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ABSTRACT. An obstacle is immersed in an externally driven 2D Stokes or Navier-Stokes
fluid. We study the self-equilibration conditions for that obstacle under steady state
assumptions on the flow. We then seek to optimize the translational and/or angular
velocity of the obstacle by varying its shape. To allow general variations, we must
consider a very large class of obstacles for which the notion of trace is meaningless. This
forces us to revisit the notion of self-equilibration for both Stokes and Navier-Stokes in
a measure theoretic environment.
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1. INTRODUCTION

In this contribution, we aim to consider the issue of “self-equilibrated” obstacles
in a viscous flow. Assume that a rigid obstacle F is immersed in an incompressible
viscous fluid flow (with density p and viscosity 1) which thus obeys Navier-Stokes
equations. Classically, the obstacle is placed in a linear flow such that the far field
velocity is of the form u = A(x — z,) + a where A € RM*¥ is trace free (to respect
incompressibility), a € RY is a translational velocity and z, is some arbitrary point
in £ [15]. The rigid obstacle will be set in motion because of the drag forces exerted
by the fluid. In particular the point z, € F will possess an acceleration v, and
a velocity b; the solid will also possess an inertia matrix I, with respect to that
point and an angular velocity w (which, for N = 2, we will take to be the 3-vector
w = wejy), all of those, E, x,,7.,b, I,,w being a priori time-dependent. Recall that
the inertia matrix about the point z, is given, for any vector o € RY, by

La = /E(\:v—x*]za—((a:—a:*)-a)(:t—az*))da::/E(x—x*)/\(a/\(x—x*))dx. (1.1)

The resulting set of equations is (more or less) classically seen to be

( p{%+(u-V)u}—uAu+Vp—p§:0, outside F
divu =0, outside F
u— A(z — ) + a, as |zr] = oo
u=wA (z—x) +0, on 0F

\
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together with

( mm*+ccll—°:ApE(/E(x—x*) da:)—i—wA{wApE(/E(m—m*) dx)}

= ovdHY "'+ mpg
OF

d,
I*—w—l—w/\(]*w)—l—pE (/(x—a:*) dx) A Vs
dt E

:/ (x —x) AovdHY ™ + pp </(3c—x*) dx)/\j
\ OF E

where mp := ppLY (E) is the (time-independent) mass of the obstacle, pg its density
and where ¢ := —ges is gravity. The point z, is not necessarily the center of mass,
and this gives rise to the additional acceleration terms on the left hand side. Of
course, the system would have to be complemented by appropriate initial conditions
for the velocity u of the fluid, the initial position of z, and an initial velocity for b,
as well as an initial angular velocity for w.

In the sequel we address two different problems. First, we consider the classical
Stokes mobility problem for a force-free obstacle in a background flow. This setting
commonly arises in the study of particle suspensions, such as transport in pressure-
driven pipe flow, where an external velocity is prescribed and the goal is to determine
the particle motion [15]. In view of the linear character of the Stokes equations, this
problem is also closely related to the self-propulsion of micro-organisms whose sur-
face velocity is prescribed; see e.g. [17, [13]. Here we assume that the Reynolds
number of the fluid (essentially p/u) is very small so that inertial effects are ne-
glected, and the obstacle is neutrally buoyant, that is its mass density is assumed
to be that of the surrounding fluid. In that case, upon taking the point z, to be at
the origin, the system becomes

( —ulu+ Vp =0, outside F
divu =0, outside F (12)
1.2

u— Az + a, as |x| — oo

l u=wAz+D, on OF,

together with
Jop ovdHNTH =0 13)
1.3
Jop® ANovdHN"H = 0.

The solution to this problem depends only on the domain E and on the far-field
flow Ax + a. While in principle the domain will change in time, we restrict our
attention to the quasi-static approximation in which the unknown fields u, w, b and
the domain E are viewed as constant in time and the goal is to find w, b such that
the system , is solvable in u.

Second, we consider the Navier-Stokes mobility problem under the assumption
of negligible acceleration of the obstacle, but retain the nonlinearity in the hydro-
dynamic equations. Then in particular v, = 0 and dw/dt = 0. We again use a
quasi-static approximation for which u,w,b and E are viewed as constant in time,
this time in a reference frame moving with the rigid body velocity b. Doing so is no
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capricious whim, but rather because our proof of the existence of a self-equilibrated
motion of the obstacle in Subsection collapses in a fixed reference frame. In this
setting the boundary condition at infinity has become u — A(x — x,) + a — b while
that on OF is still u = w A (x — 2%).

All of this results in the following system (at a fixed time ¢):

(p(u-V)u—plAu+Vp—pg=0, outside E

divu =0, outside F
(1.4)

u— Alr —z,.) +a—b, as |zr] = oo

v =wA (z—x,), on OF

with A, a,w, b constant, together with

O:/aEgyd%N_l_w/\[W/\PE (/E(I—x*) dx)}erEﬁ 1

Once again the goal is to find w, b such that the system , is solvable in
u. Observe that we could equally choose the point z, to be outside the obstacle,
thereby imposing that the obstacle rotates at constant angular velocity around that
point.

In both settings we say that the obstacle is self-equilibrated.

Before we proceed further, we must clarify and qualify the preceding formulation.
In our initial writing of the coupled Navier-Stokes/rigid solid system, we chose an
inertial fixed reference frame. Since the Navier-Stokes equations are invariant under
a Galilean change of frame, we are free to write that system in a frame that moves at
constant velocity, for example at velocity b. However, imposing time-independence
of the fluid velocity in that new frame is not equivalent to the same condition in the
original fixed reference frame.

Similarly, we could write the equations in a non-inertial frame in which the solid is
at rest, providing yet another time-independence of the fluid velocity. Doing the lat-
ter raises the following issue: Do the Navier-Stokes equations still hold unchanged in
a non-inertial framework at the expense of accommodating the centrifugal and Cori-
olis accelerations? Our “wille zur macht” seems to vindicate the assertion but the
resulting system which involves centrifugal and Coriolis terms in the Navier-Stokes
equation is more intricate than that in the translating frame while boundary condi-
tions become more challenging. This is why we confine the non-inertial framework
to the related comment in Remark [4.7]

Galdi [I3] established that a solution to the (first) mobility problem exists for
smooth enough obstacles, that is that one can find (w,b) such that the resultant
and torque of the forces that the fluid applies to F are 0. We will revisit this
question in Section [2| and show that one can generalize Galdi’s results to obstacles
that are (essentially) merely compact sets (Theorem in any dimension).

In Subsection [4.1] we will return to the second (quasi-static) problem and show
that one can find a solution u to Navier-Stokes and a pair (w, b) such that, provided
that the obstacle E is neutrally buoyant, the resultant and torque of the forces that
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the fluid applies to E satisfy for obstacles that are once more (essentially)
compact sets.

Remark that the system we study in Section [4] differs from that studied in [13] in
particular because we do not write the equations in a frame attached to the body.
As already stated, although doing so has the advantage of leaving the obstacle E
fixed, it begs other modeling questions that we do not wish to confront in this work.

In both settings, the optimization problem we wish to address next is the following:
can we find an obstacle E for which the velocity torsor (w,b) is as small, or as large
as possible. In truth, we would like to find a shape for the obstacle for which that
torsor is such that w = 0. This would imply that, under a steady shear flow, the
obstacle only translates. This we cannot do for now, except for a very degenerate
2d mobility problem; see Section [5]

In Section [3{ we will establish (Theorem and Remark that, modulo mild
restrictions on the obstacle, we can always find an optimal shape for both the min-
imization or the maximization problem for that torsor for the mobility problem. In
Subsection .2l we will do the same for the quasi-static problem (Theorem [4.5]). The
methods for achieving those results differ significantly. In the Stokes case we make
full use of the linearity of the problem and of its variational nature, while in the
Navier-Stokes case we use a fixed point argument of the kind used for the elementary
proofs of existence. Both settings are further complicated by the non-smoothness of
the obstacle which forces us to appeal to various measure theoretic arguments.

Our results will hold true under two important caveats. First, we will confine
our investigation to a large box D so that the far field flow will be imposed on 9D
and not at infinity. This is so because we wish to avoid the added complexity of
incompressible inviscid flows in infinite domains and related issues like the Stokes
paradox (see e.g. [14, Chapter V]). We also note that nothing in our analysis is
contingent upon the consideration of a linear flow on dD. Any boundary condition
of the form u = ¢ with ¢ € H'(D;R") and div ¢ = 0 will do. Consequently, the
third relation in and 7 respectively, will be replaced by

u =1 — bin Section Ml (resp. u = 1 in Sections , on 0D, (1.6)
with ¢ € H'(D;RY) and div ¢ = 0.

Second and more significantly, while we can revisit Galdi’s problem in any di-
mension (generalizing the notion of torque) for general geometries of the obstacle,
only in the two-dimensional case can we take advantage of such generality when
going to shape optimization (see the comments at the beginning of Section . This
is so because our analysis relies on a result of Sverak [19], itself based on purely
two-dimensional arguments; see our stability result Theorem and the proof of
Theorem [4.5

Our results are only a first step even in a two dimensional setting. Whether one
could achieve w = 0 for any flow of the form u = Az + a on 0D remains unclear
although we give an affirmative answer through the example of a horizontal needle
in Section |5/in the case of a pure shear flow, that is when a =0, A = (g (1)) In that
section, we also compute the angular velocity for a disk and a vertical needle when
subjected to the same pure shear flow. All of those are achieved in the setting of
the Stokes mobility problem.

In a subsequent step, one should investigate the topological regularity of the
possible minimizers or maximizers which, in view of the result of in Section |5 may
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prove quite challenging from the standpoint of the classical methods that use the
concept of shape derivative.

Notationwise, we define, for any a,b € R, the commutator [a,b] :=a®b—b® a,
an element of R¥4=1/2 We denote the identity matrix on R? by id. The Euclidean
scalar product on R? and the Frobenius inner product on R**? are both denoted by - .
The basis €;,7 = 1, ..., N, is the canonical orthonormal basis of R" with €3 pointing
upwards if N = 3 and gravity is involved. By 1g we denote the characteristic
function of the set E, by B(z, ) the open ball of center x and radius r in the ambient
space RY and by 1 the d-vector with entries 1 with d =1, N or N(N —1)/2.

For constants, the notation Cr means that the constant, whose value may change
from line to line, is only a function of the quantity F'.

By cap, we denote the 2-capacity, an outer measure on RY; see e.g. [10, Section
4.7].

We also introduce the following notation

d .
<f> u)c’?E = Zi:l(fia Ui>H71/2(aE),H1/2(aE)€ia
(1.7)

d —
<f, U)aD = Zi:1<fz', Uz‘)H—l/?(aD),Hl/?(aD)ei

for f € HY2(0F;RY),u € HY2(OE;RY) and f € H-Y2(0D;R?),u € H'?(0D;R?)
respectively. In what follows d will be 1, N, or N(N — 1)/2, depending on the
context.

The rest is standard notation.

2. A GENERALIZED SETTING — THE STOKES CASE

In this section we prove a Galdi type theorem [13] for compact obstacles E lying
inside a large N-dimensional open simply connected bounded box D with sufficiently
smooth boundary. The fluid boundary condition on 9D will be given by (L.6)).

We first consider in Subsection the case where E is the closure of a domain
with Lipschitz boundary, so that the Stokes equations can be classically solved and
the conditions of self-equilibrium involve integrations on regular boundaries. This
will in turn suggest the proper generalization of the problem in the case of general
obstacles which we address in Subsection 2.2

2.1. Obstacles with Lipschitz boundary. Assume that F C D compact is the
closure of a Lipschitz domain.

Theorem 2.1 (Galdi’s theorem). Let D C RY be open bounded with Lipschitz
boundary and v € HY(D;RYN) with divy = 0. Let E C D be the closure of a
Lipschitz open set and consider (ugap, prap) € HY(D\ E;RY) x L2(D \ E) the
solution to Stokes equation

—puAu+Vp =0
(2.1)
divu =0
on D\ E with boundary conditions
u=1 on 0D
(2.2)

u=Qr+b ondFE,
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where (2,b) € RV*N x R with Q skew-symmetric.
Then there ezists a unique pair (Qp,bg) such that, setting

(ug,pE) = (UEQEbe: PEOELE);
the associated stress op := 2ue(ug) — prid satisfies
(opv,1)or =0 and (lopv,z],1)or =0 (2.3)
where v is the exterior normal to OE and (-,-)sp is defined in (L.7)).

Proof. We divide the proof into three steps.

Step 1: An auxiliary problem. In this step, we establish that, if v = 0 and if

(2.2), (2.3]) holds true, then

Indeed, testing equation (2.1)) by u := ugq, (with associated stress o := opqy)
we obtain

0= Q,u/ le(u)* dz + (ov, (Qx + b))og
D\E

= 2,u/ le(w)|* dx + ([ov, 2], 1) o5 - Q + (ov,1)o5 - b = 2,u/ le(u)|? de,
D\E D\E

which implies that e(u) = 0 in the open connected component D (with Lipschitz
boundary) of D\ E whose boundary contains dD. On that component u must be
an infinitesimal rigid body motion of the form Qz 4 b, with Q skew-symmetric. But
w=0on dD so that 2 =0 and b = 0. Since u = Qz + b on D N HE, we conclude
that 2 =0 and b = 0.

Step 2: A family of elementary problems. Take now 1) = 0 and Q;jl = —ka =
0ik0j1,1 # J, b=10, orelse b = €;,Q =0 with 4,5 =1,...,N . As4,j vary from 1
to N, this defines N(N + 1)/2 Stokes problems with solution pairs (u,p) and their
associated stress o = 2ue(u) —pid. We claim that the associated N (N + 1)/2 pairs
((ov,1) 5, {[ov, 7], 1))sr are independent vectors in RYV+1)/2 and thus form a basis
of RYW+1)/2 which we will denote by {F}}.

Indeed, otherwise a non trivial linear combinations of those would be nul. But,
by linearity, this would generate a non-zero pair (Q,0) € RV x RN with Q skew-
symmetric such that the auxiliary problem of Step 1 is satisfied which contradicts

9.

Step 3. Solve Stokes equation on D \ E under the boundary conditions and
Q2 =0and b=0on JF. This will yield a solution pair (u,p) with associated stress
o generating a N(N + 1)/2-vector F := ((ov, 1)sg, ([ov, 2], 1)sr).

In view of Step 2, there exists a unique N (NN + 1)/2-vector (as, ..., an(n+1)/2) such
that

N(N+1)/2
F= Y ok, (2.5)
k=1

where {F},} is the basis defined in Step 2. To that linear combination, we associate
the corresponding linear combination of the b*’s and %’s which yields a pair b, Q
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such that the solution (,p) to Stokes with boundary conditions & = 0 on 9D and
u = Qu+bon JF yields a N(N + 1)/2-vector ((av, 1)og, ([ov, x],1)sr) equal to F.

But then (@ := u — @,p := p — p) is the solution to Stokes equation (2.1)) with
boundary conditions @ = 1 on 9D and @ = —Qx — b on JF and, in view of ([2.5)), it
is self-equilibrated. l

Remark 2.2. By the divergence theorem, ([2.3)) equivalently reads as
<UEV7 1>8D - Oa

<[0El/, .CE], 1>6D = 0,

which has the distinct advantage of integrating over the boundary of D in lieu of

that of the obstacle OF. q

2.2. The general case. With the help of Remark [2.2] we are at liberty to do away
with the Lipschitz regularity of JF and to only assume that

E C D is a compact set with caps(E) > 0. (2.6)
The resulting open fluid domain D \ E may thus have a very “rough” or singular
boundary near FE.
To lend meaning to the Stokes problem ({2.1)) with boundary conditions ({2.2]), we
introduce the following subset of H!(D)
Hpap(D) := Closure pryy{p € C(D;RY) : divp = 0,
¢ = (Qx 4+ b) in a neighborhood of E} (2.7)

and interpret the problem as

(u,p) € Hp0p(D) x L, (D \ E)
—pulAu+Vp=0 in D\ E (2.8)
u=1 on dD.

A solution (ugap, PEas) is given after the following remark.

Remark 2.3. An equivalent way of defining the space Hg (D) consists in impos-
ing the condition ¢ = (Qx + b) solely on the obstacle £, that is defining Hg o (D)
as
Hp (D) := Closures pryy{p € C°(D;RY) : divp = 0, = (Qz +b) on E}.

This highly non trivial result is a direct consequence of the following. In view of [16),
Theorem 5.11], if u is the H'-limit of a sequence p,, € C=(D;RY) with ¢, = Qz +b
on E then u — (Qx + b) = 0 capy a.e. on E. But then, according to [1, Theorem
9.1.3], o(u — (Qz + b)) € HY(D \ E;RY) for any ¢ € C5°(D; RY) which is trivially
equivalent to our definition ([2.7)) of the space Hg o u(D). 9

First, the fluid velocity field is the unique minimizer ug o of
min {/ |Vul* dz : w € Hpqaup(D) : u=1 on 8D} : (2.9)
D\E

From ([2.9) the Stokes equation is recovered. Indeed, the Euler-Lagrange equation
immediately implies that Aug g, € H (D \ E;R") vanishes on smooth divergence
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free vector fields with compact support in D\ E. By De Rham’s theorem which holds
true within a distributional framework (see e.g. [21]), there exists a distribution
peay € D'(D\ E) such that

MAUE@’(, = VpE’QJ) in D \ E.
In view of Lemma below, ppay € Li,.(D\ E), with pg o square summable near

loc

oD. If D' is a Lipschitz open set such that £ CC D’ CC D, by adding a suitable
constant to pg qp on the connected component of D\ E which contains 0D , we can

also assume, thanks to (2.11)) in Lemma that
||pE’,Q,b||L2(D\5/) < OD\B’HUE,Q,bHHl(D;RN)' (2'10)

Note that the divergence-free stress og oy = 2ue(ugas) — prasid is such that the
quantities (ogqpv, L)ap and ([ogauv, ], 1)sp defined through the first equation in

(1.7) are meaningful.

Lemma [2.4] is a well-known result but we could not locate a proof in its full
generality, which is why we provide a proof below.

Lemma 2.4. Let U C RY be an open bounded set with Lipschitz boundary. Let
p € D'(U) be such that Vp € H-Y(U;RY). Then p € L*(U) and there exists a
constant Cy such that

||p||L2(U) <Cy [||p||H*1(U) + HVp”H*l(U;RN)} .
and
S CUHVpHH_l(U;RN)' (211)

Hp — ][ pdx
U L2(U)

Proof. Fix ¢ € C(U) with [, ¢ dx = 1. Then, for every ¢ € C*(U), Bogovski’s
theorem (see [4, Theorem 1] and also [14] Lemma II1.3.1 and Theorem III.3.1])
implies the existence of Fi, € C°(U; RY) such that div F,, = ¢ — ¢ [, ¢ dx and

w—wAwM

< Cu(1+ [z (LY (U0l 20y
L2()

HFsoHHg(U;RN) <Cy

Then,
<n@—@w—¢A¢W%HwWA¢M
=mmww+mwﬁwwz4www+mwépw

< 9l 0y |l ey + 12 0)] / ol da
U

< [Co@ + 9]l 2@y (LY ONY )N VDl -y + |<p,¢>|(£N(U))l/2]||90HL2((£J)1.2)

The previous inequality entails that p can be extended to an element in the dual of
L*(U). By Riesz theorem, p € L*(U).

To recover the first estimate of the theorem, it is sufficient to note that p € L*(U)
yields in particular p € H~!'(U) so that we can estimate the quantity |(p,+)| in
(2.12) with |[p[|g-1 ) |9]| 2 0y, hence the result.
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To recover (2.11)), we can assume that p has zero mean and use again (2.12)) to

get
/psodx < CullVpllg-—wz) ‘@—@b/@dw + /mbdﬂ: / o] dx.
U U L2(U) U U
. 1
Letting v converge to LN—(U)1U7

/PSO dz < Cul|Vp|lu-1wrn)
U

F—f¢m
U

so that (2.11)) follows by letting ¢ converge to p in L*(U).
The result follows by choosing Cyy to be 2Cy. U

Remark 2.5. Let D’ be a Lipschitz open set such that £ cC D’ cC D. There
exists a constant Cp pr > 0 such that

lugullm o) < Coor (1] g pryy + 12 + 1b]) - (2.13)

Indeed consider a cut-off function ¢ € C*(R") with ¢ = 1 in a neighborhood of
R\ D and ¢ = 0 in a neighborhood of D’ and the problem

divw = —div (g + (1 — ¢)(Qx + b)) in D\ D'
w=0ondDUID.

L2(U)

According to Bogovski’s theorem (see [4, Theorem 1}), there is a solution w €
H}(D\ D';RY) since

/D\D/ div (1 4 (1 — ) (Qz + b)) da

= w-ud’HN‘l—/ (Qu +0b) - v dHN !
oD oD’

:/divw dx—/ div (Qx + b) dz = 0.
D /

Moreover

HwHHé(D\ﬁ’) < Cpp||div (¢ + (1 — ¢)(Qx + b)) HH(D\E’)
< éD,D’ (||¢||H1(D;RN) + (€] + |b|) .
We deduce that
vi=p+ (1 —9)(Qr+b)+we Hpap(D)
so that the inequality

/ |VU/E7Q.b|2de < / Vo|? dx
D\E D\E
entails (2.13]). 9

Remark 2.6. If C' is any open component of D \ F, except that whose boundary
contains 0D, then the solution (ugqap, prap) to Stokes problem on C' is simply
(Qx 4 b,0). In other words, we can erase the “bounded” connected components of
D\ E without changing the problem and could thus assume throughout the rest
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of the paper that F and its complement are connected (hence that E is simply
connected in dimension 2). We will refrain from doing so because it does not impact
any of the subsequent arguments. q

Remark 2.7. Note that, when caps(E) = 0, Hg (D) = H'(D;RY). The integra-
tion in (2.9)) is then on the entirety of D, so that the £, 2 and b have no influence
on the associated Stokes problem. q

We claim that Galdi’s theorem still applies to this generalized setting. We need
the following result.

Proposition 2.8. Assume (2.6) and let (2,b) € RV*N xRN with Q skew-symmetric.
Assume that the normal stress ov € H=Y/2(0D;RN) on D associated to the solution

(u,p) of (2.8]) with ¢ =0 is such that
(ov,1)op =0 and (lov,z],1)sp = 0.
Then (2,b) = (0,0).

Proof. Testing the Stokes equation with u we obtain as before that e(u) = 0in D\ E.
Since u € Hgou(D), we also obtain by approximation that, as a distribution, e(u)
is supported in D\ E. As a consequence e(u) = 0 on the whole of D, which together
with v = 0 on D entails that w = 0 on D.

By Remark , if u € Hg (D) and @ denotes its precise representative, then

u(x) =Qxr+0b for capy,-a.e. z € F. (2.14)

Then, since

O0=1u(x)=Qx+b for capy-q.e. x € F,
and because the kernel of a non-zero skew-symmetric matrix is at most (N — 2)-
dimensional, we deduce that, unless {2 = 0 and b = 0, £ must be of the form

E=EUE;

with cap,(Fo) = 0 and E; contained in a (N — 2)-dimensional hyperplane so that
HNT2(E)) < co. If N > 3, by e.g. [10, Theorem 3, Section 4.7.2], capy(F;) = 0,
contradicting . If N = 2, then E, having finite H"-measure, is a finite number
of points, hence, once again, cap,(E;) = 0, contradicting (2.6). We conclude that
2 =0 and b =0. The result is proved. O

Remark 2.9. The proof of Proposition above reduces to establishing that rela-
tions e(u) =0in D\ E and u =0 on 0D for u € Hg g, yield 2 =b = 0.

In the case where F is regular enough (see Step 1 in the proof of Theorem [2.1]) we
used the information of the trace of u on OF — a well defined quantity equal to Qx+b
— as a transmission condition which forces {2 and b to vanish. This argument has
apparently disappeared in the proof Proposition [2.8 Through measure-theoretical
geometric arguments, we can also evidence in our general setting a transmission
condition between the irregular boundary 0F and the region D \ E.

More precisely, setting

OtE = {x € OF : limsup LY (B, r) N (D) B)) > O}

N
r—0+t r

we claim that
capy (0T E) > 0. (2.15)
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Now, if v € Hpqu(D) with w = 0 on D \ E, by (2.14) and the continuity of
y — Qu + b, for capy-a.e. © € OTE,

1 1
0= lim — /B( ) [u(y) — (Qy +b)|dy > limsup — |Qy + b|dy

=0t T r—0t T JB(zr)N(D\E)
1
> |Qz + b| limsup — LY (B(z,r) N (D \ E))

r—ot T

which yields
Qr+b=0o0ond"E.
But in view of (2.15)), we get Q2 = 0 and b = 0 by using the same arguments as in
the final part of the proof of Proposition with 0T E in lieu of E.
Let us prove claim (2.15)). If false, by e.g. [10, Theorem 4, Section 4.7.2],

HNLOTE) = 0.

Since the essential boundary O.F of E is contained in 0TE, we deduce that
HY"H(Oes F) = 0. By Federer’s theorem [10, Theorem 1, Section 5.11], E is a set of
finite perimeter with 15 = 0, hence a set of 0-volume, that is such that 0F = E. We
infer that all points in E have density 1 for D\ E. As a consequence 0t E = 0F, so
that cap,(E) = cap,(9F) = 0 against assumption [2.6] 9

We are now in a position to generalize Galdi’s result to our setting.

Theorem 2.10 (A generalized Galdi theorem). Assume (2.6)). Then there exists
a unique pair (Qp,bg) € RN x RN with Qp skew symmetric such that, denoting
by

(uE,pE) = (UE,QE,bEwa,QE,bE)
the solution to , where 1 € HY(D;RY) with div ¢ = 0, the associated stress
og = 2ue(ug) — peid satisfies

(ogv,1)op =0 and ([opv,z],1)op =0,
where v(x) is the outer normal to D at x € OD.

Proof. The proof is identical to that of Theorem once Step 1 has been replaced
by Proposition [2.8] U

Note that when FE has the regularity required for the application of Theorem [2.1],
we recover the same solution.

3. OPTIMIZATION PROBLEMS IN TWO DIMENSIONS FOR STOKES FLOWS

We saw in Section [2 (Theorem above that assuming the minimal condition
(2.6]) was sufficient to assert the existence of a self-equilibrated velocity field of the
form Qgx 4 bg for the obstacle F when the surrounding Stokes flow is driven by
¢ € HY(D;RY) with div ¢y = 0 on 9D.

We now address the optimization with respect to the obstacle E of a functional
of the type E — f(Qg, bg).

Shape optimization problems associated to elliptic equations under Dirichlet bound-
ary conditions are generically ill-posed. This leads to homogenization effects for
example. Well-posedness is connected to the issue of stability of solutions to elliptic
problems under the variation of the domain. Such stability statements hold true
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under additional constraints which severely limit the possible geometries: one such
setting is the classical constraint of equi-Lipschitzianity (see [9] and [6l, Section 4.6]).

The situation is different in two spatial dimensions thanks to [19]: through the use
of capacitary arguments, stability is proved there within the class of domains whose
complement has a uniformly bounded number of connected components, thereby
allowing a large class of possibly singular variations. Well-posedness of shape opti-
mization problems, like that of the minimal drag force in a stationary Stokes/Navier-
Stokes setting, is then achieved (see [19, Section 4]). Suitable extensions involving
domains with capacitary constraints have been proposed in [7, [§], and used in [3]
for various shape optimization problems in fluids.

In this section and with [19] in mind we restrict our focus to the two-dimensional
setting. The pair (2,b) with the skew symmetric matrix Q = (0 70(”) may be
w

replaced by a pair (w,b) € R x R? with wéy as out of plane angular velocity. We will
correspondingly define wg in lieu of (g and use interchangeably ) or w,depending
on the context.

We first prove (Theorem the stability of self-equilibrated flows with respect
to the variation of the obstacle E under Hausdorff convergence (see [2, Definition
4.4.9]).

We then consider (Theorem the optimization (minimization or maximization)
with respect to F of the functional

FE— f(wE, bE)

under suitable conditions on the function f : R x R? — R and additional constraints
for E/. This setting will include the minimization or maximization of the modulus
of the angular velocity of the obstacle.

3.1. Stability of self-equilibrated solutions under obstacle perturbation.
The following theorem holds true.

Theorem 3.1 (Stability). Let D C R? be open bounded with Lipschitz boundary,
and let yp € HY(D;R?) with div i) = 0 be given. Let E, and E be compact sets in
D satisfying with a number of connected components uniformly bounded in n
and such that

E,— FE in the Hausdorff topology. (3.1)

Then the self-equilibrated solutions ug,,ur given by Theorem satisfy
Ug, — Ug weakly in H'(D;R?)
and

Wg, — WE and bEn — bE

Proof. For notational simplicity, we set wg, = wy,bg, = b, and ug, = u,. We
divide the proof into three steps.

Step 1. Assume that
Wy, —> W and b, — b
for some w € R and b € R%. Thanks to (2.13)) (u,)nen is bounded in H!(D), so that,

up to a subsequence
Up — U weakly in H'(D;R?). (3.2)
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Let p € C°(D \ E;R?) with dive = 0: in view of the Hausdorff convergence (3.1)),
¢ is also in C°(D \ E,;R?) for n large, so that passing to the limit in the Stokes
equations on D \ E, we get, in view of (3.2)),

/ Vu-Vedr =0. (3.3)
D\E
We claim that

u € Hgap(D) (3.4)
(see ([2.7)).

Indeed, for every open set A C D, set
H(A) := Closuregi {p € C(A;R?) : divp = 0},

and let P4 denote the orthogonal projection of H(D) onto H(A) with respect to the
scalar product (V-,V:)2.

Since the number of connected components of E,, is uniformly bounded in n, [19,
Theorem 4.1] implies that

Po\e, = Pp\k strongly in L(H(D); H(D)). (3.5)

Let D' be a Lipschitz domain such that £ CcC D' CC D, so that, for n large
enough, £, CC D’ CC D. Thanks to Bogovski’s theorem (see [4, Theorem 1]), we
can construct v, € H'(D;R?) such that

diviy, =divy =0 in D, ,=1v¢=1 on 0D

&n:wn(?g/\x—l—bn in D', zﬂzo.ne?,/\m—l—b in D’
and 3 )
Y, — 1 strongly in H'(D;R?). (3.6)

Clearly, by construction 3

U — Y € H(D\ E,)
so that passing to the limit in

Up — Q/Zn - PD\En (un - QZn)7

in view of (3.5)), (3.2) and (3.6) we deduce that

U — 72 = PD\E(U - 7;)
which yields (3.4]).

From (3.3) and (3.4) we infer that u = ug.p. In view of (2.10) we can assume
that the pressure p, associated to u, is bounded in L?*(D \ D'), with

pn—p  weakly in L*(D\ D’)
2

where p € Lj (D \ E) is the pressure associated to ug, ;. Passing to the associated
stresses, this entails

OnV = oV weakly* in H~Y/2(0D,R?),
and consequently, because the u,’s are self-equilibrated we obtain
(ov,1)op = (Jov,z],1)p = 0.
We conclude that u = ug, so that, in particular, the entire sequence is such that
Up — Up weakly in H'(D;R?) (3.7)
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while
W= wg and b=bg. (3.8)

Step 2. Let us show that
lwn| + |bn| < C

for some C' > 0. By contradiction, assume that o, := |wy,| + |b,] — +00. Up to a
subsequence we can assume that

1 1
—Ww, =W and —b, = b
n C(n

for some w € R and b € R? such that (w,b) # (0,0). Notice that (iun, ipn)
is the self-equilibrated solution of the Stokes problem for E,, under the boundary
displacement

1

—1 =0

Oy
Following the arguments of Step 1 — the only difference being that the boundary
velocity is not fixed but converges to 0 strongly — yields

1
—uy, = uy weakly in H'(D;R?)

n

where u% is the self-equilibrated solution for E relative to the zero boundary con-
dition on 9D, and with associated non trivial rigid body motion on E given by
weés A x + b. But this is against Theorem [2.10, according to which (w, b) = (0,0).

Step 3: Conclusion. By Step 2, (w,,b,)nen is bounded in R x R2, so that, up
to a subsequence, (wp,b,) — (w,b). Relations (3.7) and (3.8) of Step 1 yield the

conclusion. O

3.2. Shape optimization. We are now in a position to derive our shape optimiza-
tion result.

Let D C R? be an open bounded set with Lipschitz boundary, and fix D’ cC D
open. Given 0 < m < L*(D’), consider the family of obstacles

En:={E C D' : E is compact connected with £*(E) > m}. (3.9)
Let f: R x R? = R. We are interested in minimizing or maximizing the map
F e gm — f(wE,bE),

where (wg, bg) is the velocity field on E of the self-equilibrated Stokes flow under
the boundary condition ¢ € H'(D;R?) with div = 0 according to Theorem [2.10}]
The following result holds

Theorem 3.2. If f : R x R? — R is lower semicontinuous, then the minimum
problem

i b
min f(wg, bg)
is well posed. If f is upper semicontinuous, then the maximum problem
b
gé%ﬁ f(wE,bE)

s well posed.
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Proof. We investigate the minimization problem, the other one being similar. Con-
sider a minimizing sequence E,, € &,,.

Appealing to Blaschke’s compactness properties of Hausdorff convergence (see [2,
Theorem 4.4.15] or [12, Theorem 3.16]) we can always assume that

E,, converges to a compact set £ C D’ for the Hausdorff convergence.

Further, since FE,, is a sequence of connected sets, F is also connected.
Moreover, since, for every compact set K C D\ E, K C D\ E,, for n large enough,
we easily deduce

£3(D\ E) < liminf £2(D \ E,)

n—-+0oo
so that
m < limsup L*(E,) < L*(E).
n—-+00

We conclude that F € &, and that &,, is compact in the Hausdorff topology. In
particular, caps(FE) > 0 .

In view of the stability result Theorem 3.1 wg, — wg and bg, — bg. Then the
lower semicontinuity of f implies

f(wE, bE) S liminff(wEn, bEn)

so that E is a minimizer for the problem. O

Remark 3.3. In the spirit of the proof of Theorem [3.2] the shape optimization is
also well posed in

F:={ECD : FEis compact connected with {5z C E }, (3.10)

where (g is a segment of given length [ > 0.

Indeed, if E, € F with E, converging to E in the Hausdorff topology, then, as
above E C D’ and E is connected. Up to a further subsequence, we can further
assume that the segments /g converge in the Hausdorff topology to a segment /g
of length [ such that /g C E, which shows that £ € F. The rest of the proof is
identical. q

4. A GENERALIZED SETTING — THE NAVIER-STOKES CASE

In this section where the dimension is kept to N = 2, 3 for simplicity of exposition,
we propose to tackle the quasi-static problem in the generalized setting of Subsection
2.2| To that effect we must find in this new framework an equivalent to Remark
which will allow us to transfer the conditions to the smooth boundary 0D of
the fluid domain.

We only consider the case N = 3 and emphasize the modifications required in
the case N = 2 as needed. To such an end, we introduce the rank-one tensor
pe(WA(z—2,))@(wA(x—x,)). It is easily checked, using that div(wA (x—z,)) = 0,
that the following algebraic properties hold true:

div[(wA (2 —2,) @ (WA (x —24))| =wA (WA (z — )

div[((z —z) A(wWA (2 —24))) @ (WA (z — )] = (2 —x) AN|w A (WA (x — z4))].
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Thus, recalling (|1.5)), we apply the divergence theorem to the second and third term
of the first equation as well as to those of the second equation and take into account
the definition (1.1)) of the inertia matrix. We conclude that ([1.5]) also reads as

0= 8E{U —pe(WA (2 —2,) @ (WA (¥ — ) + prpgrsidjvdH?

0= / (x—z) Ao —ppwA (2 —1,)®@ (WA (x —x,)) + ppgrsid}vdH>.
OF
(4.1)
Further, upon setting
Ki=0 = pu®u+ pgrsid = 2ue(u) — (p — pgas)id — pu @ u,

the system ((1.4)), in which the boundary condition at oo has been replaced by (|1.6))
on 0D, reads as

(divk =0, on D\ E

divu =0, on D\ E
(4.2)

u=1 —b, on 0D

[ u=wA (z— ), on OF.

We conclude that, provided that the solid is neutrally buoyant, that is p = pg, then
plu@uly = pp[(wA (z — 2.)) @ (WA (z — x,))]v on OF and thus

kv ={0—pp(wA (z —z,)) @ (WA (z — x.)) + ppgrsid}v,
so that (4.1) merely reads as

0:/ kvdH?

oOF

0:/ (2 — 2.) A (k) dH2.
OF

We can thus, as in Remark [2.2] transfer the equilibrium conditions to dD using that
dive=0in D\ E.
Absorbing the term pgzs into the pressure field, the problem finally reads as (4.2))

with
(kv,1)op =0
(4.3)
<(ZE - LL'*> N KV, 1>8D =0,
where k is given by
K:=0—pu®u=2pe(u) —pid — pu ® u. (4.4)

Similar arguments can be used to deal with the case N = 2 (the weight can then be

neglected), leading again to problem (4.2)), (4.3).
The introduction of the stress k is key in addressing a general obstacle E without

regular boundary.

By application of Bogovski’s theorem (see [4, Theorem 1]) as in Remark we
are always at liberty to assume that the boundary condition 1 satisfies

suppy) C D\ D’ for some Lipschitz open set D' with E CC D' CC D. (4.5)

This we will do from now onward.
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Assume ([2.6) as before and consider the (slightly modified) set defined for any
pair (w,b) € R® x RY as

Hp..3(D) := Closuresipy{p € C*(D;R") : divyp = 0,
¢ =w A (z — z,) in a neighborhood of E, ¢ = —b on 0D}.

(In the case N = 2, w is of the form wé3 so that the wedge product has to be
understood as the wedge product of w with the 3-vector x + 0es).
Self-equilibrated flows for a boundary datum + € H!(D) with divy = 0 and

satisfying (4.5]) are solutions (u,p) of

pdiviu @ u) — pAu+Vp=0in D\ E
(4.6)
u—1 € Hpup(D),p € Li,.(D\ E)

loc

such that
(kv,1)op =0 and ((x — ) ARV, L)op = 0, (4.7)

where & is given in (4.4)).

The search for self-equilibrated solutions - can be reduced to the fol-
lowing problem involving the velocity field alone: find a pair (w,b) and u with
u—1 € Hg,p(D) such that

o /D () - elp) dz = p /D (u @) - e(p) de (48)

for every ¢ € Hy ;3(D) and every (@,b) € R* x RN. Note that, by definition of
Hg wp(D), u is in particular in H'(D).
Indeed the following lemma holds.

Lemma 4.1. Ifu withu—1 € Hp,, (D) solves (4.8)) then there existsp € L3, .(D\E)

loc

such that (u,p) solves (4.6) and (4.7). Conversely, if (u,p) solves (4.6) and (4.7),
then u solves (4.8]).

Proof. For a given pair (@, 5), equality is satisfied if and only if it is also satisfied
for every » € H'(D) with ¢ = 0 in a neighborhood of E and ¢ = —(0 A (z —z*) +b)
on 0D.

In particular, choosing smooth tests with compact support in D \ E (so taking
w=0b=0 for those) we recover a pressure field p € L2 (D \ E) such that the tensor

loc
k in (4.4)) satisfies
divk =0 on D\ E.

Moreover, proceeding as in Section p € LD\ D') (recall (4.5)), hence x €
L*(D\ D’), so that integration by parts entails that

b- <I§JV, 1>8D +w- <(l‘ - Jf*) N KV, 1>8D = 0.

Relations (4.3)) follow since @ and b are arbitrary.
The reverse implication is similar, and the proof is concluded. O
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4.1. Existence of self-equilibrated solutions. We prove the existence of self-
equilibrated solutions by addressing the equivalent problem through a Banach
fixed point argument, provided that the external boundary condition satisfies a suit-
able smallness assumption — essentially akin to imposing a small enough Reynolds
number — and that the mass density of the fluid is also that of the obstacle (neutral
buoyancy).

The proof will use the following variant of Korn’s inequality.

Lemma 4.2 (Korn). Let E satisfy (2.6). There exists a constant Cp g > 0 such
that, for every u € HY(D;RN) with u = 0 in a neighborhood of E,

[ull (o) < Cp,plle(w)lL2(p)- (4.9)

Further, if E is restricted to be such that LN(E) > m for some fized constant m > 0,
then Cp g = Cpm, that is the constant in (4.9) depends only on D (and m which
will remain fized).

Proof. By Korn’s inequality on D,

[ullrpy < Cp(lle(u)|lz2p) + [[ullr2(p)) (4.10)
so that it suffices to prove that, for some constant Cp g,
lullr2p) < Cpelle(u)r2p)-
We proceed by contradiction. Assume that u, € H'(D) is such that

[wnllL2(p) > nlle(un) || 2(D)-
We may assume that u,, is smooth with, upon renormalizing,

1
||Un||L2(D) =1 and ||€(Un)||L2(D) < n

By (4.10), (un)nen is bounded in H'(D). By compact Sobolev embedding, for a
subsequence, u,, — u strongly in L?(D) for some u € H'(D) such that ||u|;2p) = 1
and e(u) =0 in D. Thus u = w Az + b for some pair (w,b) € R* x RY.

Further, using again, u,, — u strongly in H'(D), so that [16, Theorem 5.11]
implies that, for a subsequence, u,, — u cap,-q.e. on D. In particular, since u, =0
on E, & = 0 capy-g.e. on E. Exactly as in the proof of Proposition [2.8] this yields
in turn that w = b = 0, in contradiction with ||u||z2(p) = 1.

To prove the last part of the Lemma we argue by contradiction as well and, as
before, consider a sequence of obstacles E,, and a sequence u,, € H'(D), with u,, = 0
in a neighborhood of F,,, such that

tn||z2(py > n|le(un)| z2(py and [Jup||L2py = 1.

But then u,, — u strongly in H*(D;RY) with u = w A x + b for some pair (w,b) #
(0,0). Now, since

/limsuplEndm‘Zlimsup/ lg, dxr >m
D D

n n

we infer that the set-theoretic limsup set F' := {z € D : limsup, 1g,(z) = 1} of
the sequence (E,),en satisfies LV (F) > m. Since, up to a subsequence, u, — u a.e.
in D, we obtain that, for a.e. x € F,

wAx+b=0
which is against (w,b) # (0,0). O
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Theorem 4.3 (A generalized quasi-static theorem). Assume that E CC D' CC
D satisfies (2.6]), that the dimension N is 2 or 3 and that p = pg. Consider
Y € HY(D;RY) with div ¢ = 0 and with support in D\ D'.

Then, for some Mp g >0 and My, 5 > 0 only depending on D and E, if

o/ e py £ Mp,k,

there exists a unique pair (wg,bg) € R3 x RN and a unique up with ug — ¢ €

Hgwp s (D) and |le(up)||z2py < Mp g such that (4.8)) is satisfied.

Proof. We will prove the existence of a solution to (4.8)) through a Banach fixed
point argument.

Step 1. Set
XE‘ = U HE,w,b(D)
w,b
We claim that X is a closed subspace of H'(D).

In order to prove this, let us first notice that there exists Cp g > 0 such that for
every v € Hg (D) we have

jwl+ 16l < Cpelle®)lr2(p)- (4.11)

This is a consequence of the continuity of the trace operator from H'(D) to L*(0D)
and of the Korn inequality of Lemma applied to the function v —w A (z — ),
together with the fact that infinitesimal rigid body motions form a finite dimensional
space.

To prove that X is a closed subspace of H'(D), let v,, € Xg withv,, € Hg ,, 5, (D)
and v, — v strongly in H'(D). By definition of the space Hg,,, 5, (D), it is not
restrictive to assume that v, is smooth and v, = w, A (r — ) in a neighborhood of

E. From (4.11]) we get
|lwn| + 1bn| < Cp.elle(vn)|lL2p)-

Thus (wy, b,) is a bounded sequence in R? x RY so that, up to a subsequence, we
may assume w,, — w and b,, — b.

By application of Bogovski’s theorem (see [4, Theorem 1]) we can construct a
smooth function 7, € C*(D;RY) such that 1, — 0 strongly in H'(D) and

divy,=0in D, 7n,=—-w, Az —x.)+wA(x—x,)inD" n,=-b,+bon dD.

Then the smooth function o, := v, +n, belongs to Hg (D) with ©,, — v strongly
in H'(D). This shows that v € Hg,, (D), and thus v € Xg.

Step 2.
For every v with v — ¢ € Xg, let T'(v) with T'(v) — 1 € X be the solution to

QM/D e(T(v)) - e(p) dx = p/D(v ®wv)-e(p) dr (4.12)

for every ¢ € Xg. Since v @ v € L*(D) by Sobolev embedding, the solution T'(v)
can be recovered by minimizing the functional

u /D le(w)|* do — §/D<U®U) e(u) dx (4.13)
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over the functions u such that u —1 € Xg. The minimization is well posed because
Xp is closed in H'(D) by Step 1 and because a control on the L? norm of the
symmetrized gradient is enough to get a bound in H'-norm. Indeed, thanks to
Korn’s inequality on D,

ull gy < Cp (llull2opy + lle(w)ll2p)) - (4.14)
In view of estimate (4.11)),
[ul| 2op) < Cp(|w] + [b] + [¢llz20m)) < Cp. (le(w)| 2oy + [1¥]l a1 (py) -
Hence
lull oy < Cpe (lle(w) |2y + U1 ()) - (4.15)

To get a bound for the solution T'(v), we first note that the boundary datum 1,
because of where it is supported, is an admissible competitor for the minimization

of . Thus,
2 P 2 P
(T () < 2 /D (v ®) - e(T(v)) de + /D () do—~ /D (v ®v) - e(8) de

1 0> p 1
< —He(T(’U))H%%D) + 2—IUQHUH4L4(D) + He(qﬁ)”%%m + Q—MQHUH4L4(D) + 5”6(7#)“%2([))

which yields
le(T @20, < VBllet) 2wy + V27 vl
Thanks to and Sobolev embedding,
[0l zapy < Cpllvllmpy < Cp.e (lle(v)ll2my + 10 m1(p)) (4.16)

so that we conclude to the existence of a constant Cp g > 0 such that

p p
le(T' ()| r2py < Cp,e (WHHl(D) + ;WH%(D) + ;H@(U)H%z(m) : (4.17)

Step 3. We claim that we can find R > 0 such that, considering the closed subset
of H(D)

K:={v:v—9 € Xg |e)|m) < R},
the map v — T'(v) defined in Step 2 is a strict contraction from K into itself with
respect to the distance

d(v,v") == |le(v) — e(v")|| L2(p)-

This distance is equivalent to that induced by the norm of H'(D) because, by (4.14])
then (4.11)) applied to v — v’ € X,

o = /Loy < Colllv = o'l z2om) + o) — e lz20y) < Coslle(®) — ()20,
In view of (4.17)), if
P
o (||¢||H1<D> ; ;nwn%{lw)) <a, (4.18)
then, for ||e(v)||r2p) < R,

le(T ()|l z2py < CDEgRQ T o
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If 0 < 8 <1and R > 0 are such that
CprlR? +a=8R, (4.19)
1

we get |le(T(v))|lz2py < R < R, so that T'(v) € K. Making the quadratic expres-
sion associated to (4.19) a perfect square, possible values for R and « are

B B2

R = d = . 4.20
20052 0 YT iCps? (4.20)
The restriction (4.18)) on ¥ now reads as
2 2
P P 9 B
= — < —. 4.21
MH@/JHHl(D) + u2||¢||H1(D) <103, (4.21)

Let us now check that 7" is a contraction on K. If v,v" € K, then from (4.12))
d(T(U), T(’l/)) = ||6(T(U)) — e(T(U/))HLQ(D) < %H’U XV — v ® U/”L2(D).

Then, using a simple estimate as in [20, Equation (16.12)] together with (4.16)) , this
also reads as

d(T(0),T(v")) < =([lvllzs(py + [V |Ls) v = V'l 22)

RS

p
< C%,E;(He(v)llmm +le(@)l2o) + 210l )lle(v = ) 2

< 2085 (R 160 )0, ).
Recalling and we get
AT, 70) < (Coss+ 2 ) dons),
that is T is a strict contraction provided that [ is chosen small enough.

Step 4: Conclusion In view of Step 2 and Step 3, the conclusion follows by
applying the Banach Fixed Point Theorem and choosing

—1+4 /14 8%/C} / 3
Mp g = d My o= ——. 4.22
D,E 9 an D.,E QCD,Eﬁ ( )
with 0 < 8 < 1 small enough. O

Remark 4.4. If the obstacle E is further constrained to satisfy £N(E) > m for
some fixed m > 0, the constants Mp g and Mp, 5 in Theoremnly depend on
D and m (and are thus renamed Mp ,, and M}, ). In view of (4.22)), this amounts
to proving that the constant Cp p appearing in (4.11)) is uniformly bounded for £
varying in D’ C D and provided that v € Hg,, (D). Indeed this is the only time in
the proof of Theorem that the constants used in the various estimates depend a
priori on both D and E. But this is an immediate consequence of the latter part of
Lemma 4.2
As a consequence, thanks to inequality , the solution ug satisfies



22 G.A. FRANCFORT, A. GIACOMINI, AND S. WEADY

lusllin oy < Com(lle(us) 2o + (6l < Com (Mb,m ; gMD,m) — o

il

4.2. An optimization result in dimension two. In this subsection we extend

the shape optimization result of Theorem to the 2d Navier-Stokes setting.
Asin Subsection let D C R? be an open bounded set with Lipschitz boundary,

and fix D' CC D open. Given 0 < m < £L%(D’), consider the same family of obstacles

&, as in .

Consider v € H'(D;R?) with div+ = 0 and with support in D\ D’. By Theorem
and Remark , we know that, if (p/p)||¢||g1(py is sufficiently small, there
exists for every E € &, a unique self-equilibrated flow ug with associated velocity
(LUE,bE) eR x R? on E.

The following result holds.

Theorem 4.5. Let ¢ € HY(D;R?) with divi) = 0 and with support in D\ D' such
that )
;HIDHHl(D;R?) < Mpm,

where Mp,, is given by Theorem[{.3 and Remark[{.4)
If f: R x R? = R is lower semicontinuous, then the minimum problem

i b
in f(wg, by)
is well posed, while if f is upper semicontinuous, then the mazximum problem
b
max f(wg, by)
1s well posed.
Proof. The proof of the optimization result of Theorem for the Stokes case can
be adapted to the present setting provided that we establish the stability of self-

equilibrated solutions under convergence of the obstacles.
Assume that E,, E € &,, with

E,—FE in the Hausdorff topology.

For notational simplicity, let us set ug, = u,, wg, = wy, bg, := b,. We need to
check that
u, = up  weakly in H'(D;R?) (4.23)
and
Wy — WE and b, — bg. (4.24)
By Remark (tn)nen is bounded in H'(D) so that, up to a subsequence
Up — U weakly in H'(D).

Thus [|e(u)||z2(py < Mp,,, where M, is the constant given by Theorem and
Remark [4.4]

By Lemma , Up — Y +wp A (x—x,) is bounded in H'(D) as well, so that, taking
the trace on 0D, we infer that, up to a subsequence,

Wp = W and b, — b. (4.25)
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Following the arguments of Step 1 in the proof of Theorem [3.1, we deduce that
u—1 e HE,w,b(D)'

We finally prove that holds true for w. This shows that v = wug, and
consequently w = wg and b = bg; and follow.

It is not restrictive to assume that ¢ = wes A (z — x,) on a neighborhood U of E,
so that, since E,, C U for n large enough thanks to Hausdorff convergence,

p € Hy 53(D).
In view of the compact embedding of H'(D) into L*(D),
U, @u, - u®@u  strongly in L*(D).

and we obtain
2 [ etw-elelde—p [ wen)-e(e)do

~ lim_ (2u /D e(un) - e) dz — p /D (1 ® ) - () dx) 0

Thus (4.8) holds true.
U

Remark 4.6. In contrast with the mobility setting of Subsection [3.1] we cannot in
the present quasi-static setting conclude to the existence of optimizers as in Theorem
under the conditions detailed in Remark [3.3|because the proof of the convergences
is conditional upon the volume constraint £2(E,) > m. The proof of the
corresponding property in the stability result Theorem [3.1], that is Step 2 of that
proof, uses linearity, a feature no longer available in the present setting. Also, our
proof of the E-independence of the H'-bound on the solution to the quasi-static
problem when that obstacle varies is also based on the volume constraint. q

Remark 4.7. In the introductory remarks, we alluded to a possible solving of the
quasi-static problem of self-equilibration in a (non inertial) reference frame attached
to the obstacle. Indeed, one could perform an analysis of the resulting model along
similar lines, the main difference being in the details of the proof of Theorem [4.3]
Under assumption , a theorem identical to Theorem would be produced. §

5. A FEW EXPLICIT EXAMPLES

In this final section we propose to explicitly compute wg,bg for the mobility
problem when the obstacle F has three specific shapes and when dealing with a 2d
pure shear flow, that is when

Y(z) := Az on 9D, A= (8 (1)) , x = (21, 22).

Our first computation is when the domain D is a large open disk of radius R > 1
centered at 0 and the obstacle E is a horizontal needle (the line segment ¢ :=
[—1,1] x {0}). Then the solution to the Stokes system with v = 0 on x5 = 0 is
u = (x2,0),p = 0. But then

. 01
o =2ue(u) —pid = p (1 0)
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and thus ov = u/R (22, x1) on 0D. Consequently,

/UVdHlZ/ xAovdH' =0
oD aD

so that we obtain that wg = by = 0. Since, according to Remark a horizon-
tal needle is a valid candidate for velocity minimization, ¢ does indeed provide a
minimizer for any non-negative function f of (w,b) with f(0,0) = 0. Note that
we might as well have chosen any countable union of line segments of the form
[, aiyq] x {0},i =1, .... with o strictly increasing and —1 < oy < lim; a; < 1. The
result would be identical.

Our second computation is the same setting, but for the fact that the needle F
is vertical (the line segment ¢ := {0} x [—1,1]). Then the solution to the Stokes
system with u = (x9,0) on x; = 0 is u = (x9,0),p = 0. But then we are back to
the computations of the first example. In this case we get that wp = —1,bp = 0.
Since, according to Remark [3.3], a vertical needle is also a valid candidate for velocity
minimization, ¢ does indeed provide a possible candidate for the maximization of
|w].

These elementary explicit solutions are for obstacles without volume and are hence
physically unrealistic. Whether |w| can attain or exceed the value 1 among smooth
head-tail symmetric obstacles in a 2d pure shear flow at infinity is presently unde-
cided, although such shapes have been hypothesized on unbounded domains [5], [18].
In that setting, if there exists a geometry such that w = 0, then a pure rotation of
that geometry yields another obstacle with |w| > 1.

Our third computation is that of an obstacle E = B’ where B’ is a small disk of
radius R’ < 1 centered at 0 with D still a larger disk as in the previous example. We
rephrase the problem in polar coordinates and seek a solution to the Stokes problem
with

u= R'w(0,1) on 0B’

u = R(sinfcosh,—sin’6) on OB

in the basis €., €y. We seek a solution to the Stokes system of the form

u = Re (Z ﬁk(r)eiM) , p = Re (Z ﬁk(r)e“w)

with g (r) := (Ug, (), tre(r)). Using the orthogonality of the Fourier modes and
the expression for the Cauchy stress in polar coordinates leads to the following
expressions for (1.3)):

. / o Re[— R'py + 2R i, | — plm[idn, + Rty — di1g] o
= [ ovdH'= -7 .
O Im[—R'py + 2R ud}, ] + pRelity, + Ry — g

T .= / x AovdH' = —mpRe[R™ty, — R'lgg)e (5.2)
OF

where € is perpendicular to the plane.
Now, it is easily seen that the 0-mode g satisfies

1 Uog
;(7“%0)/ — 2T 0,
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and thus that the solution is of the form tgy(r) = A/r+Br. The boundary conditions
on Upg are

A/R + BR = Rw
2
A/R+ BR = —R][ sin? 6d6.
0

From this we see the associated torque 7' in is 47 A, so that it can only be 0 if
A = 0. In that case B = w and the second equation in the previous 2 x 2 system
yields w = —1/2. We do not need to explicitly compute the solutions ;,, u1¢ that
enter the expression for the resultant force F in ({5.1)) since we know from Theorem
that there is a (classical Galdi-type) solution for the self-equilibrated problem in
the current setting.

The three situations describe above are unfortunately the only ones for which an
analytical solution is readily derived. The results (w = 0 for a horizontal needle,
w = —1/2 for a disk and w = —1 for a vertical needle) lead us to put forth the
following conjecture for the mobility problem:

For all obstacles within the class defined by (3.10|) in a simple shear flow ¢ (x) =
(x2,0), the angular velocity satisfies w < 0. Moreover, the degenerate vertical ellipse
realizes the maximum of |w| within this class.

STATEMENT AND DECLARATIONS:

A.G. acknowledges support from PRIN 2022 (Project no. 2022J4FYNJ), funded
by MUR, Italy, and the European Union — Next Generation EU, Mission 4 Com-
ponent 1 CUP F53D23002760006. He is also member of the Gruppo Nazionale
per I’Analisi Matematica, la Probabilita e le loro Applicazioni (GNAMPA) of the
Istituto Nazionale di Alta Matematica (INAAM).

Data sharing not applicable to this article as no datasets were generated or ana-
lyzed during the current study.

REFERENCES

[1] D.R. Adams and L.I. Hedberg. Function spaces and potential theory, Springer-Verlag, Berlin
(1996).

[2] L. Ambrosio and P. Tilli. Topics on analysis in metric spaces, Vol. 25, Oxford Lecture Series
in Mathematics and its Applications, Oxford University Press, Oxford (2004).

[3] L. C. Berselli and P. Guasoni. Some problems of shape optimization arising in stationary fluid
motion. Adv. Math. Sci. Appl. 14, no. 1, 279-293 (2004).

[4] M.E. Bogovski. Solutions of the first boundary value problem for the equation of continuity
of an incompressible medium. Soviet Math. Dokl., 20, 1094-1098 (1979).

[5] F. Bretherton. The motion of rigid particles in a shear flow at low Reynolds number. Journal
of Fluid Mech., 14, 284-304 (1962).

[6] D. Bucur and G. Buttazzo Variational methods in shape optimization problems. Progress in
Nonlinear Differential Equations and their Applications, 65. Birkhauser Boston, Inc., Boston,
MA (2005).

[7] D. Bucur and J.-P. Zolésio. N-dimensional shape optimization under capacitary constraint. J.
Differential Equations 123 | no. 2, 504-522 (1995).

[8] D. Bucur and J.-P. Zolésio. Wiener’s criterion and shape continuity for the Dirichlet problem.
Boll. Un. Mat. Ital. B (7) 11, no. 4, 757-771 (1997).

[9] D. Chenais. On the existence of a solution in a domain identification problem. J. Math. Anal.
Appl., 52, 189-219 (1975).



26

G.A. FRANCFORT, A. GIACOMINI, AND S. WEADY

[10] L.C. Evans and R.F. Gariepy. Measure Theory and Fine Properties of Functions, Studies in

Advanced Mathematics, CRC Press, Boca Raton (1992).

[11] E.B. Fabes, C.E. Kenig and G.C. Verchota. The Dirichlet problem for the Stokes system on

Lipschitz domains, Duke Math J., 57, 769-793 (1988).

[12] K. J. Falconer. The geometry of fractal sets, Vol. 85, Cambridge Tracts in Mathematics,

Cambridge University Press, Cambridge (1986).

[13] G.P. Galdi. On the Steady Self-Propelled Motion of a Body in a Viscous Incompressible Fluid,

Arch. Rat. Mech. Anal., 148, 53-88 (1999).

[14] G.P. Galdi. An introduction to the mathematical theory of the Navier-Stokes equations. Steady-

state problems. Second edition. Springer Monographs in Mathematics. Springer, New York
(2011).

[15] J. Happel and H. Brenner. Low Reynolds number hydrodynamics: with special applications to

particulate media. Springer Science & Business Media (2012).

[16] J. Kinnunen, J. Lehrback and A. Vahdkangas. Mazimal function methods for Sobolev spaces.

Mathematical Surveys and Monographs, 257. American Mathematical Society, Providence, RI
(2021).

[17] E. Lauga and T. Powers. The hydrodynamics of swimming microorganisms. Reports On

Progress In Physics. 72, 096601 (2009).

[18] V. Singh, D. Koch, and A. Stroock. Rigid ring-shaped particles that align in simple shear flow.

Journal Of Fluid Mech., 722, 121-158 (2013).

[19] V. Sverak. On optimal shape design. J. Math. Pures Appl. 72, 537-551 (1993).
[20] L. Tartar. An Introduction to Navier-Stokes Equation and Oceanography. Lecture Notes of the

Unione Matematica Italiana, Vol. 1, Springer, Berlin (2006).

[21] X. M. Wang. A remark on the characterization of the gradient of a distribution. Appl. Anal.,

51, no. 1-4, 35-40 (1993).

(G.A. Francfort) FLATIRON INSTITUTE, 162 FIFTH AVENUE, NEW YORK, NY10010, USA
Email address, G. A. Francfort: gfrancfort@flatironinstitute.org

(A. Giacomini) DICATAM, SEZIONE DI MATEMATICA, UNIVERSITA DEGLI STUDI DI BRESCIA,

VIA BRANZE 43, 25123, BRESCIA, ITALY

Email address, A. Giacomini: alessandro.giacomini@unibs.it

(S. Weady) FLATIRON INSTITUTE, 162 FirTH AVENUE, NEW YORK, NY10010, USA
Email address, S. Weady: sweady@flatironinstitute.org



	1. Introduction
	2. A generalized setting – The Stokes case
	2.1. Obstacles with Lipschitz boundary
	2.2. The general case

	3. Optimization problems in two dimensions for Stokes flows
	3.1. Stability of self-equilibrated solutions under obstacle perturbation
	3.2. Shape optimization

	4. A generalized setting – The Navier-Stokes case
	4.1. Existence of self-equilibrated solutions
	4.2. An optimization result in dimension two

	5. A few explicit examples
	Statement and declarations:
	References

