, that is that one can find (ω, b) such that the resultant
and torque of the forces that the fluid applies to E are 0. We will revisit this
question in Section 2 and show that one can generalize Galdi’s results to obstacles
that are (essentially) merely compact sets (Theorem 2.10 in any dimension).

In Subsection 4.1, we will return to the second (quasi-static) problem and show
that one can find a solution u to Navier-Stokes and a pair (ω, b) such that, provided
that the obstacle E is neutrally buoyant, the resultant and torque of the forces that
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the fluid applies to E satisfy (1.5) for obstacles that are once more (essentially)
compact sets.

Remark that the system we study in Section 4 differs from that studied in [13] in
particular because we do not write the equations in a frame attached to the body.
As already stated, although doing so has the advantage of leaving the obstacle E
fixed, it begs other modeling questions that we do not wish to confront in this work.

In both settings, the optimization problem we wish to address next is the following:
can we find an obstacle E for which the velocity torsor (ω, b) is as small, or as large
as possible. In truth, we would like to find a shape for the obstacle for which that
torsor is such that ω = 0. This would imply that, under a steady shear flow, the
obstacle only translates. This we cannot do for now, except for a very degenerate
2d mobility problem; see Section 5.

In Section 3 we will establish (Theorem 3.2 and Remark 3.3) that, modulo mild
restrictions on the obstacle, we can always find an optimal shape for both the min-
imization or the maximization problem for that torsor for the mobility problem. In
Subsection 4.2,we will do the same for the quasi-static problem (Theorem 4.5). The
methods for achieving those results differ significantly. In the Stokes case we make
full use of the linearity of the problem and of its variational nature, while in the
Navier-Stokes case we use a fixed point argument of the kind used for the elementary
proofs of existence. Both settings are further complicated by the non-smoothness of
the obstacle which forces us to appeal to various measure theoretic arguments.

Our results will hold true under two important caveats. First, we will confine
our investigation to a large box D so that the far field flow will be imposed on ∂D
and not at infinity. This is so because we wish to avoid the added complexity of
incompressible inviscid flows in infinite domains and related issues like the Stokes
paradox (see e.g. [14, Chapter V]). We also note that nothing in our analysis is
contingent upon the consideration of a linear flow on ∂D. Any boundary condition
of the form u = ψ with ψ ∈ H1(D;RN) and div ψ = 0 will do. Consequently, the
third relation in (1.4) and (1.2), respectively, will be replaced by

u = ψ − b in Section 4 (resp. u = ψ in Sections 2, 3) on ∂D, (1.6)
with ψ ∈ H1(D;RN) and div ψ = 0.

Second and more significantly, while we can revisit Galdi’s problem in any di-
mension (generalizing the notion of torque) for general geometries of the obstacle,
only in the two-dimensional case can we take advantage of such generality when
going to shape optimization (see the comments at the beginning of Section 3). This
is so because our analysis relies on a result of Sverak [19], itself based on purely
two-dimensional arguments; see our stability result Theorem 3.1 and the proof of
Theorem 4.5.

Our results are only a first step even in a two dimensional setting. Whether one
could achieve ω = 0 for any flow of the form u = Ax + a on ∂D remains unclear
although we give an affirmative answer through the example of a horizontal needle
in Section 5 in the case of a pure shear flow, that is when a = 0, A =

(
0 1
0 0

)
. In that

section, we also compute the angular velocity for a disk and a vertical needle when
subjected to the same pure shear flow. All of those are achieved in the setting of
the Stokes mobility problem.

In a subsequent step, one should investigate the topological regularity of the
possible minimizers or maximizers which, in view of the result of in Section 5 may
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prove quite challenging from the standpoint of the classical methods that use the
concept of shape derivative.

Notationwise, we define, for any a, b ∈ Rd, the commutator [a, b] := a⊗ b− b⊗ a,
an element of Rd(d−1)/2 . We denote the identity matrix on Rd by id. The Euclidean
scalar product on Rd and the Frobenius inner product on Rd×d are both denoted by · .
The basis ~ei, i = 1, ..., N, is the canonical orthonormal basis of RN with ~e3 pointing
upwards if N = 3 and gravity is involved. By 1E we denote the characteristic
function of the set E, by B(x, r) the open ball of center x and radius r in the ambient
space RN and by 1 the d-vector with entries 1 with d = 1, N or N(N − 1)/2.

For constants, the notation CF means that the constant, whose value may change
from line to line, is only a function of the quantity F .

By cap2 we denote the 2-capacity, an outer measure on RN ; see e.g. [10, Section
4.7].

We also introduce the following notation
〈f, u〉∂E :=

∑d
i=1〈fi, ui〉H−1/2(∂E),H1/2(∂E)~ei,

〈f, u〉∂D :=
∑d

i=1〈fi, ui〉H−1/2(∂D),H1/2(∂D)~ei

(1.7)

for f ∈ H−1/2(∂E;Rd), u ∈ H1/2(∂E;Rd) and f ∈ H−1/2(∂D;Rd), u ∈ H1/2(∂D;Rd)
respectively. In what follows d will be 1, N , or N(N − 1)/2, depending on the
context.

The rest is standard notation.

2. A generalized setting – The Stokes case

In this section we prove a Galdi type theorem [13] for compact obstacles E lying
inside a large N -dimensional open simply connected bounded boxD with sufficiently
smooth boundary. The fluid boundary condition on ∂D will be given by (1.6).

We first consider in Subsection 2.1 the case where E is the closure of a domain
with Lipschitz boundary, so that the Stokes equations can be classically solved and
the conditions of self-equilibrium involve integrations on regular boundaries. This
will in turn suggest the proper generalization of the problem in the case of general
obstacles which we address in Subsection 2.2.

2.1. Obstacles with Lipschitz boundary. Assume that E ⊂ D compact is the
closure of a Lipschitz domain.

Theorem 2.1 (Galdi’s theorem). Let D ⊂ RN be open bounded with Lipschitz
boundary and ψ ∈ H1(D;RN) with div ψ = 0. Let E ⊂ D be the closure of a
Lipschitz open set and consider (uE,Ω,b, pE,Ω,b) ∈ H1(D \ E;RN) × L2(D \ E) the
solution to Stokes equation −µ4u+∇p = 0

div u = 0
(2.1)

on D \ E with boundary conditionsu = ψ on ∂D

u = Ωx+ b on ∂E,
(2.2)
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where (Ω, b) ∈ RN×N × R with Ω skew-symmetric.
Then there exists a unique pair (ΩE, bE) such that, setting

(uE, pE) := (uE,ΩE ,bE , pE,ΩE ,bE),

the associated stress σE := 2µe(uE)− pE id satisfies

〈σEν, 1〉∂E = 0 and 〈[σEν, x], 1〉∂E = 0 (2.3)

where ν is the exterior normal to ∂E and 〈·, ·〉∂E is defined in (1.7).

Proof. We divide the proof into three steps.

Step 1: An auxiliary problem. In this step, we establish that, if ψ = 0 and if
(2.2), (2.3) holds true, then

Ω = 0 and b = 0. (2.4)

Indeed, testing equation (2.1) by u := uE,Ω,b (with associated stress σ := σE,Ω,b)
we obtain

0 = 2µ

ˆ
D\E

|e(u)|2 dx+ 〈σν, (Ωx+ b)〉∂E

= 2µ

ˆ
D\E

|e(u)|2 dx+ 〈[σν, x], 1〉∂E · Ω + 〈σν, 1〉∂E · b = 2µ

ˆ
D\E

|e(u)|2 dx,

which implies that e(u) ≡ 0 in the open connected component D̂ (with Lipschitz
boundary) of D \ E whose boundary contains ∂D. On that component u must be
an infinitesimal rigid body motion of the form Ω̄x+ b̄, with Ω̄ skew-symmetric. But
u = 0 on ∂D so that Ω̄ = 0 and b̄ = 0. Since u = Ωx+ b on ∂D̂ ∩ ∂E, we conclude
that Ω = 0 and b = 0.

Step 2: A family of elementary problems. Take now ψ = 0 and Ωij
kl = −Ωij

lk =
δikδjl, i 6= j, b = 0, or else bi = ~ei,Ω = 0 with i, j = 1, . . . , N . As i, j vary from 1
to N , this defines N(N + 1)/2 Stokes problems with solution pairs (u, p) and their
associated stress σ = 2µe(u)− p id. We claim that the associated N(N + 1)/2 pairs
(〈σν, 1〉∂E, 〈[σν, x], 1〉)∂E are independent vectors in RN(N+1)/2 and thus form a basis
of RN(N+1)/2 which we will denote by {Fk}.

Indeed, otherwise a non trivial linear combinations of those would be nul. But,
by linearity, this would generate a non-zero pair (Ω, b) ∈ RN×N × RN with Ω skew-
symmetric such that the auxiliary problem of Step 1 is satisfied which contradicts
(2.4).

Step 3. Solve Stokes equation on D \ E under the boundary conditions (2.2) and
Ω = 0 and b = 0 on ∂E. This will yield a solution pair (u, p) with associated stress
σ generating a N(N + 1)/2-vector F := (〈σν, 1〉∂E, 〈[σν, x], 1〉∂E).

In view of Step 2, there exists a unique N(N + 1)/2-vector (α1, ..., αN(N+1)/2) such
that

F =

N(N+1)/2∑
k=1

αkFk, (2.5)

where {Fk} is the basis defined in Step 2. To that linear combination, we associate
the corresponding linear combination of the bi’s and Ωij’s which yields a pair b̄, Ω̄
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such that the solution (ū, p̄) to Stokes with boundary conditions ū = 0 on ∂D and
ū = Ω̄x+ b̄ on ∂E yields a N(N + 1)/2-vector (〈σ̄ν, 1〉∂E, 〈[σ̄ν, x], 1〉∂E) equal to F .

But then (ǔ := u − ū, p̌ := p − p̄) is the solution to Stokes equation (2.1) with
boundary conditions ǔ = ψ on ∂D and ǔ = −Ω̄x− b̄ on ∂E and, in view of (2.5), it
is self-equilibrated. �

Remark 2.2. By the divergence theorem, (2.3) equivalently reads as〈σEν, 1〉∂D = 0,

〈[σEν, x], 1〉∂D = 0,

which has the distinct advantage of integrating over the boundary of D in lieu of
that of the obstacle ∂E. ¶
2.2. The general case. With the help of Remark 2.2, we are at liberty to do away
with the Lipschitz regularity of ∂E and to only assume that

E ⊂ D is a compact set with cap2(E) > 0. (2.6)
The resulting open fluid domain D \ E may thus have a very “rough” or singular
boundary near E.

To lend meaning to the Stokes problem (2.1) with boundary conditions (2.2), we
introduce the following subset of H1(D)

HE,Ω,b(D) := ClosureH1(D;RN ){ϕ ∈ C∞(D̄;RN) : divϕ = 0,

ϕ ≡ (Ωx+ b) in a neighborhood of E} (2.7)
and interpret the problem as

(u, p) ∈ HE,Ω,b(D)× L2
loc(D \ E)

−µ4u+∇p = 0 in D \ E

u = ψ on ∂D.

(2.8)

A solution (uE,Ω,b, pE,Ω,b) is given after the following remark.
Remark 2.3. An equivalent way of defining the space HE,Ω,b(D) consists in impos-
ing the condition ϕ = (Ωx+ b) solely on the obstacle E, that is defining HE,Ω,b(D)
as
HE,Ω,b(D) := ClosureH1(D;RN ){ϕ ∈ C∞(D̄;RN) : divϕ = 0, ϕ ≡ (Ωx+ b) on E}.

This highly non trivial result is a direct consequence of the following. In view of [16,
Theorem 5.11], if u is the H1-limit of a sequence ϕn ∈ C∞(D̄;RN) with ϕn = Ωx+ b
on E then u − (Ωx + b) = 0 cap2 a.e. on E. But then, according to [1, Theorem
9.1.3], ϕ(u− (Ωx + b)) ∈ H1

0 (D \ E;RN) for any ϕ ∈ C∞
0 (D;RN) which is trivially

equivalent to our definition (2.7) of the space HE,Ω,b(D). ¶

First, the fluid velocity field is the unique minimizer uE,Ω,b of

min

{ˆ
D\E

|∇u|2 dx : u ∈ HE,Ω,b(D) : u = ψ on ∂D
}
. (2.9)

From (2.9) the Stokes equation is recovered. Indeed, the Euler-Lagrange equation
immediately implies that ∆uE,Ω,b ∈ H−1(D \E;RN) vanishes on smooth divergence
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free vector fields with compact support inD\E. By De Rham’s theorem which holds
true within a distributional framework (see e.g. [21]), there exists a distribution
pE,Ω,b ∈ D′(D \ E) such that

µ∆uE,Ω,b = ∇pE,Ω,b in D \ E.

In view of Lemma 2.4 below, pE,Ω,b ∈ L2
loc(D \E), with pE,Ω,b square summable near

∂D. If D′ is a Lipschitz open set such that E ⊂⊂ D′ ⊂⊂ D, by adding a suitable
constant to pE,Ω,b on the connected component of D \E which contains ∂D , we can
also assume, thanks to (2.11) in Lemma 2.4, that

‖pE,Ω,b‖L2(D\D′
) ≤ CD\D′‖uE,Ω,b‖H1(D;RN ). (2.10)

Note that the divergence-free stress σE,Ω,b := 2µe(uE,Ω,b)− pE,Ω,bid is such that the
quantities 〈σE,Ω,bν, 1〉∂D and 〈[σE,Ω,bν, x], 1〉∂D defined through the first equation in
(1.7) are meaningful.

Lemma 2.4 is a well-known result but we could not locate a proof in its full
generality, which is why we provide a proof below.

Lemma 2.4. Let U ⊂ RN be an open bounded set with Lipschitz boundary. Let
p ∈ D′(U) be such that ∇p ∈ H−1(U ;RN). Then p ∈ L2(U) and there exists a
constant CU such that

‖p‖L2(U) ≤ CU

[
‖p‖H−1(U) + ‖∇p‖H−1(U ;RN )

]
.

and ∥∥∥∥p−  
U

p dx

∥∥∥∥
L2(U)

≤ CU‖∇p‖H−1(U ;RN ). (2.11)

Proof. Fix ψ ∈ C∞
c (U) with

´
U
ψ dx = 1. Then, for every ϕ ∈ C∞

c (U), Bogovski’s
theorem (see [4, Theorem 1] and also [14, Lemma III.3.1 and Theorem III.3.1])
implies the existence of Fϕ ∈ C∞

c (U ;RN) such that divFϕ = ϕ− ψ
´
U
ϕdx and

‖Fϕ‖H1
0 (U ;RN ) ≤ CU

∥∥∥∥ϕ− ψ

ˆ
U

ϕdx

∥∥∥∥
L2(U)

≤ CU(1 + ‖ψ‖L2(U)(LN(U))1/2)‖ϕ‖L2(U).

Then,

〈p, ϕ〉 = 〈p, ϕ− ψ

ˆ
U

ϕdx〉+ 〈p, ψ〉
ˆ
U

ϕdx

= 〈p, divFϕ〉+ 〈p, ψ〉
ˆ
U

ϕdx = −〈∇p, Fϕ〉+ 〈p, ψ〉
ˆ
U

ϕdx

≤ ‖∇p‖H−1(U ;RN )‖Fϕ‖H1
0 (U ;RN ) + |〈p, ψ〉|

ˆ
U

|ϕ| dx

≤ [CU(1 + ‖ψ‖L2(U)(LN(U))1/2)‖∇p‖H−1(U ;RN ) + |〈p, ψ〉|(LN(U))1/2]‖ϕ‖L2(U).
(2.12)

The previous inequality entails that p can be extended to an element in the dual of
L2(U). By Riesz theorem, p ∈ L2(U).

To recover the first estimate of the theorem, it is sufficient to note that p ∈ L2(U)
yields in particular p ∈ H−1(U) so that we can estimate the quantity |〈p, ψ〉| in
(2.12) with ‖p‖H−1(U)‖ψ‖H1

0 (U), hence the result.
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To recover (2.11), we can assume that p has zero mean and use again (2.12) to
getˆ

U

pϕ dx ≤ CU‖∇p‖H−1(U ;RN )

∥∥∥∥ϕ− ψ

ˆ
U

ϕdx

∥∥∥∥
L2(U)

+

∣∣∣∣ˆ
U

pψ dx

∣∣∣∣ˆ
U

|ϕ| dx.

Letting ψ converge to 1
LN (U)

1U ,ˆ
U

pϕ dx ≤ CU‖∇p‖H−1(U ;RN )

∥∥∥∥ϕ−
 
U

ϕdx

∥∥∥∥
L2(U)

so that (2.11) follows by letting ϕ converge to p in L2(U).
The result follows by choosing CU to be 2CU . �

Remark 2.5. Let D′ be a Lipschitz open set such that E ⊂⊂ D′ ⊂⊂ D. There
exists a constant CD,D′ > 0 such that

‖uE,Ω,b‖H1(D) ≤ CD,D′
(
‖ψ‖H1(D;RN ) + |Ω|+ |b|

)
. (2.13)

Indeed consider a cut-off function ϕ ∈ C∞(RN) with ϕ ≡ 1 in a neighborhood of
RN \D and ϕ ≡ 0 in a neighborhood of D̄′ and the problem{

divw = −div (ϕψ + (1− ϕ)(Ωx+ b)) in D \ D̄′

w = 0 on ∂D ∪ ∂D′.

According to Bogovski’s theorem (see [4, Theorem 1]), there is a solution w ∈
H1

0 (D \ D̄′;RN) sinceˆ
D\D̄′

div (ϕψ + (1− ϕ)(Ωx+ b)) dx

=

ˆ
∂D

ψ · ν dHN−1 −
ˆ
∂D′

(Ωx+ b) · ν dHN−1

=

ˆ
D

divψ dx−
ˆ
D′

div (Ωx+ b) dx = 0.

Moreover

‖w‖H1
0 (D\D′

) ≤ CD,D′‖div (ϕψ + (1− ϕ)(Ωx+ b)) ‖L2(D\D′
)

≤ C̃D,D′
(
‖ψ‖H1(D;RN ) + |Ω|+ |b|

)
.

We deduce that
v := ϕψ + (1− ϕ)(Ωx+ b) + w ∈ HE,Ω,b(D)

so that the inequality ˆ
D\E

|∇uE,Ω.b|2 dx ≤
ˆ
D\E

|∇v|2 dx

entails (2.13). ¶

Remark 2.6. If C is any open component of D \ E, except that whose boundary
contains ∂D, then the solution (uE,Ω,b, pE,Ω,b) to Stokes problem on C is simply
(Ωx + b, 0). In other words, we can erase the “bounded” connected components of
D \ E without changing the problem and could thus assume throughout the rest
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of the paper that E and its complement are connected (hence that E is simply
connected in dimension 2). We will refrain from doing so because it does not impact
any of the subsequent arguments. ¶

Remark 2.7. Note that, when cap2(E) = 0, HE,Ω,b(D) = H1(D;RN). The integra-
tion in (2.9) is then on the entirety of D, so that the E, Ω and b have no influence
on the associated Stokes problem. ¶

We claim that Galdi’s theorem still applies to this generalized setting. We need
the following result.

Proposition 2.8. Assume (2.6) and let (Ω, b) ∈ RN×N×RN with Ω skew-symmetric.
Assume that the normal stress σν ∈ H−1/2(∂D;RN) on ∂D associated to the solution
(u, p) of (2.8) with ψ = 0 is such that

〈σν, 1〉∂D = 0 and 〈[σν, x], 1〉∂D = 0.

Then (Ω, b) = (0, 0).

Proof. Testing the Stokes equation with u we obtain as before that e(u) ≡ 0 in D\E.
Since u ∈ HE,Ω,b(D), we also obtain by approximation that, as a distribution, e(u)
is supported in D\E. As a consequence e(u) = 0 on the whole of D, which together
with u = 0 on ∂D entails that u = 0 on D.

By Remark 2.3, if u ∈ HE,Ω,b(D) and ũ denotes its precise representative, then
ũ(x) = Ωx+ b for cap2-a.e. x ∈ E. (2.14)

Then, since
0 = ũ(x) = Ωx+ b for cap2-q.e. x ∈ E,

and because the kernel of a non-zero skew-symmetric matrix is at most (N − 2)-
dimensional, we deduce that, unless Ω = 0 and b = 0, E must be of the form

E = E0 ∪ E1

with cap2(E0) = 0 and E1 contained in a (N − 2)-dimensional hyperplane so that
HN−2(E1) < ∞. If N ≥ 3, by e.g. [10, Theorem 3, Section 4.7.2], cap2(E1) = 0,
contradicting (2.6). If N = 2, then E1, having finite H0-measure, is a finite number
of points, hence, once again, cap2(E1) = 0, contradicting (2.6). We conclude that
Ω = 0 and b = 0. The result is proved. �

Remark 2.9. The proof of Proposition 2.8 above reduces to establishing that rela-
tions e(u) = 0 in D \ E and u = 0 on ∂D for u ∈ HE,Ω,b yield Ω = b = 0.

In the case where E is regular enough (see Step 1 in the proof of Theorem 2.1) we
used the information of the trace of u on ∂E – a well defined quantity equal to Ωx+b
– as a transmission condition which forces Ω and b to vanish. This argument has
apparently disappeared in the proof Proposition 2.8. Through measure-theoretical
geometric arguments, we can also evidence in our general setting a transmission
condition between the irregular boundary ∂E and the region D \ E.

More precisely, setting

∂+E :=

{
x ∈ ∂E : lim sup

r→0+

LN(B(x, r) ∩ (D \ E))
rN

> 0

}
we claim that

cap2(∂
+E) > 0. (2.15)



TWO-DIMENSIONAL VELOCITY OPTIMIZATION 11

Now, if u ∈ HE,Ω,b(D) with u = 0 on D \ E, by (2.14) and the continuity of
y → Ωy + b, for cap2-a.e. x ∈ ∂+E,

0 = lim
r→0+

1

rN

ˆ
B(x,r)

|u(y)− (Ωy + b)|dy ≥ lim sup
r→0+

1

rN

ˆ
B(x,r)∩(D\E)

|Ωy + b|dy

≥ |Ωx+ b| lim sup
r→0+

1

rN
LN(B(x, r) ∩ (D \ E))

which yields
Ωx+ b ≡ 0 on ∂+E.

But in view of (2.15), we get Ω = 0 and b = 0 by using the same arguments as in
the final part of the proof of Proposition 2.8 with ∂+E in lieu of E.

Let us prove claim (2.15). If false, by e.g. [10, Theorem 4, Section 4.7.2],
HN−1(∂+E) = 0.

Since the essential boundary ∂essE of E is contained in ∂+E, we deduce that
HN−1(∂essE) = 0. By Federer’s theorem [10, Theorem 1, Section 5.11], E is a set of
finite perimeter with 1E = 0, hence a set of 0-volume, that is such that ∂E = E. We
infer that all points in E have density 1 for D \E. As a consequence ∂+E = ∂E, so
that cap2(E) = cap2(∂E) = 0 against assumption 2.6. ¶

We are now in a position to generalize Galdi’s result to our setting.

Theorem 2.10 (A generalized Galdi theorem). Assume (2.6).Then there exists
a unique pair (ΩE, bE) ∈ RN×N × RN with ΩE skew symmetric such that, denoting
by

(uE, pE) := (uE,ΩE ,bE , pE,ΩE ,bE)

the solution to (2.8), where ψ ∈ H1(D;RN) with div ψ = 0, the associated stress
σE := 2µe(uE)− pE id satisfies

〈σEν, 1〉∂D = 0 and 〈[σEν, x], 1〉∂D = 0,

where ν(x) is the outer normal to D at x ∈ ∂D.

Proof. The proof is identical to that of Theorem 2.1 once Step 1 has been replaced
by Proposition 2.8. �

Note that when E has the regularity required for the application of Theorem 2.1,
we recover the same solution.

3. Optimization problems in two dimensions for Stokes flows

We saw in Section 2 (Theorem 2.10) above that assuming the minimal condition
(2.6) was sufficient to assert the existence of a self-equilibrated velocity field of the
form ΩEx + bE for the obstacle E when the surrounding Stokes flow is driven by
ψ ∈ H1(D;RN) with div ψ = 0 on ∂D.

We now address the optimization with respect to the obstacle E of a functional
of the type E 7→ f(ΩE, bE).

Shape optimization problems associated to elliptic equations under Dirichlet bound-
ary conditions are generically ill-posed. This leads to homogenization effects for
example. Well-posedness is connected to the issue of stability of solutions to elliptic
problems under the variation of the domain. Such stability statements hold true
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under additional constraints which severely limit the possible geometries: one such
setting is the classical constraint of equi-Lipschitzianity (see [9] and [6, Section 4.6]).

The situation is different in two spatial dimensions thanks to [19]: through the use
of capacitary arguments, stability is proved there within the class of domains whose
complement has a uniformly bounded number of connected components, thereby
allowing a large class of possibly singular variations. Well-posedness of shape opti-
mization problems, like that of the minimal drag force in a stationary Stokes/Navier-
Stokes setting, is then achieved (see [19, Section 4]). Suitable extensions involving
domains with capacitary constraints have been proposed in [7, 8], and used in [3]
for various shape optimization problems in fluids.

In this section and with [19] in mind we restrict our focus to the two-dimensional
setting. The pair (Ω, b) with the skew symmetric matrix Ω =

(
0 −ω

ω 0

)
may be

replaced by a pair (ω, b) ∈ R×R2 with ω~e3 as out of plane angular velocity. We will
correspondingly define ωE in lieu of ΩE and use interchangeably Ω or ω,depending
on the context.

We first prove (Theorem 3.1) the stability of self-equilibrated flows with respect
to the variation of the obstacle E under Hausdorff convergence (see [2, Definition
4.4.9]).

We then consider (Theorem 3.2) the optimization (minimization or maximization)
with respect to E of the functional

E 7→ f(ωE, bE)

under suitable conditions on the function f : R×R2 → R and additional constraints
for E. This setting will include the minimization or maximization of the modulus
of the angular velocity of the obstacle.

3.1. Stability of self-equilibrated solutions under obstacle perturbation.
The following theorem holds true.

Theorem 3.1 (Stability). Let D ⊆ R2 be open bounded with Lipschitz boundary,
and let ψ ∈ H1(D;R2) with div ψ = 0 be given. Let En and E be compact sets in
D satisfying (2.6) with a number of connected components uniformly bounded in n
and such that

En → E in the Hausdorff topology. (3.1)
Then the self-equilibrated solutions uEn , uE given by Theorem 2.10 satisfy

uEn ⇀ uE weakly in H1(D;R2)

and
ωEn → ωE and bEn → bE.

Proof. For notational simplicity, we set ωEn := ωn, bEn := bn and uEn := un. We
divide the proof into three steps.

Step 1. Assume that
ωn → ω and bn → b

for some ω ∈ R and b ∈ R2. Thanks to (2.13) (un)n∈N is bounded in H1(D), so that,
up to a subsequence

un ⇀ u weakly in H1(D;R2). (3.2)
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Let ϕ ∈ C∞
c (D \ E;R2) with divϕ = 0: in view of the Hausdorff convergence (3.1),

ϕ is also in C∞
c (D \ En;R2) for n large, so that passing to the limit in the Stokes

equations on D \ En we get, in view of (3.2),ˆ
D\E

∇u · ∇ϕdx = 0. (3.3)

We claim that
u ∈ HE,Ω,b(D) (3.4)

(see (2.7)).
Indeed, for every open set A ⊆ D, set

H(A) := ClosureH1{ϕ ∈ C∞
c (A;R2) : divϕ = 0},

and let PA denote the orthogonal projection of H(D) onto H(A) with respect to the
scalar product (∇·,∇·)L2 .

Since the number of connected components of En is uniformly bounded in n, [19,
Theorem 4.1] implies that

PD\En → PD\E strongly in L(H(D);H(D)). (3.5)
Let D′ be a Lipschitz domain such that E ⊂⊂ D′ ⊂⊂ D, so that, for n large
enough, En ⊂⊂ D′ ⊂⊂ D. Thanks to Bogovski’s theorem (see [4, Theorem 1]), we
can construct ψ̃n, ψ̃ ∈ H1(D;R2) such thatdiv ψ̃n = div ψ̃ = 0 in D, ψ̃n = ψ̃ = ψ on ∂D

ψ̃n = ωn~e3 ∧ x+ bn in D′, ψ̃ = ω~e3 ∧ x+ b in D′

and
ψ̃n → ψ̃ strongly in H1(D;R2). (3.6)

Clearly, by construction
un − ψ̃n ∈ H(D \ En)

so that passing to the limit in
un − ψ̃n = PD\En(un − ψ̃n),

in view of (3.5), (3.2) and (3.6) we deduce that

u− ψ̃ = PD\E(u− ψ̃)

which yields (3.4).
From (3.3) and (3.4) we infer that u = uE,ω,b. In view of (2.10) we can assume

that the pressure pn associated to un is bounded in L2(D \ D̄′), with
pn ⇀ p weakly in L2(D \ D̄′)

where p ∈ L2
loc(D \E) is the pressure associated to uE,ω,b. Passing to the associated

stresses, this entails
σnν

∗
⇀ σν weakly* in H−1/2(∂D,R2),

and consequently, because the un’s are self-equilibrated we obtain
〈σν, 1〉∂D = 〈[σν, x], 1〉D = 0.

We conclude that u = uE, so that, in particular, the entire sequence is such that
un ⇀ uE weakly in H1(D;R2) (3.7)
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while
ω = ωE and b = bE. (3.8)

Step 2. Let us show that
|ωn|+ |bn| ≤ C

for some C > 0. By contradiction, assume that αn := |ωn| + |bn| → +∞. Up to a
subsequence we can assume that

1

αn

ωn → ω and 1

αn

bn → b

for some ω ∈ R and b ∈ R2 such that (ω, b) 6= (0, 0). Notice that ( 1
αn
un,

1
αn
pn)

is the self-equilibrated solution of the Stokes problem for En under the boundary
displacement

1

αn

ψ → 0

Following the arguments of Step 1 – the only difference being that the boundary
velocity is not fixed but converges to 0 strongly – yields

1

αn

un ⇀ u0E weakly in H1(D;R2)

where u0E is the self-equilibrated solution for E relative to the zero boundary con-
dition on ∂D, and with associated non trivial rigid body motion on E given by
ω~e3 ∧ x+ b. But this is against Theorem 2.10, according to which (ω, b) = (0, 0).

Step 3: Conclusion. By Step 2, (ωn, bn)n∈N is bounded in R × R2, so that, up
to a subsequence, (ωn, bn) → (ω, b). Relations (3.7) and (3.8) of Step 1 yield the
conclusion. �

3.2. Shape optimization. We are now in a position to derive our shape optimiza-
tion result.

Let D ⊂ R2 be an open bounded set with Lipschitz boundary, and fix D′ ⊂⊂ D
open. Given 0 < m < L2(D′), consider the family of obstacles

Em := {E ⊂ D′ : E is compact connected with L2(E) ≥ m}. (3.9)

Let f : R× R2 → R̄. We are interested in minimizing or maximizing the map

E ∈ Em 7→ f(ωE, bE),

where (ωE, bE) is the velocity field on E of the self-equilibrated Stokes flow under
the boundary condition ψ ∈ H1(D;R2) with divψ = 0 according to Theorem 2.10.

The following result holds

Theorem 3.2. If f : R × R2 → R̄ is lower semicontinuous, then the minimum
problem

min
E∈Em

f(ωE, bE)

is well posed. If f is upper semicontinuous, then the maximum problem

max
E∈Em

f(ωE, bE)

is well posed.
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Proof. We investigate the minimization problem, the other one being similar. Con-
sider a minimizing sequence En ∈ Em.

Appealing to Blaschke’s compactness properties of Hausdorff convergence (see [2,
Theorem 4.4.15] or [12, Theorem 3.16]) we can always assume that

En converges to a compact set E ⊂ D̄′ for the Hausdorff convergence.

Further, since En is a sequence of connected sets, E is also connected.
Moreover, since, for every compact set K ⊂ D\E, K ⊂ D\En for n large enough,

we easily deduce
L2(D \ E) ≤ lim inf

n→+∞
L2(D \ En)

so that
m ≤ lim sup

n→+∞
L2(En) ≤ L2(E).

We conclude that E ∈ Em and that Em is compact in the Hausdorff topology. In
particular, cap2(E) > 0 .

In view of the stability result Theorem 3.1, ωEn → ωE and bEn → bE. Then the
lower semicontinuity of f implies

f(ωE, bE) ≤ lim inf
n→+∞

f(ωEn , bEn)

so that E is a minimizer for the problem. �

Remark 3.3. In the spirit of the proof of Theorem 3.2, the shape optimization is
also well posed in

F := {E ⊂ D′ : E is compact connected with `E ⊆ E }, (3.10)

where `E is a segment of given length l > 0.
Indeed, if En ∈ F with En converging to E in the Hausdorff topology, then, as

above E ⊆ D′ and E is connected. Up to a further subsequence, we can further
assume that the segments `En converge in the Hausdorff topology to a segment `E
of length l such that `E ⊆ E, which shows that E ∈ F . The rest of the proof is
identical. ¶

4. A generalized setting – The Navier-Stokes case

In this section where the dimension is kept to N = 2, 3 for simplicity of exposition,
we propose to tackle the quasi-static problem in the generalized setting of Subsection
2.2. To that effect we must find in this new framework an equivalent to Remark 2.2
which will allow us to transfer the conditions (1.5) to the smooth boundary ∂D of
the fluid domain.

We only consider the case N = 3 and emphasize the modifications required in
the case N = 2 as needed. To such an end, we introduce the rank-one tensor
ρE(ω∧(x−x∗))⊗(ω∧(x−x∗)). It is easily checked, using that div(ω∧(x−x∗)) = 0,
that the following algebraic properties hold true:div[(ω ∧ (x− x∗))⊗ (ω ∧ (x− x∗))] = ω ∧ (ω ∧ (x− x∗))

div[((x− x∗) ∧ (ω ∧ (x− x∗)))⊗ (ω ∧ (x− x∗))] = (x− x∗) ∧ [ω ∧ (ω ∧ (x− x∗))].
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Thus, recalling (1.5), we apply the divergence theorem to the second and third term
of the first equation as well as to those of the second equation and take into account
the definition (1.1) of the inertia matrix. We conclude that (1.5) also reads as

0 =

ˆ
∂E

{σ − ρE(ω ∧ (x− x∗))⊗ (ω ∧ (x− x∗)) + ρEgx3 id}νdH2

0 =

ˆ
∂E

(x− x∗) ∧ {σ − ρE(ω ∧ (x− x∗))⊗ (ω ∧ (x− x∗)) + ρEgx3 id}νdH2.

(4.1)
Further, upon setting

κ := σ − ρu⊗ u+ ρgx3 id = 2µe(u)− (p− ρgx3) id− ρu⊗ u,

the system (1.4), in which the boundary condition at ∞ has been replaced by (1.6)
on ∂D, reads as 

div κ = 0, on D \ E

divu = 0, on D \ E

u = ψ − b, on ∂D

u = ω ∧ (x− x∗), on ∂E.

(4.2)

We conclude that, provided that the solid is neutrally buoyant, that is ρ = ρE, then
ρ[u⊗ u]ν = ρE[(ω ∧ (x− x∗))⊗ (ω ∧ (x− x∗))]ν on ∂E and thus

κν = {σ − ρE(ω ∧ (x− x∗))⊗ (ω ∧ (x− x∗)) + ρEgx3 id}ν,
so that (4.1) merely reads as

0 =

ˆ
∂E

κνdH2

0 =

ˆ
∂E

(x− x∗) ∧ (κν)dH2.

We can thus, as in Remark 2.2, transfer the equilibrium conditions to ∂D using that
div κ = 0 in D \ E.

Absorbing the term ρgx3 into the pressure field, the problem finally reads as (4.2)
with {

〈κν, 1〉∂D = 0

〈(x− x∗) ∧ κν, 1〉∂D = 0,
(4.3)

where κ is given by
κ := σ − ρu⊗ u = 2µe(u)− p id− ρu⊗ u. (4.4)

Similar arguments can be used to deal with the case N = 2 (the weight can then be
neglected), leading again to problem (4.2), (4.3).

The introduction of the stress κ is key in addressing a general obstacle E without
regular boundary.

By application of Bogovski’s theorem (see [4, Theorem 1]) as in Remark 2.5, we
are always at liberty to assume that the boundary condition ψ satisfies

suppψ ⊂ D̄ \D′ for some Lipschitz open set D′ with E ⊂⊂ D′ ⊂⊂ D. (4.5)
This we will do from now onward.
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Assume (2.6) as before and consider the (slightly modified) set defined for any
pair (ω, b) ∈ R3 × RN as

HE,ω,b(D) := ClosureH1(D){ϕ ∈ C∞(D̄;RN) : divϕ = 0,

ϕ ≡ ω ∧ (x− x∗) in a neighborhood of E,ϕ = −b on ∂D}.

(In the case N = 2, ω is of the form ω~e3 so that the wedge product has to be
understood as the wedge product of ω with the 3-vector x+ 0~e3).

Self-equilibrated flows for a boundary datum ψ ∈ H1(D) with divψ = 0 and
satisfying (4.5) are solutions (u, p) ofρ div(u⊗ u)− µ4u+∇p = 0 in D \ E

u− ψ ∈ HE,ω,b(D), p ∈ L2
loc(D \ E)

(4.6)

such that
〈κν, 1〉∂D = 0 and 〈(x− x∗) ∧ κν, 1〉∂D = 0, (4.7)

where κ is given in (4.4).
The search for self-equilibrated solutions (4.6)-(4.7) can be reduced to the fol-

lowing problem involving the velocity field alone: find a pair (ω, b) and u with
u− ψ ∈ HE,ω,b(D) such that

2µ

ˆ
D

e(u) · e(ϕ) dx = ρ

ˆ
D

(u⊗ u) · e(ϕ) dx (4.8)

for every ϕ ∈ HE,ω̃,b̃(D) and every (ω̃, b̃) ∈ R3 × RN . Note that, by definition of
HE,ω,b(D), u is in particular in H1(D).

Indeed the following lemma holds.

Lemma 4.1. If u with u−ψ ∈ HE,ω,b(D) solves (4.8) then there exists p ∈ L2
loc(D\E)

such that (u, p) solves (4.6) and (4.7). Conversely, if (u, p) solves (4.6) and (4.7),
then u solves (4.8).

Proof. For a given pair (ω̃, b̃), equality (4.8) is satisfied if and only if it is also satisfied
for every ϕ̃ ∈ H1(D) with ϕ̃ ≡ 0 in a neighborhood of E and ϕ̃ = −(ω̃∧ (x−x∗)+ b̃)
on ∂D.

In particular, choosing smooth tests with compact support in D \ E (so taking
ω̃ = b̃ = 0 for those) we recover a pressure field p ∈ L2

loc(D \E) such that the tensor
κ in (4.4) satisfies

div κ = 0 on D \ E.

Moreover, proceeding as in Section 2.2, p ∈ L2(D \ D′) (recall (4.5)), hence κ ∈
L2(D \D′), so that integration by parts entails that

b̃ · 〈κν, 1〉∂D + ω̃ · 〈(x− x∗) ∧ κν, 1〉∂D = 0.

Relations (4.3) follow since ω̃ and b̃ are arbitrary.
The reverse implication is similar, and the proof is concluded. �
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4.1. Existence of self-equilibrated solutions. We prove the existence of self-
equilibrated solutions by addressing the equivalent problem 4.8 through a Banach
fixed point argument, provided that the external boundary condition satisfies a suit-
able smallness assumption – essentially akin to imposing a small enough Reynolds
number – and that the mass density of the fluid is also that of the obstacle (neutral
buoyancy).

The proof will use the following variant of Korn’s inequality.

Lemma 4.2 (Korn). Let E satisfy (2.6). There exists a constant CD,E > 0 such
that, for every u ∈ H1(D;RN) with u = 0 in a neighborhood of E,

‖u‖H1(D) ≤ CD,E‖e(u)‖L2(D). (4.9)
Further, if E is restricted to be such that LN(E) ≥ m for some fixed constant m > 0,
then CD,E = CD,m, that is the constant in (4.9) depends only on D (and m which
will remain fixed).

Proof. By Korn’s inequality on D,
‖u‖H1(D) ≤ CD(‖e(u)‖L2(D) + ‖u‖L2(D)) (4.10)

so that it suffices to prove that, for some constant CD,E,
‖u‖L2(D) ≤ CD,E‖e(u)‖L2(D).

We proceed by contradiction. Assume that un ∈ H1(D) is such that
‖un‖L2(D) > n‖e(un)‖L2(D).

We may assume that un is smooth with, upon renormalizing,

‖un‖L2(D) = 1 and ‖e(un)‖L2(D) <
1

n
.

By (4.10), (un)n∈N is bounded in H1(D). By compact Sobolev embedding, for a
subsequence, un → u strongly in L2(D) for some u ∈ H1(D) such that ‖u‖L2(D) = 1
and e(u) = 0 in D. Thus u = ω ∧ x+ b for some pair (ω, b) ∈ R3 × RN .

Further, using (4.10) again, un → u strongly in H1(D), so that [16, Theorem 5.11]
implies that, for a subsequence, un → ũ cap2-q.e. on D. In particular, since un = 0
on E, ũ = 0 cap2-q.e. on E. Exactly as in the proof of Proposition 2.8, this yields
in turn that ω = b = 0, in contradiction with ‖u‖L2(D) = 1.

To prove the last part of the Lemma we argue by contradiction as well and, as
before, consider a sequence of obstacles En and a sequence un ∈ H1(D), with un = 0
in a neighborhood of En, such that

‖un‖L2(D) > n‖e(un)‖L2(D) and ‖un‖L2(D) = 1.

But then un → u strongly in H1(D;RN) with u = ω ∧ x + b for some pair (ω, b) 6=
(0, 0). Now, since ˆ

D

lim sup
n

1En dx ≥ lim sup
n

ˆ
D

1En dx ≥ m

we infer that the set-theoretic limsup set F := {x ∈ D : lim supn 1En(x) = 1} of
the sequence (En)n∈N satisfies LN(F ) ≥ m. Since, up to a subsequence, un → u a.e.
in D, we obtain that, for a.e. x ∈ F ,

ω ∧ x+ b = 0

which is against (ω, b) 6= (0, 0). �
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Theorem 4.3 (A generalized quasi-static theorem). Assume that E ⊂⊂ D′ ⊂⊂
D satisfies (2.6), that the dimension N is 2 or 3 and that ρ = ρE. Consider
ψ ∈ H1(D;RN) with div ψ = 0 and with support in D̄ \D′.

Then, for some MD,E > 0 and M ′
D,E > 0 only depending on D and E, if

(ρ/µ)‖ψ‖H1(D) ≤MD,E,

there exists a unique pair (ωE, bE) ∈ R3 × RN and a unique uE with uE − ψ ∈
HE,ωE ,bE(D) and ‖e(uE)‖L2(D) ≤M ′

D,E such that (4.8) is satisfied.

Proof. We will prove the existence of a solution to (4.8) through a Banach fixed
point argument.

Step 1. Set
XE :=

⋃
ω,b

HE,ω,b(D)

We claim that XE is a closed subspace of H1(D).
In order to prove this, let us first notice that there exists CD,E > 0 such that for

every v ∈ HE,ω,b(D) we have

|ω|+ |b| ≤ CD,E‖e(v)‖L2(D). (4.11)

This is a consequence of the continuity of the trace operator from H1(D) to L2(∂D)
and of the Korn inequality of Lemma 4.2 applied to the function v − ω ∧ (x− x∗),
together with the fact that infinitesimal rigid body motions form a finite dimensional
space.

To prove thatXE is a closed subspace ofH1(D), let vn ∈ XE with vn ∈ HE,ωn,bn(D)
and vn → v strongly in H1(D). By definition of the space HE,ωn,bn(D), it is not
restrictive to assume that vn is smooth and vn = ωn ∧ (x− x∗) in a neighborhood of
E. From (4.11) we get

|ωn|+ |bn| ≤ CD,E‖e(vn)‖L2(D).

Thus (ωn, bn) is a bounded sequence in R3 × RN , so that, up to a subsequence, we
may assume ωn → ω and bn → b.

By application of Bogovski’s theorem (see [4, Theorem 1]) we can construct a
smooth function ηn ∈ C∞(D̄;RN) such that ηn → 0 strongly in H1(D) and

div ηn = 0 in D, ηn = −ωn ∧ (x− x∗) + ω ∧ (x− x∗) in D′ ηn = −bn + b on ∂D.

Then the smooth function ṽn := vn + ηn belongs to HE,ω,b(D) with ṽn → v strongly
in H1(D). This shows that v ∈ HE,ω,b(D), and thus v ∈ XE.

Step 2.
For every v with v − ψ ∈ XE, let T (v) with T (v)− ψ ∈ XE be the solution to

2µ

ˆ
D

e(T (v)) · e(ϕ) dx = ρ

ˆ
D

(v ⊗ v) · e(ϕ) dx (4.12)

for every ϕ ∈ XE. Since v ⊗ v ∈ L4(D) by Sobolev embedding, the solution T (v)
can be recovered by minimizing the functional

u 7→
ˆ
D

|e(u)|2 dx− ρ

µ

ˆ
D

(v ⊗ v) : e(u) dx (4.13)
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over the functions u such that u−ψ ∈ XE. The minimization is well posed because
XE is closed in H1(D) by Step 1 and because a control on the L2 norm of the
symmetrized gradient is enough to get a bound in H1-norm. Indeed, thanks to
Korn’s inequality on D,

‖u‖H1(D) ≤ CD

(
‖u‖L2(∂D) + ‖e(u)‖L2(D)

)
. (4.14)

In view of estimate (4.11),
‖u‖L2(∂D) ≤ CD(|ω|+ |b|+ ‖ψ‖L2(∂D)) ≤ CD,E

(
‖e(u)‖L2(D) + ‖ψ‖H1(D)

)
.

Hence
‖u‖H1(D) ≤ CD,E

(
‖e(u)‖L2(D) + ‖ψ‖H1(D)

)
. (4.15)

To get a bound for the solution T (v), we first note that the boundary datum ψ,
because of where it is supported, is an admissible competitor for the minimization
of (4.13). Thus,

‖e(T (v))‖2L2(D) ≤
ρ

µ

ˆ
D

(v ⊗ v) · e(T (v)) dx+
ˆ
D

|e(ψ)|2 dx− ρ

µ

ˆ
D

(v ⊗ v) · e(ψ) dx

≤ 1

2
‖e(T (v))‖2L2(D) +

ρ2

2µ2
‖v‖4L4(D) + ‖e(ψ)‖2L2(D) +

ρ2

2µ2
‖v‖4L4(D) +

1

2
‖e(ψ)‖2L2(D)

which yields
‖e(T (v))‖L2(D) ≤

√
3‖e(ψ)‖L2(D) +

√
2
ρ

µ
‖v‖2L4(D).

Thanks to (4.15) and Sobolev embedding,
‖v‖L4(D) ≤ CD‖v‖H1(D) ≤ CD,E

(
‖e(v)‖L2(D) + ‖ψ‖H1(D)

)
, (4.16)

so that we conclude to the existence of a constant CD,E > 0 such that

‖e(T (v))‖L2(D) ≤ CD,E

(
‖ψ‖H1(D) +

ρ

µ
‖ψ‖2H1(D) +

ρ

µ
‖e(v)‖2L2(D)

)
. (4.17)

Step 3. We claim that we can find R > 0 such that, considering the closed subset
of H1(D)

K := {v : v − ψ ∈ XE, ‖e(v)‖L2(D) ≤ R},
the map v 7→ T (v) defined in Step 2 is a strict contraction from K into itself with
respect to the distance

d(v, v′) := ‖e(v)− e(v′)‖L2(D).

This distance is equivalent to that induced by the norm of H1(D) because, by (4.14)
then (4.11) applied to v − v′ ∈ XE,
‖v − v′‖H1(D) ≤ CD(‖v − v′‖L2(∂D) + ‖e(v)− e(v′)‖L2(D)) ≤ CD,E‖e(v)− e(v′)‖L2(D).

In view of (4.17), if

CD,E

(
‖ψ‖H1(D) +

ρ

µ
‖ψ‖2H1(D)

)
≤ α, (4.18)

then, for ‖e(v)‖L2(D) ≤ R,

‖e(T (v))‖L2(D) ≤ CD,E
ρ

µ
R2 + α.
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If 0 < β < 1 and R > 0 are such that

CD,E
ρ

µ
R2 + α = βR, (4.19)

we get ‖e(T (v))‖L2(D) ≤ βR < R, so that T (v) ∈ K. Making the quadratic expres-
sion associated to (4.19) a perfect square, possible values for R and α are

R :=
β

2CD,E
ρ
µ

and α :=
β2

4CD,E
ρ
µ

. (4.20)

The restriction (4.18) on ψ now reads as
ρ

µ
‖ψ‖H1(D) +

ρ2

µ2
‖ψ‖2H1(D) ≤

β2

4C2
D,E

. (4.21)

Let us now check that T is a contraction on K. If v, v′ ∈ K, then from (4.12)

d(T (v), T (v′)) = ‖e(T (v))− e(T (v′))‖L2(D) ≤
ρ

2µ
‖v ⊗ v − v′ ⊗ v′‖L2(D).

Then, using a simple estimate as in [20, Equation (16.12)] together with (4.16) , this
also reads as

d(T (v), T (v′)) ≤ ρ

µ
(‖v‖L4(D) + ‖v′‖L4(D))‖v − v′‖L4(D)

≤ C2
D,E

ρ

µ
(‖e(v)‖L2(D) + ‖e(v′)‖L2(D) + 2‖ψ‖H1(D))‖e(v − v′)‖L2(D)

≤ 2C2
D,E

ρ

µ
(R + ‖ψ‖H1(D))d(v, v

′).

Recalling (4.20) and (4.21) we get

d(T (v), T (v′)) ≤
(
CD,Eβ +

β2

2

)
d(v, v′),

that is T is a strict contraction provided that β is chosen small enough.

Step 4: Conclusion In view of Step 2 and Step 3, the conclusion follows by
applying the Banach Fixed Point Theorem and choosing

MD,E :=
−1 +

√
1 + β2/C2

D,E

2
and M ′

D,E :=
β

2CD,E
ρ
µ

. (4.22)

with 0 < β < 1 small enough. �

Remark 4.4. If the obstacle E is further constrained to satisfy LN(E) ≥ m for
some fixed m > 0, the constants MD,E and M ′

D,E in Theorem 4.3 only depend on
D and m (and are thus renamed MD,m and M ′

D,m). In view of (4.22), this amounts
to proving that the constant CD,E appearing in (4.11) is uniformly bounded for E
varying in D̄′ ⊂ D and provided that v ∈ HE,ω,b(D). Indeed this is the only time in
the proof of Theorem 4.3 that the constants used in the various estimates depend a
priori on both D and E. But this is an immediate consequence of the latter part of
Lemma 4.2.

As a consequence, thanks to inequality (4.15), the solution uE satisfies
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‖uE‖H1(D) ≤ CD,m(‖e(uE)‖L2(D) + ‖ψ‖H1(D)) ≤ CD,m

(
M ′

D,m +
µ

ρ
MD,m

)
=: CD,m.

¶

4.2. An optimization result in dimension two. In this subsection we extend
the shape optimization result of Theorem 3.2 to the 2d Navier-Stokes setting.

As in Subsection 3.2, letD ⊂ R2 be an open bounded set with Lipschitz boundary,
and fixD′ ⊂⊂ D open. Given 0 < m < L2(D′), consider the same family of obstacles
Em as in (3.9).

Consider ψ ∈ H1(D;R2) with divψ = 0 and with support in D \D′. By Theorem
4.3 and Remark 4.4, we know that, if (ρ/µ)‖ψ‖H1(D) is sufficiently small, there
exists for every E ∈ Em a unique self-equilibrated flow uE with associated velocity
(ωE, bE) ∈ R× R2 on E.

The following result holds.

Theorem 4.5. Let ψ ∈ H1(D;R2) with divψ = 0 and with support in D̄ \D′ such
that

ρ

µ
‖ψ‖H1(D;R2) ≤MD,m,

where MD,m is given by Theorem 4.3 and Remark 4.4.
If f : R× R2 → R̄ is lower semicontinuous, then the minimum problem

min
E∈Em

f(ωE, bE)

is well posed, while if f is upper semicontinuous, then the maximum problem
max
E∈Em

f(ωE, bE)

is well posed.

Proof. The proof of the optimization result of Theorem 3.2 for the Stokes case can
be adapted to the present setting provided that we establish the stability of self-
equilibrated solutions under convergence of the obstacles.

Assume that En, E ∈ Em with
En → E in the Hausdorff topology.

For notational simplicity, let us set uEn := un, ωEn := ωn, bEn := bn. We need to
check that

un ⇀ uE weakly in H1(D;R2) (4.23)
and

ωn → ωE and bn → bE. (4.24)
By Remark 4.4 (un)n∈N is bounded in H1(D) so that, up to a subsequence

un ⇀ u weakly in H1(D).

Thus ‖e(u)‖L2(D) ≤ M ′
D,m, where M ′

D,m is the constant given by Theorem 4.3 and
Remark 4.4.

By Lemma 4.2, un−ψ+ωn∧(x−x∗) is bounded in H1(D) as well, so that, taking
the trace on ∂D, we infer that, up to a subsequence,

ωn → ω and bn → b. (4.25)
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Following the arguments of Step 1 in the proof of Theorem 3.1, we deduce that
u− ψ ∈ HE,ω,b(D).

We finally prove that (4.8) holds true for u. This shows that u = uE, and
consequently ω = ωE and b = bE; (4.23) and (4.24) follow.

It is not restrictive to assume that ϕ = ω̃~e3 ∧ (x− x∗) on a neighborhood U of E,
so that, since En ⊂ U for n large enough thanks to Hausdorff convergence,

ϕ ∈ HEn,ω̃,b̃
(D).

In view of the compact embedding of H1(D) into L4(D),
un ⊗ un → u⊗ u strongly in L2(D).

and we obtain

2µ

ˆ
D

e(u) · e(ϕ) dx− ρ

ˆ
D

(u⊗ u) · e(ϕ) dx

= lim
n→+∞

(
2µ

ˆ
D

e(un) · e(ϕ) dx− ρ

ˆ
D

(un ⊗ un) · e(ϕ) dx
)

= 0

Thus (4.8) holds true.
�

Remark 4.6. In contrast with the mobility setting of Subsection 3.1, we cannot in
the present quasi-static setting conclude to the existence of optimizers as in Theorem
4.5 under the conditions detailed in Remark 3.3 because the proof of the convergences
(4.25) is conditional upon the volume constraint L2(En) ≥ m. The proof of the
corresponding property in the stability result Theorem 3.1, that is Step 2 of that
proof, uses linearity, a feature no longer available in the present setting. Also, our
proof of the E-independence of the H1-bound on the solution to the quasi-static
problem when that obstacle varies is also based on the volume constraint. ¶

Remark 4.7. In the introductory remarks, we alluded to a possible solving of the
quasi-static problem of self-equilibration in a (non inertial) reference frame attached
to the obstacle. Indeed, one could perform an analysis of the resulting model along
similar lines, the main difference being in the details of the proof of Theorem 4.3.
Under assumption (3.9), a theorem identical to Theorem 4.5 would be produced. ¶

5. A few explicit examples

In this final section we propose to explicitly compute ωE, bE for the mobility
problem when the obstacle E has three specific shapes and when dealing with a 2d
pure shear flow, that is when

ψ(x) := Ax on ∂D, A =

(
0 1
0 0

)
, x := (x1, x2).

Our first computation is when the domain D is a large open disk of radius R > 1
centered at 0 and the obstacle E is a horizontal needle (the line segment ` :=
[−1, 1] × {0}). Then the solution to the Stokes system with u = 0 on x2 = 0 is
u = (x2, 0), p = 0. But then

σ = 2µe(u)− p id = µ

(
0 1
1 0

)
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and thus σν = µ/R (x2, x1) on ∂D. Consequently,ˆ
∂D

σν dH1 =

ˆ
∂D

x ∧ σν dH1 = 0

so that we obtain that ωE = bE = 0. Since, according to Remark 3.3, a horizon-
tal needle is a valid candidate for velocity minimization, ` does indeed provide a
minimizer for any non-negative function f of (ω, b) with f(0, 0) = 0. Note that
we might as well have chosen any countable union of line segments of the form
[αi, αi+1]×{0}, i = 1, .... with αi strictly increasing and −1 < α1 < limi αi < 1. The
result would be identical.

Our second computation is the same setting, but for the fact that the needle E
is vertical (the line segment ` := {0} × [−1, 1]). Then the solution to the Stokes
system with u = (x2, 0) on x1 = 0 is u = (x2, 0), p = 0. But then we are back to
the computations of the first example. In this case we get that ωE = −1, bE = 0.
Since, according to Remark 3.3, a vertical needle is also a valid candidate for velocity
minimization, ` does indeed provide a possible candidate for the maximization of
|ω|.

These elementary explicit solutions are for obstacles without volume and are hence
physically unrealistic. Whether |ω| can attain or exceed the value 1 among smooth
head-tail symmetric obstacles in a 2d pure shear flow at infinity is presently unde-
cided, although such shapes have been hypothesized on unbounded domains [5, 18].
In that setting, if there exists a geometry such that ω = 0, then a pure rotation of
that geometry yields another obstacle with |ω| ≥ 1.

Our third computation is that of an obstacle E = B̄′ where B′ is a small disk of
radius R′ ≤ 1 centered at 0 with D still a larger disk as in the previous example. We
rephrase the problem in polar coordinates and seek a solution to the Stokes problem
with u = R′ω(0, 1) on ∂B′

u = R(sin θ cos θ,− sin2 θ) on ∂B
in the basis ~er, ~eθ. We seek a solution to the Stokes system of the form

u = Re

(
∞∑
k=0

ûk(r)e
ikθ

)
, p = Re

(
∞∑
k=0

p̂k(r)e
ikθ

)
with ûk(r) := (ûkr(r), ûkθ(r)). Using the orthogonality of the Fourier modes and
the expression for the Cauchy stress in polar coordinates leads to the following
expressions for (1.3):

F :=

ˆ
∂E

σνdH1 = −π

(
Re[−R′p̂1 + 2R′µû′1r]− µIm[iû1r +R′û′1θ − û1θ]

Im[−R′p̂1 + 2R′µû′1r] + µRe[iû1r +R′û′1θ − û1θ]

)
(5.1)

T :=

ˆ
∂E

x ∧ σνdH1 = −πµRe[R′2û′0θ −R′û0θ]~e (5.2)

where ~e is perpendicular to the plane.
Now, it is easily seen that the 0-mode û0θ satisfies

1

r
(rû′0θ)

′ − û0θ
r2

= 0,
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and thus that the solution is of the form û0θ(r) = A/r+Br. The boundary conditions
on û0θ are A/R

′ +BR′ = R′ω

A/R +BR = −R
 2π

0

sin2 θdθ.

From this we see the associated torque T in (5.2) is 4πA, so that it can only be 0 if
A = 0. In that case B = ω and the second equation in the previous 2 × 2 system
yields ω = −1/2. We do not need to explicitly compute the solutions û1r, û1θ that
enter the expression for the resultant force F in (5.1) since we know from Theorem
2.1 that there is a (classical Galdi-type) solution for the self-equilibrated problem in
the current setting.

The three situations describe above are unfortunately the only ones for which an
analytical solution is readily derived. The results (ω = 0 for a horizontal needle,
ω = −1/2 for a disk and ω = −1 for a vertical needle) lead us to put forth the
following conjecture for the mobility problem:

For all obstacles within the class defined by (3.10) in a simple shear flow ψ(x) =
(x2, 0), the angular velocity satisfies ω ≤ 0. Moreover, the degenerate vertical ellipse
realizes the maximum of |ω| within this class.
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