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AN INTRODUCTION TO H-MEASURES AND THEIR
APPLICATIONS

GILLES A. FRANCFORT

ABSTRACT. These notes attempt a simple introduction to H-measures (mi-
crolocal defect measures), a tool designed independently by P. GERARD and
by L. TARTAR to compute weak limits of quadratic products of oscillating
fields. The canvas around which the concepts are presented is that of the lin-
ear wave equation with smooth coefficients and rapidly oscillating initial data.
The weak limit of the energy density is computed and a compactness result of
the LS—norm of the field (in R3) at each time is established.
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1. INTRODUCTION

In these lectures, I attempt a self-contained treatment of H-measures, which
are also called microlocal defect measures. The concept was introduced under the
former name by L. TARTAR, and under the latter by P. GERARD at the beginning
of the 1990’s. The key references are [13], [4].

In a nutshell, the basic mathematical issue is that of the computation of the weak
limit of quadratic products of weakly converging fields. Older tools are available.

In an elliptic setting, compensated compactness often proves successful (see e.g.
[14, 9, 10]). The “div—curl” lemma provides a prototypical example. That lemma
states that, if u € LP(Q;RY), v € LV (Q;RN) (1 < p < o0, 1/p+1/p = 1) are
such that

u® —wu, weakly in LP(Q;RY)
v® — v, weakly in LPI(Q;RN)

while curl u® and div v° lie in a compact set of W, 7(Q;RY) and I/Vl;j’pl (;RN)
respectively, then,
u®.v® — u.v, weak—* in D'(R").

Although very handy in the study of elliptic equations in divergence form, com-
pensated compactness does not allow a general computation for any quadratic
product, precisely because it requires specific compensations between the various
derivatives of the weakly converging quantities.

YOUNG measures, on the other hand, compute the weak limit of any non—linear
function of the weakly converging fields (see e.g. [14, 1]): if

u® — u, weakly in LP(2), 1 < p < oo,

there exists a subsequence, still indexed by ¢ and, for a.e. = € (2, a probability
measure v, on R, such that, for any f € C%(Q) with |f(t)| < est.(1+ [t|9), ¢ < p,
1
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fw(x)) — /Rf()\) dv, (M), weakly in L"(Q), rq < p.

The measure v, has adequate weak measurability properties in x, so as to lend a
meaning to the above limit. Unfortunately, the determination of the YOUNG mea-
sure is in general impossible, unless the investigated problem possesses a variational
structure (see e.g. [11]). In essence, YOUNG measures fail to inherit any kind of
differential structure from the equations satisfied by the field ©®, with the notable
exception of certain classes of conservation laws (see e.g. [14], [2]).

H-—measures may be seen as a middle ground between compensated compactness
and YOUNG measures. In contrast to the former, no compensation is necessary in
order to pass to the limit in quadratic products, while, in contrast to the latter,
the differential structure of the investigated problem results in localization and
transport properties for the H-measures.

The notes will articulate around the non-homogeneous wave equation in RY
(with mostly N = 3) with oscillating initial conditions. From a mathematical
standpoint, such a setting demonstrates the power of the method and eventually
leads to a beautiful result of P. GERARD on the generic compactness in L% (RM),
at each time t, of the solution u®(z,t) to the classical wave equation with oscillating
initial data. From a mechanical standpoint, the computation of the limit of the
energy density associated to the solution u®(z,t) is a key to the investigation of
energy transfer from high frequencies into heat, a prerequisite to the determination
of a sound thermomechanical model.

Consider, for any p, k € C°(RY) with

(1.1) 0<a<p()kr) <pf<oo

the following wave equation:

0%us . R
pW — le (kgradu ) = 0
u®(0) = ug )
ou® .
E(O) =1

with
u§ — ug  weakly in H1(RY)
v§ — vy  weakly in L2(RY)
and let us assume, for simplicity sake, that
supp ug, supp v C a fixed compact K.

Take @ D K'(compact) D K and solve the wave equation on Q x [0,T] with T'
chosen such that supp u®(t) C K’; this is always possible if T is small enough

because the wave equation has finite speed of propagation, no greater than \/g .

Thus, on the time intervall [0, 7], u® is equivalently defined as the solution of the
same wave equation, formulated on 2 with DIRICHLET boundary conditions.
Elementary energy estimates imply that u° is uniformly bounded in

Er == L>(0,T; Hy(Q)) N Wh(0,T; L*(Q)),
so that, for a subsequence still indexed by &,

u® — u, weakly in Ep,
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with u solution of the same wave equation. Furthermore, AUBIN’s classical com-
pactness lemma (see e.g. [12]) implies that

auj(()) —  u(0) in L3(Q)
p@)Z=(0) — p(a)5=(0) in HHQ)

0
so that u(0) = up and 8—u(0) = vp. Summing up, u solves the same wave equation

with ug and vy as initial data.
Further, by virtue of energy conservation,

(©)
EG)(t) = 1/2/Q {p(m)(aat )? +k(x)|gradu(8)\2} dx
= E((f) = 1/2/Q {p(:z:)(v((f))2 + Ek(x)| grad uéa)|2} dzx.

Thus,
liminf E°(t) > E(t),
with equality if and only if
u§ — up, in HY(RY)
v§ — vg, in L2(RY)
Generically, some energy has been lost during the limit process. Quantifying that
loss pointwise is the goal of our study.

Setting
(1.2) v i=u —u
reduces the analysis to
82 €
(1.3) p 8151; — div (kgradv®) =0

with initial conditions
v°(0) = u§ —up :=V§ —0, in HL(RY)

1.4 ov® .
(1.4) 5 (0) vo =245 —0,in L2(RN),

67

so that

v® = 0, weakly in E.
The energy density

(e)
(15) ¢ (t,a) = 1/2{p<x><8gt 2+ (o) grad v b (¢, 2)
is bounded in L>(0,T; L*(R™)), so that a subsequence, still indexed by € converges
weak—* in L°°(0, T; M(RM)) to e(t,z) € L>=(0,T; M(RY)), where M(RY) denotes
the bounded RADON measures on RY.

Theesecond section is devoted to the determination of the H-measure associated

to (L, grad v°) (see Theorem 2.14 below) and to the ensuing determination of
ot

e(t,x). To this effect, H-measures are defined and their localization and trans-
port properties are analyzed, then specialized to the adequate setting for the wave
equation.



4 GILLES FRANCFORT

The third section briefly introduces semi—classical measures, as a convenient tool
in the proof, in dimension N = 3, of a microlocal theorem (see Theorem 3.7 below),
due to P. GERARD [5], which improves a classical result of compactness of P.L.
Lions [8]. The original result, specialized to a three-dimensional setting, is the
following

Theorem 1.1. If
w™ — 0, weakly in H'(R?),

while

|gradw™|?> — M, weak—* in M(R3)
(w™)8 — R, weak—* in M(R3) ~
then R has its support on the atoms of M.

The improved version is then applied to the solution v¢ of the wave equation with
the help of the results of Section 2, and it yields the already mentioned generic (in
time) compactness of v¢(z,t), hence of u®(x,t), in L5(R?) (see Theorem 3.9 below).

In matters of notation, we will sometimes use Einstein’s summation convention.
The letter C' will always denote a generic constant, so that for example 2C will
be replaced by C. In dealing with the wave equation, we will denote the time
variable, either by t or by x¢, as convenient, while the associated FOURIER variable
will always be denoted by &; = will always mean the N-tuple 1, ...,y € RY,
with associated FOURIER variable n € R (or §)'~'), while y will always mean
the (N + 1)-tuple zg,x1,.....,zN € R]yv"’l, with associated FOURIER variable £ €
R (or S)).Also,

' 853 8yj 5‘@/]- 853
will denote the Poisson bracket of two functions p, ¢ of y and £. For any set A, x4
will denote the characteristic function of that set. Finally, we will be somewhat
loose in our writing of measures: for example by v(z,n) we will denote a measure
that leaves on the phase space R} x R(or S)=1), while v(z + tn) will denote
the translate v under (z,7) — (x — t,1); LV () will denote the N-dimensional
LEBESGUE measure on RV,

2. H-MEASURES OR MICROLOCAL DEFECT MEASURES

In a first subsection, we introduce elementary notions of the pseudo—differential
calculus; the second subsection is devoted to the definition and basic properties of
localization and transport of H-measures with a focus on the wave equation, while
the third subsection particularizes the obtained results to the homogeneous wave
equation.

2.1. Pseudo—differential operators. We first define a convenient class of pseudo—
differential operators, namely

Definition 2.1.
ST (RQ) = {p(y,g) € C®(RY x RZ;CM") - for any K C R,

and for any n—tuples -, 4, |D;Dgp(y7§)| < CO(K,7,0)(1+ mm—\é\}_



AN INTRODUCTION TO H-MEASURES AND THEIR APPLICATIONS 5

Then the standard pseudo—differential operator P of order m, with symbol o(P) = p,
is defined as the mapping

CE R - [C=R)M

W= Pl = 1@ [ et oaee

The mapping P extends as a mapping from [H'(RP)]M into [Hlto_cm(]RQ)}M, and if
C(K,~,6) is independent of K, then P maps [H'(R@)|M into [H*=™(RP)|M. We
denote the set of such mappings by Y7, (R?).

For those readers that are somewhat unfamiliar with pseudo—differential oper-
ators, note that the above properties are easily established through various ma-
nipulations of the FOURIER transform, together with application of the following
PETREE’s inequality that holds true for any pair (£,¢) € (RY)? and any s € R:

(2.1) (1+[¢[*)” <21+ g = &) (1 + [¢1)"
We further define
Definition 2.2.
Vi (R?) = { P € T (R?) 1 o (P)(y,€) = 0™ (4, OX(E) + 1" (1, €) :
p" e C‘X’(Rg X (R? \ {¢ =0}); (CMZ) homogeneous of degree m in &,
X € CM(R?) with x = 0 in a neighborhood of € = 0,p™ ! € Sﬁ_l(RQ)},
and \I/’]\’}LC(RQ) is the subset of U7 (R?) of y—compactly supported operators.

Further, c™(P) := p™ is then called the principal symbol of P and p™~1 the
lower order symbol of P.

Remark 2.3. Note that ¢™(P) is uniquely determined whenever P € W7 (R?)
while changing x only modifies P by a smoothing operator(e N,, 7, (R?)).

We now give, without proof, the two properties of pseudo—differential operators
that we will use later (see [7] for a proof); note that the first lemma deals with
principal symbols whereas the second one deals with the full symbols.

Lemma 2.4. If P* denotes the adjoint operator to P € \I/”A}LC(]RQ), and @ €
iy (RP),
(1) P* € Uy, and o™ (P*) = o™ (P) =: o™ (P)*;
(2) PQ e \Il’ﬁﬁc”(RQ) and
o T(PQ) = o™ (P)o"™(Q).

Lemma 2.5. If P € VY .,Q € W%’C(RQ),

Q
) a(PQ) ~ a(Pio(@) ~1/iy 52

commutes with o(Q), then [P,Q] := PQ — QP € Sy 1 (RQ) with symbol
1/ifo(P),0(Q)}-

€ ST 2(RY). Thus, if o(P)
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2.2. H-measures. We begin with a definition/lemma for H-measures.

Lemma 2.6. Let V¢ € [L2(R9)M be such that V€ — O. There exists a subse-
quence {¢'} C {e} and a M x M matriz j1;; of RADON measures on RS x S?_l
such that, for any P € ¥4, (R?),

lim [ PVE .V dr=:lim < PV® V" >= / 0O (P)ijdpiy =< p, c®(P) > .
e JRrY e R§ xS~
Furthermore, p is non-negative and hermitian, i.e.,

Hij = s

Zgj:l pijcic; > 0, ¢ € Ce.

2 Q1M
Sketch of proof. Take P € W9, (RQ). Since V¢ &)

{e'} c {e},

0, for a subsequence

<, P >i=lim < PV, Ve >
€

A simple diagonalization process, together with STONE-WEIERSTRASS’ theorem,
imply that p can be defined for any element P € W9, (R?). But, if 0%(P) =
0%(Q), P,Q € ¥, .(R?), then P—Q maps L*(R?) into H}(R?), so that RELLICH’s
theorem implies that < p, P — @ >= 0. Thus < u,P > only depends upon
o%(P), and we can redefine < p, P > as < p,0"(P) >, a linear functional on
C(RQ x S&7H MY,

Let us show the additional properties of p. The hermitian character of p is
evident from its definition. To demonstrate that p is a non-negative matrix of
RADON measures, we consider, for any scalar valued ¢°(P) > 0 € C3°(RY x SEQ_I),
the quantity < p, 0%(P)c®e >, ¢ € CM. Introduce ¢ € C(‘,’O(RngéQfl), with @ >0
and = 1 on supp(c®(P)) and consider, for § > 0, the element bs := /09(P) + §®
which belongs to C5°(RY x Sg_l). Then, if Bs € ¥, (R9) is defined as any
element such that 0%(Bs) = bsd ® d with

c

N D
> el
k=1,...M

Lemma 2.4 and the very definition of x imply that
0 << p,0°(B}Bs) >=< p, (6°(P) + 6®)c®¢C >

d:=

or still,

<, 0 (P)c®@E>> -6 < p, Pc®C > .
The result is obtained upon letting d \, 0, because a non-negative linear functional
on Cy° (Rg X Sngl) is a non-negative RADON measure. 9

Remark 2.7. If P € \119\47C(RQ) has a principal symbol of the form o°(P) =
a(x)b(€), define, for any V € [L2(R?)]M (and any y smooth cut-off around ¢ = 0),

V) = [ x(ObOaT (e de;
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it is then a simple exercize that uses e.g. (2.1) to show that
~ 2 QM
pye— pys T EDT
Consequently, an equivalent definition of p for such symbols is (see [13])
< py0°(P) >=1lim < PV Ve > .
8/
As a corollary, for any ¢ € C§° (Rg), ©?u is the H-measure associated to V<.

Example 2.8. We now give two examples where the H-measure is explicitly com-
putable.

e Periodic oscillations: Assume that v € L*(T), [ vdy = 0 where 7T is
the unit Q—dimensional torus and define the oscillating sequence v¢(y) =

2 Q
v(¥) 1o ) por © € S(RY?) — the set of rapidly decreasing functions —

look at the H-measure p, associated to (a subsequence of ){v¢p}. Then,
the whole sequence actually admits a H-measure p, defined as

Ho =l e(y)dy © 6.1 (6),
k£0

where 0y, is the k*"~FOURIER coefficient of v.

Iilgeed, assume that ¢ has compact support. Then,

U= =3 p 20 OnP(€ — g) is such that, for k # k&’ and € small enough, the
supports of ¢(& — g) and of ¢(& — %/) are disjoint.

Defining 0%(P) := ? (y)b(é—l) with b € C>*(S?~1), PLANCHEREL'’s iden-
tity yields

Do\E 01 ~ — € N N k
<Pvﬂ;>—A%x@wqﬂx§jvkﬂwf—gﬂ%a

k0

so that, upon performing the change of variables n := & — g, we obtain

: D, E & - k ~
lim < Pv®,0v® >= (Z |Uk|2b(—))/ | (n)dn.
€ k| Jr2
k#0 n
The result follows through a density argument.
e Concentrations: Assume that f € L*(RY) and define the concentrating

y— 2z, L*®?)

sequence v°(y) = 5*%]”(7) 0. Then it is easily shown that the
5

whole sequence admits an H-measure p with
o0

u:@@@ﬂﬂ%ﬁf | (t€) 219 L e.

0

Remark 2.9. When, as in the examples above, the whole sequence admits an
H-measure, we say that the sequence is pure.

We now derive a localization lemma for the support of an H-measure.
. [L2®R)M : :
Lemma 2.10. Consider V¢ — "7 0 with associated H-measure . If, for some
R € U7 (RY), RV® € compact of [H,,"™(RP)|M | then

loc

o™(R)u =0,
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or, in indices,
M
> 0™ (R)ijpig =0, 1 <i < M,1<g< M.
j=1

Proof. Assume M = 1 for simplicity. Consider, for ¢ € Cgo(Rff),b(f) € S?il,
the pseudo-differential operator T € \IIIZ”(RQ) with associated principal symbol

P(W)b(E)IEI™.

Then, TRV® € compact of [L? (R?)], thus < TRV®, Ve >— 0, or in other
words < p, ™ (R)|&]7™b(€)¢(y) >= 0. The arbitrariness of the choice of ¢ and b
yields the lemma. q
First application to the wave equation. In the framework of Section 1 (see
(1.2) introduce

€ oo 2 M
%, grad v) FREALEDID
and remark that such a sequence will fit within the H-measure framework, provided
we multiply it by a smooth compactly supported function of ¢ which is identically
0 if |¢] is large enough. In the remainder of the paper we will do as if there were no
such multiplier in dealing with the solution to the wave equation, favoring simplicity
over rigor.

The H-measure associated to (a subsequence of) V¢ is a N x N matrix p. Let
us apply the localization lemma. First, we express the commutativity of mixed
derivatives, namely

Ve =

ove  OVE
l =t §j=0,..,N.
dyi  Oy;

Thanks to the localization lemma, we obtain

&tk = Ejfhiky 1,5,k =0, ..., N.

Thus pir = &vk, 4k = 0,...,N, and since p is Hermitian, i.e. pp = fy,;, Vi =
&v, 1 =0,...,N with v a non-negative scalar RADON measure. Thus

(2.2) p=E®E) v
Then, we write the actual wave equation, namely
ovyg 0 .
P(x)aixo - j:§1,:1v gj(k(x)vj ) =0,
or still _ .
o) T8 k@) Y = 3 My
j=1,N j=1,N J

The right hand-side of the previous equality belongs to a bounded set of L?(RV+1),
hence to a compact set in H. l;i (RN+1) and the localization theorem applies yielding

p(x)&opor — k() Z Eipie =0, k=0,...,N,
J=1..N

or still in view of (2.2) and because not all {; may cancel at the same time (|¢| = 1),

(2.3) q(z,&)v = 0.
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where

(24) 1@, = p@)G —hla) Y &

Thanks to (2.2), the limit of (a subsequence of) the energy density e® defined in
(1.5) is given by

(2.5) lignele/2/s (p(x)&3 + k(x) > &)dv(y,€

3 11, LN

It thus remains to determine v subject to the support restriction (2.3). This will be
performed with the help of the following transport lemma specialized to the context
of the wave equation. Note that, as emphasized in the introduction, this lemma is
the outstanding feature which permits a complete characterization of H-measures
as solutions of a transport equation, in contrast to YOUNG measures which are not
constrained by any type of partial differential equation.

Lemma 2.11. Consider V¢ @D
also R € U7 (RQ) such that

e 0™ (R) is self-adjoint;
e the lower order symbol of P defines an element in \I/T]\'}fl(RQ) with principal
symbol 0™ 1(R),
and assume that RV € compact of [H;," ! (R?)]M.
Then, for any a € C§° (R? X SQ 1)7

0 with associated H-measure p. Consider

0%0™(R) o™
22 VU m-1)g

<, {o™(R),a} + [i((gmfl(R))*fgmfl(R)ﬁ }a >=0.

Remark 2.12. Note that the hypotheses on R are automatically satisfied if R is
a differential operator with self-adjoint higher order terms.

Proof. Take an arbitrary A € U9 (R?), with a := ¢°(A), and define Q :=
(fA)*mTflR, so that, according to Lemma 2.4(2), Q € \I/}\LC(RQ) and 0!(Q) =
€]~ (m=De™(R). Actually, according to Lemma 2.5(2),

0o (R)

(e STHRY)),
8yj Q( M( ))

o(Q) = [¢]7" Vo (R) + /i~ (\SI*(”H))

0¢;

hence, according to Lemma 2.5(1),

do(R)* 1 0?2

+ 5 (m— 1)0_ R)* +q//
gy, iagag T

10
o(Q") = 67" Ve B) 5 (1)
J

with ¢ € S/ (R?)). But, by hypothesis, 0 (R) is self-adjoint and the lower order
symbol of P defines an element in \II’A’}[_l(RQ) with principal symbol ¢~ !(R), thus
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Q* — Q € ¥9,(R?) with principal symbol

Q =Q) = I (e R -0 ()

_gi —(m—1) 8Um(R) 1 > —(m—1) _m
e e T e (Ve ()
— |§‘—(m—1)<(o,m—1(R))* —Um_l(R)
2, g—min 00(R) 1 0% 1) m
or still,
Q -Q) = I (e R - ()
(2.6) 1 _ dc™R) 1 . _ ., 8%™(R)
Z — (m+1)e 7% YW 2 (m-1)Y Y WY

Now, application of Lemma 2.5(2) to A and @ implies, since a commutes with
o(Q), that [A,Q] € %9,(R?), with o([4,Q]) = 1/i{a,0(Q)}, and consequently
since A € \If%c(RQ) and @ € \II}VI,C(RQ), that [A, Q] actually belongs to \Il?\’f(]RQ)
with principal symbol

(2.7)

a*([4,Q)) 1/i{a, 0" (@)} = 1/ifa, ¢~ Vo™ (R)}

= 1/i(le" D fa, 0" (R)} + (m 1>|5|<m+1>5j§;jam(R)) '

We now apply the definition of 4 to the sequence < [A, Q]VE, V¢ >. Noting that
QV*® € compact of [L? (R?)]M, we immediately conclude that, as € \, 0,

< AQVEVE>—0
{ < AVE QVE>—0
so that,
lign < [A4,Q]VE,VE >= lign <(Q"—Q)AVE Ve >,

or still, appealing to (2.6,2.7),

. —(m— m —(m 8@ m —
<o 1/i(JE7 D (RO} + (m = DI S (R)) >=

< p, [l&\‘(’"-” ((am_l(R))* - am-l(R)) + %(m - 1)I£|‘(m+”§j808y(R>
j

fl)w] .

Oyjafj
The localization lemma 2.10 implies that o™ (R)p = 0, so that the last term in
the left hand-side of the previous equality disappears; furthermore, || = 1 on the
support of y. Rearranging terms, we are left with the transport equation stated in
the lemma. q
Second application to the wave equation. To analyze the transport properties
of the measure v introduced in (2.2), it is more convenient to introduce the (N +1)—
vector We := (,/pV?, VEV{) with associated H-measure

1 —(m
+-l¢¢
1

(2.8) 7= (L(x)§ @ L(z))v



AN INTRODUCTION TO H-MEASURES AND THEIR APPLICATIONS 11

N7 2
0 VE .. . S
where L(z) := 0 . Then it is easily checked that the commu-
0 .. 0 Vk

tativity properties of the mixed derivatives, together with the wave equation, now
expressed in those new variables, become

iRW® =0
with
a 1 oWk ) 1 oWk
ot \/ﬁ 8x1 \/ﬁ (9{)33
(7 ) B)
—Vk = 0
IR = axl 8t
o5 ) 9
_ VP g
vk Do, 0 o
Note that R € Wy (R?) with
k k
€o RS RV R ST Y e
p P
k
STV €o 0 0
(2.9) ol (R) = p
k
—&31/ = 0 0 €o
p
Further, the lower order symbol defines an element in ¥} (R?) with (full) symbol
i VE i VE
L \/ﬁ 8331 \/[3 85(13
oL
WE=2 000
X
(2.10) o*(R) = '
oL
VESZ 0 0 &
6.1?3

In view of (2.9,2.10), the transport Lemma 2.11 straightforwardly yields
<m {o'(R),a} >=0,

a relation we now explicit with the help of (2.8). The computation is straightfor-
ward, but a bit tedious. It only uses the localization equation (2.3), and is safely
left to the reader.

We finally obtain the following transport equation:

(2.11) <1,&{q,a} >=0, for any a € Cf)’o(]R‘fJV+1 X Sév)
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Consequences 2.13. The following four remarks complete the study of the H-
measure for the wave equation:

i.

(2.12)

ii.

iii.

Since the support of v lies in the zero set of ¢(z,&) on Sév, and in view of
(L1),
{¢ € 8Y 1 & =0} C (suppv)°

1

so that we are at liberty to choose a in (2.11) of the form g—((g)a where
0

¢ e C‘X’(Sév) is such that ¢(0,&1,....,&€n) =0 and ¢ = 1 on supp v. Then,

since ¢ does not depend upon zg =t or &,

1
0=<wv,&{q, ?Oga}} >=<v,{q,Ca} >=<v,{q,a}} >

and the transport equation reads more simply as
<v,{q,a} >=0, for any a € Cgo(RéV“ X Sév);

We have referred several times to (2.11,2.12) as "transport equations”. In
the case of the wave equation, it is actually shown in [3], Section 3.2.1, that
v remains constant along the projections onto R x S of the integral
curves of

dy, _ /) o N
ds 0&; ’ o 2)1/2
& olalle) G @@) )

ds y;

with initial conditions

y0) =y . _
{ £0) = ¢ with ¢(y,£) =0, € € Sév.

The principle leading to the above statement is simple. Assume for a
moment that the weak form (2.12) was for test functions a € C§°(R)'*1 x

Rév +1). Then, a simple integration by parts would immediately yield

fg.v} =0

and v would then be constant along the integral curves of

dy,  0q _ =
s 96 @:€)
g, dq ,_ =
ds 0 (7:¢)
Yi
with
{ 5(0) =y
£(0) =¢
The difficulty in our context is that the £ variable only lives on the sphere
Sév ;

The transport equation (2.12) only makes sense once the initial value of v
is determined. This is not completely immediate because the H-measure
associated to the initial conditions (1.4) a priori leaves in RY x Sév_l; there
is thus a reduction of 2 dimensions. The following theorem is established
in [3] (see Corollary 3.1):
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Theorem: If i* are the H-measures associated to (a subsequence of)

{vio} with viy = /pZ5 £iVk|D,|V§ (V5. Z5 defined in (1.4)), then

1
v(t=0)= AT+
where, for any ¢ € C§° (Rév X Sév),

k(x)

PRt — r 1/2 p(x) 1/2 ot
<05 [ oG G e )

We will not establish this here, but merely note that the above definition
of 7#* permits to transform the H-measures 7+ that live on RY x §)~!
into measures on RY x S}, which is precisely what we need to obtain a
meaningful initial condition for v. Also note that |D,| is the element of

U (RYN) with principal symbol [¢].

iv. According to Remark 3.10 in [3], any point in the support of v can be
reached by a unique projection of an integral curve, and that integral curve

intersects ¢ = 0.

Coalescing items i and iii of Consequences 2.13, we finally obtain the following

Theorem 2.14. The H-measure associated to (a subsequence of)

Ve = (%, grad v®)

associated to v¢ defined in (1.2) is of the form (£®&)v, where v lives on the zero set
of q(x,€) defined in (2.4). Furthermore v remains constant along the projections

onto Ré\’“‘l X Sév of the integral curves of

dg; _ 0a/lE)) -
& _ ol o (1 )

ds ﬁyz

with initial conditions

{ VO =Y ith g(y,€) = 0, € € S,

£00) =¢
These are also called bicharacteristic strips. Finally,
1
v(t=0)= At 7

where T+ has been defined in item i of Consequences 2.13.

The limit of the energy density is then given by (2.5).

Particular Case 2.15. We conclude this section with an investigation of the
particular case of the homogeneous wave equation, that is of the case where k(z) =
p(x) = 1. In such a case the bicharacteristic strips are easily determined. We obtain

£ = ¢ N
) @ => &, 1El=0.
§oT; +&6t = oxy, 1<i <N 1



14 GILLES FRANCFORT

Then the H-measure v is explicitly computable by virtue of Theorem 2.14; we get:

1 L 7

V(tvl'vaan) = @(ﬁJr +m )(.’E + got7£0777)7

or still, in terms of ¥,
(2.13)

Vit e, o) =277 {D+($ + V2Nt V)0 T (2 — V2t VIO }

Since there is nothing special about time ¢t = 0, the H-measure v is also

V(t,.%’,fo,’l’]) :2N;2{ D:;(:L‘—’—\/in(t_to)?\/in)é&):%

(2.14) o
7 (@ = V2n(t — to), V21)Fg,_ 1},
~t . ov® (to) . c .
where 77> are the H-measures associated to e + 4| Dy |v° (o). Comparison of
(2.13) and (2.14) immediately implies that
(2.15) vy (w,m) = 7 (x F 1t m).

We denote by 14 the measure on RY x 5117\/ ~! guch that, for a subsequence of v¢,
and any A € ¥§ (RY),

OvE(t) Ove(t)

OvE(t) Ove(t)
TR T L o }

For almost any given time ¢, the existence of such a subsequence is a direct con-
sequence of the L>(0,T; H}(RN)) N W1>(0,T; L>(RY))-bound on v¢, together
with Lemma 2.6. It can actually be shown that the subsequence can be picked
independently of t € [0,T] and that the convergence in (2.16) is locally uniform in
time (see [5], Proposition 4.4).

A simple computation would show that

(2.16) < 1y, 0(A) >= 1/2hm{ <A

) ove(t) | . ove(t) | .

0 _ € €

< 1, 0%(A) >= 1/41131(%: < A(T5 = £ DL (1), 5= £ ilDo| () >)
In view of (2.15), this also reads as

(2.17) vi(,m) = 1/4{1#(93*7715,77) + v (x4t 77)},

a relation that will be used in Subsection 3.3 below.

3. A COMPACTNESS THEOREM FOR THE WAVE EQUATION

In a first subsection, we briefly introduce semi—classical measures as a tool for
the further investigation of the solution to the wave equation investigated in the
particular case 2.15. The following subsection is devoted to the proof of a microlocal
compactness theorem of P. GERARD (Theorem 3.7 below). As a corollary, we obtain
in the short third subsection the compactness result (Theorem 3.9) anounced in the
introduction.
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3.1. Semi—classical measures. Whenever the problem under consideration ex-
hibits a characteristic scale, say ¢, it is of special interest to investigate the oscilla-
tions that take place at that scale. In the sake of simplicity, we only consider scalar
problems.

To this effect, we consider the regularizing standard pseudo—differential operators
A(eD) € N, X7 (R?) with symbols o(A)(y, ), where o(A)(y,£) € S(RS x R?)
Note that

u® bounded in L?(R?) = A(eD)uf bounded in L?(R%).
An existence lemma analogous to Lemma 2.6 holds true.

2(RQ
Lemma 3.1. Let v~ &) v. There exists a subsequence {e'} C {e} and a non-

negative RADON measure m on Rg X R? such that, for any o(A) € S(Rg2 X R?),

lim A(e' D)o v dx =: lim < A(e' D)o | v° >= / o(A)dm =:<m,o(A) > .
¢ JrY e’ RF x RE

Remark 3.2. In contrast to the definition of H-measures, the weak limit of v¢ is
not taken to be 0. In problems involving semi—classical measures, the weak limit of
the oscillating field is not always easily identifiable.

Usually, we a priori know that v® oscillates at the scale of ¢; that is for example
the case when both v¢ and eDv® are bounded in L*(R?) (think of v°(z) := v(£),v €
L?(T)). In such a case, we label the sequence e-oscillatory; this gives rise to the
following

2 (RQ
Definition 3.3. The sequence v*® FED v is called e—oscillatory if

lim limsup/ |pve (€)|%de = 0, ¢ € C(RO).
Rroo e JigzRye

Then, the following result holds true:

L%(R?) . . .
Lemma 3.4. Assume that v — " v admits m as semi-classical measure.

i. Ifve ise—oscillatory, then the measure limit of (v°)? is given by [zo dm(y, );
¢

ii. If m(R9x{0}) =0, thenv =0 and if, further v° is e—oscillatory, v¢ admits
a H-measure defined, for any A € U9 (R9), as

§
<o) >= | o*(A)(y, = )dm(y,€); and
R x (R\{0}) €]
L*(R?) . ) .
iii. If v*  — 7 0 and admits both a H-measure and a semi—classical measure

(it is both pure and e—pure), then

< p,0%(A) >> /

§
o (A)y, T )dm(y, €).
R x (RZ\{0}) €]
Proof. The proof of item i. is as follows. Take ¢, € [C5°(R?)]? with 0 <
and 1 = 1 in a neighborhood of ¢ = 0 and consider o(A) := g02(y)1/1(%)7 (D)
P(€). Tt is easily checked (in the spirit of Remark 2.7) that pv® admits p?(y)m as
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semi—classical measure. Denote the measure limit of (a subsequence of ) (v¢)? by
M; then, with obvious notation,

E . 5 5
<m(y,), 2" W)e(F) >=< M(y),¢*(y) > ~lim < 1 = U(eD/R)pv®, pv° >
But, in view of the definition of ¥ and since v¢ is e—oscillatory, the last term in the
above equality tends to 0 as R /' co. LEBESGUE dominated convergence implies
that the left hand-side of the same equality goes to < m(y, &), ¢*(y) > as R /" oo,

which proves item i.
To prove ii., we consider o(4,)(£) > 0 € C§°(R?). Then, invoking PLANCHEREL’S
identity,
e —0
< (An(eD)v%, v >= /Q ((An)(e€)070 d& "= a((An)(0)[[0]72 ga)-
R
€
But, appealing to CAUCHY—SCHWARTZ inequality,
limsup, < (A,(eD)v®,v > < lim, < (A,(eD)v®,v* >/2 lim, < (A, (eD)v,v >/?

= <m,o((4n) >2 o((An)2(0)[[v]| 2 (e),

so that
a((An)2(0)]|v] 2oy << m,o((An) >/
Choosing o(A,)(¢) = { (1)’ g f 8 , we obtain ii. since m does not charge {£ = 0}.
Assume now that v® is e-oscillatory. Take a(&) € COO(R?) and ¢ € C°(RG).
Consider x(¢) € COO(R?) with x = 0 in a neighborhood of £ = 0 and y = 1 for
€| > 1. Define 6%(A)(y,£€) := ¢2(y)a(%) as the (principal) symbol of an element

€]
A € U9 (R?); then, according to Remark 2.7,
(3.1)
<dpripr> = [ aGE e
rR\qop &7

[ aChzm©m e+
rO\(0} €l

/ ao(Z)(S) — D () 7o () de
RE\{0} el¢] r

_ £ E(6) o
= [y MO @R €t +

Ja@qoy X(E)alS5) (1 = x(er€))pv (€)ov° ()€ +
Jegngoy (1= X(5))alS) (A = x(er©)pv? (€)pv" (§)dé +

r

Lo o) - v @
rRO\{0} €l¢]



AN INTRODUCTION TO H-MEASURES AND THEIR APPLICATIONS 17

Since v is e-oscillatory,
lim sup limsup/ X(5r§)|@\2(§)d§ =0,
N0 € R?

so that the first term in the right hand side of the last equality in (3.1) tends to 0
as € then r tend to 0.

As e \, 0, the second term in the right hand-side of the last equality in (3.1)
tends to < ©%(y)m(y,&), (1 — X(rﬁ))a(é—‘)x(%) >. Thus, because by assumption

m(R? x {0}) = 0, the dominated convergence theorem yields
: . . 5 =
o i i [ (Sl S)(1 = x(er€)pe(€) R (€)ds =
¢ Jrg T elé]

32 lin < @m0 >=< mly. ).l e >=

€l 1€
£
< @2(y)m(y,£)7a(m) >
The third and fourth terms in that equality can be bounded from above by
O ) -1 (resp. () — 1[FEE(E)de.
R2\{0} 7 r

If we denote by R, the measure limit of (a subsequence of) |@ve|2(€), we obtain
. : 13 — .
tmsuplin€ [ (5 - UEROE S [ xemodRole) <o
N0 € RI\{0} T RZ\{0}

Collecting the various limits above, we conclude that the limit of the left hand-
side of (3.1) is that computed in (3.2), that is

¢
€]

If the principal symbol of A is of the general form a(y,€) € C5°(R$ x S?_l), an

(3.3) lim < Apv®, pv° >=< ¢*(y)m(y,€),a( ;) > .

approximation of sup{a,0} and sup{—a,0} in C§(RS x SEQ_l) by symbols of the
form 2 (y)a(£) implies that (3.3) still holds for such symbols, that is that v® admits
a H-measure p given by

£

< /~L7UO<A) >=< m(yvg)aa(yv m

) >,

hence the second part of item ii.
The proof of iii. is implicit in the proof of the second part of item ii. above. q

Remark 3.5. Note that in the course of deriving the first part of the previous
lemma we have actually shown that the measure-limit M of (v¥)? satisfies

M> /RS dml(y, €).

Remark 3.6. Localization and transport results of the type obtained in the pre-
vious section can be analogously derived within the framework of semi—classical
measures (see [6], (3.12) and Proposition 3.5).
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3.2. An improvement of P.L. LIONS ’ compactness result. As mentioned in
the introduction, the microlocal tools of H and semi—classical measures are funda-
mental in P. GERARD’s following improvement (see [5], Corollary 5 ) of P.L. LIONS’
compactness Theorem 1.1 which we now state and prove in a three—dimensional set-
ting for simplicity sake.

Theorem 3.7. Let w™ — 0, weakly in H'(R3).
Assume that grad w™ admits a H-measure (£ ® &) such that

M(yag) 1 5(y - Z) @ dO’(f), VZ S RS?

where o is the superficial LEBESGUE measure on Sg.
Then,
w™ — 0, strongly in LY .(R?).

loc

We offer a complete proof of the theorem; the proof provides an elegant applica-
tion of the interplay between semi—classical and H-measures displayed in Lemma
3.4, together with a rather striking use of a SOBOLEV—BESOV type imbedding.
Proof. The following imbedding estimate is pivotal in the subsequent proof:

Lemma 3.8. Define, for any 1 < p < oo the space B, of all f € L*(R3) such that

£, = sup[|Axfl[Lr < o0
kez

with Ay f := X{2k§|g|<2k+1}(§)f(f) .
Then, for any 1 <p < g, there exists 0 < s < 1 and a constant C such that, for
any u € H*(R®) N B,,
s 11/3y. 112/3
lullze < CID* | lulF

The actual value of s is @'

Proof of Lemma. Define, for any A > 0, usa(resp. i<a) := X{j¢|>(resp. <)A}U(E)
and write u = u<4 + u>4. Then,

lucalle < Clla<allr <C Y lIxqze<iej<zerryill L,
k(€Z)<k(A)

where 28(4) < A < 26(A)+1 Now, by Hélder’s inequality, for p > 1,

N p—1 R 1/p
X2 <pej<arryll L < C2°H5 (/ |U|pd£) '
2k <Jg| <2k 1

thus,
p=1
lucallze < CA*S) |lul|s, .

Now
ulSe = 6/ N L3({|u| > A})dA.
0

A

P
3(p—1) A
— , so that [Jucaon|lpe < 5. Then,
20||u||3p) SAM) 2

Set, for any A > 0, A(\) := <

4 4
L2({Jul > A}) < L2({Jusa| > A/2}) < plll%A(x)ll%z = ﬁ”u>A(>\)“%2'
Consequently,

o0
HW%SMA N G700 22,
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or still, invoking Fubini’s theorem,

6 T
fulte <21 [ ([ N i (€)de,
0 0

which finally implies that

6(p—1)
lullze < Cllulll, D7 ull72;

hence the lemma. q
We now address the proof of Theorem 3.7. To this effect, we define

— &

and apply item iil. of Lemma 3.4 to the current setting for any subsequence {n’}
of {n} such that gradw™ admits a semi-classical measure (¢ ® £)m and also such
that | grad w”/|2 admits a measure limit M. Thus, because by assumption

wy,€) Loy —2) ®@do(€), z € R?,
a fortiori
p(xge03m(y,€)) L p(xqer010(y — 2) ® L3(€)), 2z € R?,
or still, since £3(€) L d¢—o,
(3.4) m(y,€) Loy —z) ® L3(¢).
Consider now, for § € C§°(B(0,1)) with 0 < 6(y) <1, 6(0) =1,

() = 02" (y).

N
OW’ . . -~
limsup ||z || B, = limsup sgp |AR25 ] L
n n

2 3
/7\1 Lloc(]R

L*(R?
and, at fixed 6, zj "> ) 0 because w™ — )

0 and 0(¥5*) has compact support.
Thus, each term HKkz\g’HLp, p < 2 goes to 0 with n and

(3.5) limsup [|2§ ||, = limsup || Ay, 22| s,
n n o0

{k,} being a sequence that tends to co with n.

We choose p = g.

Set &, := 2% and consider a subsequence {n’} C {n} (in all rigor, a subse-
quence that depends upon {e,}) such that grad w™ admits a semi—classical measure
(£ ® &)m (with associated k7). Then, applying Holder’s inequality,

/‘\/ /-\/
1Ak, 25"l s < Clew) Ak 25 |12

(3.6)

IN

— 1/2
Ce,) ! ( ng X{1<e,,|e|<2} (€) (ens)2[E[? |2 |2d§) ,

or still,

—, - 1/2
(37) 1875 1, < O [ xosea<a @I )
3
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Note that ggc_lz?/ = (0(-5%) grad w™'(.))+(a term that converges strongly to 0 in
L?(R3)), so that (3.7) also reads as

—

—, — 2 , 1/2
33) 18035 1,5 < O( [ xiceuica @O mradwr ()Pde) o)
3

with w(n) & /o

rewritten as

0. Now, in the spirit of Remark 2.7, the previous inequality can be

(3.9) ||Ak/nzg"HLg < C < O,(enD)gradw”™ , gradw™ >2,

where O, is the pseudo—differential operator with symbol

0(0.) = 0(*=")x<iel<n (6)-

At the expense of a smoothing of the symbol ¢(0,), we are in a position to compute
the limit of the right hand-side of (3.9) in terms of the semi-classical limit m
associated to grad w™ . Consequently, in view of (3.8), (3.5) becomes

(3.10)  limsup || Ay 27|, s < C < [€mly, €), 0" >x{1<|5|<2}(5> >12,

which we rewrite as

—_— /
(3.11) limsup||Aknzgl||L% SC’{/ dy5(m)(£)}1 2

3
R&

with

V) = l6Pxscir<a©) [ 05 dm(r.).

Y

Using the RADON ~NIKODYM theorem, we decompose °(m) as

V0 (m) = v (m)L? + vi(m),

where 1% (m) is the density of the LEBESGUE-absolutely continuous part of v°(m)

and v(m) is the LEBESGUE-singular part of that measure. We then consider, for
any f>0,0<(,,(;<1¢€ CO(RZ’) such that:

- supp vp(m) € {¢e =1}

w3 (m) (supp ¢ ) < 5

- supp v (m) C {¢ =1}

. ng Csdg < ﬁ;

e+ =1,
Then, rewriting [|Ay , 2 ||L§ as |Ag , 22 (§) (e + CS)(E"/f)HLg, an argument iden-
tical to that of (3.6)—(3.11) would lead to

aleo

timsup |55, 77 g < O (Jrg Cedr (m)(©) (Jrucrgpeny Cede)’
§

+ (g G ) (Josigen )}
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or still, in view of the properties of (., (s,
. X n 5
hmnsup | A, 25 ||Lg < C{ ( ng dvp(m)(§) + CpB

+(fagavitmy©)+ c8)" 53}
Letting 8\, 0, we obtain the following refinement of (3.11):
1
2

(312) timsup |50 531,5 < €{ [ avkm)©)}
" ¢

3
5

U‘\W
ol

At this point, we recall (3.4) and apply it to m, which immediately implies that

(3.13) Ve (m) = v (mx 3 (v))-

Note that the above would not be true for v°(m) itself; just take, for & such that
1€0] =3/2, m = 6y2. @ Seg, L 8(y — 2) @ L3(E) (the reader can easily construct a
sequence which admits such a measure as semi—classical measure), yet the associated

VO (m) is |€o|?0¢=e,, While v° (mx (221 (y)) = 0.
In any case, thanks to (3.13), we rewrite (3.12) as

. — 1/2
timsup |8, 71,4 < C{ [ dviimyge©}
n Rg
and, a fortiori,

. — o
limsup Ay, 23] g < C < €7y My, ), (5= x1<11<2 (€) >1/2
n

Appealing to Remark 3.5 immediately implies that the right hand-side of the pre-
vious inequality can be bounded from above by

c / Ve 05 P (),

where we recall that M is the measure limit of | grad w”/|2. Since 0 < 6 < 1, we
thus get that

limsup |8, 23] 5 < CM(B(2,6)\ {3}).
Letting § \, 0 finally yields
lim sup lim sup ||A/kn\z§||Lg =0,
5 n °

hence, in view of (3.5),

(3.14) limésup lim sup ||z§||B% =0.
We now apply Lemma 3.8 and obtain,
(3.15) hmasup lim Sup I3 ne < C 0 x 11m5sup lim sup || grad z§ Hl/g.
But,
1/3

hmsup || grad z3 || ;" < limsup(|| grad w" || > + C/(5Hw”||L2(B(275)))1L/23

or still, by virtue of RELLICH’s theorem applied to w™ on L?(B(z,4)),

limsup || grad 2§ ||1L/23 < limsup || grad w" ||/ EA
n n
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Thus, (3.15) actually reads as
lim sup limsup ||z5 || = 0,
5 n

that is, if R denotes the measure limit of (a subsequence of ) (w™)¢,

. y—z
hrnsup/ \G(T))|6dR(y) =R({z})=0.
1) R3

Since z is arbitrary, we conclude that R does not charge atoms; application of
Theorem 1.1 then yields the desired result. q

3.3. A compactness result for the homogeneous wave equation. In this
subsection, the results of the Particular case 2.15 and of Theorem 3.7 coalesce to
produce a pointwise in time compactness result for the solution v to the homoge-
neous wave equation.

The following theorem is due to P. GERARD (see [5], Theorem 9).

Theorem 3.9. Let V§ — 0, in HY(RY), Zg — 0, in L>(RY) with supp V§ and
supp Z§ C K (compact of R?). Consider the homogeneous wave equation

62 €

8—; — div(gradv®) =0

with initial conditions

v7(0) = uy —up := Vg
ov®
5 (0) =v§ — vo == Z;.

Then the complement in RY of the set {t > 0 : [[v°(t)||Lsmsy — 0} is at most
countable.

Proof. Because of the finite speed of propagation, supp v¢(t) lies in a compact
subset of R3 for any ¢ > 0. Assume that for some t > 0,

(3.16) lim sup ||v® ()| L6 sy > 0.
g

Then, according to Theorem 3.7, a subsequence of {gradw®(t)} — possibly de-
pending on ¢t — admits a H-measure ¢ ® £k and a point z; € R3 such that x; and
d(z — 2¢) ® do(n) are not mutually singular.

Recall the Particular case 2.15. Since, obviously, x; < v¢, we a fortiori have that
vy and 0(x — z) @ do(n) are not mutually singular, or, in other words, appealing to

(2.17) that 1/4{D+(x—77t,17)—|—17_(a:+77t,77)} and §(x —x¢)®do(n) are not mutually

singular. Now, this means that either 77 (x,n) and §(x + nt — z;) @ do(n) are not
mutually singular, or that 7~ (x,n) and §(x — nt — 2¢) ® do(n) are not mutually
singular.

Consequently, either o+ (z,n) or 7~ (x,7n) are not singular with respect to the
superficial LEBESGUE measure on a sphere of center z; and radius ¢. But, such
superficial measures are pairwise mutually singular for distinct t’s, whether the
x¢’s are distinct or not. Since a RADON measure cannot have a non—zero RADON —
NYKODIM derivative with respect to more than a countable set of mutually singular
measures, there cannot be more than a countable set of times ¢’s for which (3.16)
holds. q
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Remark 3.10. The same result holds for the solution to the heterogeneous wave
equation (1.3, 1.4) as could be derived at the expense of a revisiting of the Particular
case 2.15 in the more general context of arbitrary p’s and k’s.
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