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1. INTRODUCTION

Dimensional reduction through asymptotic analysis is by now a well established
theory in a linear setting. Specifically, the work of CIARLET ET AL. [15], has paved
the way for a variety of studies ranging from linearly elastic plates [12] to various
beam models [23], [24], [31], or shells [14], and also spanning various constitutive
behaviors [8].

There have, however, been comparatively few studies in a nonlinear setting (other
than the semi-linear setting of [13], [16], [17] in the case of rods). To our knowledge,
a quasi-exhaustive list can be readily drawn: in [26], fully nonlinear homogeneous
elastic plate models are obtained, thereby providing a rigorous mathematical frame-
work for prior work [22]. Note the absence, in that work, of the well thought of
requirement that the energy density become infinite as the jacobian of the trans-
formation tends to 0. The only attempt in that direction is to be found in [7].
In [1], fully nonlinear beam models are obtained while in [29] a very thorough in-
vestigation of the monotone, albeit not necessarily variational, case is undertaken,
again in a 3D-1D setting. Nonlinear shell models are also discussed in [27], [28]
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in the footstep of [26]. Finally, a general study of I'-convergence and dimensional
reduction is proposed in [5].

As emphasized in [19], thin film technology has drastically improved as of late
and a precise control over thickness as well as material composition of a film is
possible. This motivated in part the study in [19] of the optimal(ly worst!) design
of a two-phase nonlinearly elastic thin film. In a different direction, “optimal”
stiffeners for a linearly elastic plate with fixed average thickness are analyzed in [25]
under directional restrictions on the stiffeners, and the existence of a KIRCHHOFF-
like plate model is established (at least formally) as limit of 3D domains with
(locally) periodic profiles, i.e., profiles of the form {|zs| < ef(x,x/e7)}, where € is
the thickness of the domain, 0 < 7 < oo determines the period of the oscillations,
and f(x,.) is periodic.

In the present paper, we propose, in the context of fully nonlinear elasticity, a
general approach that allows for material heterogeneity as well as rapidly varying
profiles. We show in Theorem 2.5 that membrane-type models of the form firstly
derived in [26] are generic; of course, Theorem 2.5 is a mere abstract existence
result and a more precise determination of the membrane energy density in the
spirit of [25] is unfeasible with such a degree of generality. We then proceed in the
remainder of the paper to specialize the obtained energy density to more specific
settings. Section 3 is devoted to revisiting the model obtained in [26] for transver-
sally inhomogeneous thin domains. Section 4 examines a typical homogenization
type problem, namely that in which both microstructure and profile periodically os-
cillate on a scale that is comparable to that of the thickness of the domain. Finally,
Section 5 investigates the optimal problem discussed in [19] without the restriction
that the mixtures be of cylindrical type, that is allowing for any kind of two-phase
mixture, provided of course that the resulting volume fraction of each material be
independent of the transverse variable x3, a must if one is to hope for a plate-like
behavior.

It is worthwhile at this point to be somewhat more specific, so as to achieve a
better understanding of the scope and limitations of the model. A profiled 3D thin
domain (e) is considered; it is of the form

Qe) = {(z1,22,23) : (x1,22) € w and |z3| < efe(x1,22)},

where w is a bounded domain of R? and fe(x1,22) determines the e-dependent
profile x3 = +£fc(x1,22). This domain is filled with an elastic material with
elastic energy density W(e)(x1,z2,23;-). Let us assume, for the sake of illus-
tration, that Q(¢) is clamped on its lateral boundary and subject to body loads
F(g)(z1,x2,x3), so that, for fixed ¢, in order to reach equilibrium the transforma-
tion field u(e)(x1, 2, x3) seeks to minimize

w W(e)(z1, x2, x3; Dw) dx—/ F(e) wdx,
Q(e) Q(e)

among all kinematically admissible fields w.

Note that the displacement field u(e)(z) — = can be used in lieu of the trans-
formation field u(e) at the expense of an obvious change in the expression for the
energy density, namely

W(e)(x1, x2, x3; Dw) := W(e)(x1, 2, x3; I + Dw).

We will denote the displacement field by u(e) as well and will not refer any further
to transformation fields.
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It is tempting to reformulate this problem on a “fixed” domain through a 1/e-
dilation in the transverse direction x3. Set

Q = wx(-1,1),
Qs = {(.’ﬂl,l’g,l’g) : (1'1,152,5’133) c Q(E)},
ue(x1,x9,23) = u(e)(x1,ze,e13),
W2y, 20, 23;-) = Wi(e)(xy,xa,c23;),
F.(z1,22,23) = F(e)(x1,22,e23).

Equivalently, u. wants to minimize
1
v »—>/ We <x1,m2,x3;D1v’ng‘D3v> dx —/ F. -vdx
Q. € Q.

among all kinematically admissible fields v on Q., where (£1]&2|€3), with & € R3,
i =1,2,3, stands for the 3 x 3 matrix with columns £1,¢&5,&3. Under appropriate
coercivity assumptions on W, (or W(e)), it is easily checked (cf. Remark 2.3)
that, for a subsequence {ej} of {¢}, there exists u € WP (w;R3) such that (u., —
U)Xﬂak — 0 strongly in LP(R3), where Xq., denotes the characteristic function of
Q,, provided that {F.xq_} (resp. {F(¢)xq(e)}) is bounded in LP(R?), with p > 1.
It then makes sense to investigate the I'(LP)-limit of the functionals

v - B (vjw) = /

W, <x1,12,m3;Dlv’D2v‘iD3v> dzx

Qc
since minimizers of E. — if they exist — will LP-converge to minimizers of that I'(LP)—
limit, and thus a characterization of the latter will entail an asymptotic effective
energy for equilibria states of (2.. This is what the present paper undertakes.

This approach depends on the adopted scaling in a non trivial way. Indeed,
a different kind of estimate on the loads — or, as the language of asymptotics
would have it, a different scaling on the loads — will render the subsequent analysis
obsolete. In particular, note that the usual scaling of linearized elasticity, that is
loads such that 2 F(e)s is of the same order as F(¢)1, F(€)2, is not amenable to the
proposed setting; a rescaling of u(e)s as

(%)3(331,152,333) = €U(€)3(l‘179€2,€$3)

is that proposed in linearized elasticity (cf. e.g. [13]). It can be shown, however,
to prohibit local models in the limit [20].

We now close this introduction with a few remarks of a mathematical nature.
Firstly, it should be noted that there is nothing in the analysis that precludes a
higher (or lower) number of horizontal and vertical directions, the setting being
then of mappings from RY into R? with N,d € N arbitrary, although the physical
meaning becomes dubious. The reader’s attention should be drawn to the pervading
problem of the explicit appearance of the parameter ¢ in the functional. This is
a source of numerous difficulties and it prompts extreme caution when extracting
subsequences (see e.g. the extraction of the subsequence {¢®} in the proof of
Theorem 2.5). We also have to appeal to both I'-limits and I'-liminfs. Let us recall
that if {E,} is a sequence of functions from a Banach space X into R and E is a
function from X into R, then

I'l. E is the I'(X)-liminf of E, if, for any = in X,

E(z) = {i;lf}{lirg%ngn(mn) (X, — xin X},

I'2. E is the T'(X)-limsup of E. if, for every z in X,
E(z) = inf {limsup E,(x,) : 2, — z in X}.

Tn n—0+t

Also
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I'3. f I'(X)-liminf E,, = I'(X)-limsup E,, then the common value is called the
I'(X)-limit of E,,.
Therefore, E(u) = I'-lim E,, (u) if and only if
i) whenever u,, — u in X then

E(u) < liminf E, (uy),

n—-+00
ii) there exists a sequence {u,} such that u, — u in X and

E(u) = liminf E, (uy,).

n—-+o0o

Moreover, given a family of maps E. : X — R, € > 0, and if v € X then we say
that
I'd. T(X)-lim E.(u) = E(u) if E(u) = I'(X)-lim B, (u) for every sequence
e, — 07T,
Hence, it can be shown that I'(X)—lim E.(u) = F(u) if and only if
i) for every sequences {u,} and {&,} such that u,, — win X and &, — 0T
then
E(u) < liminf B, (un),

ii) for every sequence {e, } converging to 0" there exists a sequence {u, }
such that u,, — v in X and

E(u) = lir_~1_1 E., (up).

Finally, we adopt the following notation: Greek letters will always run from 1 to
2 when taken as indices. Thus coordinates will be denoted by z, z3. The notation
(F|F3) will refer to the 3 x 3 matrix with column elements Fy, Fy, F3 (3 vectors in

R3). We will identify W1P(Q) N {u : g—; = 0} with WP (w) (2 := w x (=1,1)).

Also, attention will be paid to the order in which limits are taken. As a last point,
— will always denote strong convergence whereas — (resp. i) will denote weak
(resp. weak-*) convergence.

2. A COMPACTNESS RESULT IN A GENERAL SETTING

In all that follows, {e} is any decreasing sequence of real numbers with limit 0.
We assume that {W.(z; F)}. is a sequence of Carathéodory functions on Q x R3*3
such that, for a.e.  in Q, and any F in R3%3,

1
(2.1)  B|FPP - 7 <Wo(x; F) < B+ |FP), 0<f <B8<o0,1<p<oo.
For each e let f.(z,) be a continuous function on w such that, for some v > 0
independent of ¢,
(2.2) 0<y< fe(za) <1, forallz, €w,
and set, for any open subset A of w,

Ae ={(za,23) : o € A, |z3] < fo(24)},

and

OhAc = {(xa,x3) ¢ |23] < fo(Ta), To € OA}.
Note that we = Q.. Define, for any u in LP(2;R?),
fAs W, (xa,xg;Dav éng) drodrs, if ve WHP(A;R3),

+00, otherwise,

E.(v;A) := {
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and, for any u in LP(Q; R3),
(23) Jey(us A) := ink {nm inf . (v.; A) : v. € WHP(A;R?) and

ve } e—0+

(ve —u)xa. — 0in LP(Q;R?’)}.
Remark 2.1. Ji3(u;-) is an increasing function on open subsets of w.

Remark 2.2. If u € WHP(w;R3), i.e., u does not depend upon x3, then (2.1)
implies that Ji.j(u;w) < oo, as immediately seen upon inserting v. = wu in the
definition (2.3) of J¢.y.

Remark 2.3. Assume that p > 1. We claim that energy bounded sequences are
compact in LP in the sense of (2.4) below, and with limit in W1?(w;R?). Indeed,
let {v.} be a sequence in W1P(Q.;R3) with, say, v. = 0 on J;w. and

1
Sup/ We (xoz;xl%;Davs -
€ Q. £

Note that f. must be such that the trace of v. is meaningful on J;we.
We must show that there exist u in W, (w;R?) and a subsequence {e}.} of {e}
such that

ngs) dradrs < 00

(2.4) (ve, —u)xq., — 0in LP(4;R?).
In view of (2.1), (2.2),
1
(2.5) / <Dav€|p + |D3v5|p> dxodzs
wX(=7,7) er

§/ (|D vl + — |D3v6|p> dzodrs < 00,

so that Poincaré’s inequality and Rellich’s theorem imply the existence of an element
u in WhP(w x (—7,7);R?) and of a subsequence {e} of {e} such that

{vsk —u in WhP(w x (—v,7);R3),

(2.6) _ s
Ve, (T, £7) = u(za,£7) in LP(w;R?).

Further, (2.5) implies that Dsu = 0, i.e., that u lies in Wol’p(w; R3). Finally,
/ |ve, — ul? deodrs = / |ve, — ul? dxodrs
We WX(_'Yv'Y)
fﬁ:(za) -
+// |ve, — ul? dxodes —|—// |ve, — ul? degdxs
w Sy w _fa(xa)
= / \ka —ul? drydas
WX (=7,
fs (za)
+ / / Dyt (2, 5) s + vy (0,7) — ()|
/ /fs(xoc)

/ |ve, — ul? dzodrs
wx(7’77'\/)

+C {/ |ve, (T, £7) — w(xa)|P dzg —|—/ | D3ve, |P dxadxg} ,

so that (2.5) and (2.6) imply (2.4).

dxodxs

p
dr,dzs

stsk (Tay 8) ds + Vey (T, =) — u(Ta)
-

IN
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Remark 2.4. Note that given a function u € WP(w;R3) then ey (u; Q) < o0,
and, conversely, if (u. —u)xq. — 0 in L' and {u.} is an energy-bounded sequence,
then we may assume that u € WP (w;R?), where we have used the fact that the
sequence {f:} is uniformly bounded away from zero (see (2.2)).

Introduce a countable collection C of subsets of w such that, for any § > 0 and
any open subset A of w, there exists a finite union C4 of disjoint elements of C
satisfying

L2(A) < L2(Cy) + 6.
Denote by R the countable collection of all finite unions of elements of C, i.e.,
R:={UF,C;: keN, C;eC}.

A diagonalization argument, together with a simple argument of I'-convergence
based on the separable and metrizable character of LP(Q;R3) — see Proposition 7.9
in [9] — permits to assert the existence, for any sequence {} \, 0T, of a subsequence
{e™} such that, upon setting

{CA C A,

(2.7) Jiemy(u; A) = inf {liminfEan (vor; A) 1 ver € WHP(Ar;R?) and

{v.r} eR—0*
(ver = w)xax — 0in LP(QRY) |,
then, for each u in LP(€;R?) and each C in R, there exists a sequence {v% } in
WLP(C.=;R?) such that

(vor —u)xer — 0in LP(Q;R3)
J{ER}(U;O): lim+E€R(UER;C).

eR—0

(2.8)

In other words, Jy.=y(+;C) is the I'(LP)-limit of E .= (:;C), for every C € R. We
then prove the following

Theorem 2.5. For any u € WP (w; R?), any open subset A of w, and any decreas-
ing sequence {e} \, 07, J.ry(:; A) defined in (2.7) is the T(LP)~limit of E.x (- A).

Furthermore, there exists a Carathéodory function W =y : R? x R3*2 = R such
that

(2.9) Jiery(us A) = 2/4W{5R}(ma;Dau) dz,.

Proof. We extend to the present framework the so-called direct methods of the
theory of I'-convergence (see [9] Part IT).

The proof is divided into four steps. A first step is devoted to a lemma which
will be used in the sequel. The second step establishes the claim that Jy.ry(u; A)
is the I'(LP)-limit of E_= (u; A). The third step ensures that Ji.=y(u;-) is a finite
nonnegative Radon measure. The fourth, and final step, is a mere application of a
result in [11] (see Theorem 4.3.2) ensuring the integral representation (2.9).

Step 1. In this step we observe that approximating sequences may as well take
the value u on the lateral boundary of A..

Lemma 2.6. Let u € WIP(A;R3) where A is an open subset of w. If {€} C {e*}
and v= € WIP(Az R3) are such that

(0=~ wxa, — 0 in LP(Q;RY)

Jiemy (u; 4) = lim Ee(vs; A),
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then there exists a sequence {wz} C WP (Az; R3) which satisfies (2.10) and is such
that

we =uin {(Ta,23): 1o € A\ K° and |23] < fo(7,)}

for some compact set K€ C A.

Proof. The proof relies on DE GIORGI’S slicing argument, and on the possibility of
considering cut-off functions which are independent of the variable x3. Set

1
C:= Sup/ (1 + [Davel? + |DBUE|p> dzodzs,
g Jas ep

and note that C' < co by virtue of (2.1). Define

_ 1
(2.10) K(E) = HW] )
||UE - UHLp(A?)
where [a] stands for the integer part of the number a, and M (2) := [/ K (€)]; set
also

A(E) = {xa € A: dist(we, 04) < Aff((;) }

Note that, in view of (2.10), K () " oo while £L2(A(g)) \, 0" as € \, 0T. Subdivide
A(Z) into M (g) disjoint subsets,

AS = {xa € A: dist(z,,04) €

v i+1
—_—, = ;=0,...,M(E) - 1.
K(g)v K(8)> } b ? 07 ) (5)
Then, there exists () € {0, ...., M(g) — 1} such that
(2.11) / 1+ |Dyvsl? + i\D ve|P | dzodrs < .

. (4%)= aVg zP 3Ue all3 > M(g)a
where (A7))z = {(za,23) : 2o € A, |23] < fe(za)}. Consider ¢(z) € C§°(A)
such that

0<¢(E) <1, [[Dag(@)llL> <2K(E),
(2.12) 1, if dist (2, 0A) > S

=\ 6) ,
?() = {(/)(E) =0, ifdist(z,,0A4) < 12((%)

and set
(2.13) wz = P(E)vz + (1 — ¢())u.

Note that ws = u in {(zq,23) : Ta € A\ K%, |23] < fe(za)}, with K* :=
{xa € A:dist(zy,0A) > i(5) }, and that we € WHP(A;R3). Furthermore, in

K@)
view of (2.8),

(2.14) (wz — u)xa. — 0in LP(Q;R?).
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Then, by virtue of the bound from above in (2.1), together with (2.12), (2.13),

(2.15)
Jery(u; A) >

lim sup/ ‘ W= (xa,xg; D,
=0t JAzn[{za: dist(zq,04)> 82 x(~1,1))

K(z)

1
Ve D3U5> dredrs
g

> lim sup{ Ws (:Ua, z3; Dows

F0+ Az

1
= D3w€> dxdxs

—C/ (14 |Dqul?) dzodrs
Aen[{za: dist(za,04)< #25 }x(—1,1)]

K(®)

*ﬂ/ (1 + [Davzl? + 8p|D37)?p> drodrs
Ale)

—C|K(§)|p/ T dmadxg}

€ —
i(8)/F

> limsup Ex(wz; A) — Climinf £?(A(Z)) — CBliminf ——

£—0+ =0t g—0t M( )
. . p/2 .
_ﬁhggégf [lvs — u||Lp(A )= harriilipEg(wg, A),

where (2.10) and (2.11) have been used in deriving the last inequality in (2.15).
But the very definition (2.7) of Ji.=}(u; A), together with (2.14), imply that

Jery (u; A) < liminf Ex(wg; A),
z—0t+
which, in view of (2.15), yields the desired result. .

Step 2. Let u € W1P(A;R3), let A be an open subset of w. In order to prove that
Jery(u; A) is the I'-limit of E = (’US:;A) it suffices, in view of its definition (2.7),
to prove that property I'3ii) (see the Introduction) holds. To this end, fix § > 0
and choose a subset C° of A in R such that

Cd C A,
1)
1+ |Duy|) drs < —.
[ o <
C&

Consider a sequence v satisfying

lim EER( ER,Cé) J{ER}(U;O5).

eR—0t

In view of Lemma 2.6, we may extend vgs as u outside an so as to belong to
WhP(A,.=;R?), and since Jy.=y(u; C%) < Jery(u; A) for all 6 > 0, we have

lim sup lim sup F_= (vgéS i A)

§—0t eR—0t

§—0+ eR—0t

< limsup lim {EER (UEC;; C‘S) + 243 (14 |DqulP) dxadxg}

A\C?

= hmsup ey (us )

5—0

< J{ER}(U; A)

5
< liminfliminf F = (v5%; A).
6—0t eR—0t
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Lemma 7.1 in the Appendix permits to conclude the existence of a decreasing
sequence {§(¢™)} \, 0T such that
(vg:(ER) —u)xa_r — 0in LP(SX R3)
{qﬂgwA):a@gyan(égﬁ%A>,
which, together with (2.7), asserts that Ji.=y(-; A) is the T'(LP)-limit of E_=(:; A).

Step 3. Let u be an element of WP (w;R3). Implicit in the proof of Step 2 above
is the inner regularity of Jy.ry(u; A), namely, for any 6 > 0 there exists Co'cR
such that

—5
(2.16) ¢ c4, S
Jiery(u; A) < Jery(u; C°) + 0.

Remark 2.7. Note that (2.16), together with the trivial inequality
—6
Jiery (us A) > Jiery (u; A\ C7) + Jpery (u; C°),
immediately implies that
(2.17) Jiery(u; A\T) < 6.
Remark also that (2.17) is obtained simply upon choosing u as a test function in
the definition (2.7) of Jy =y (u; A\@é).

We now show that J;.=y is subadditive, that is that for every open subsets
C,B,A of wwith C CcC B C A,

(218) J{ER}(U, A) < J{ER}(U,B)-I-J{ER}(’LL,A\é)
To this effect we consider, for any small enough ¢ > 0, B?, D’ two elements of R
with B® € B, D° C A\ C, such that
(2.19) / (14 |Dyul|)P dzy < 0.
A\(BSUD?)

Note that a small enough § ensures that B® N D? # (). Then, there exist two
sequernces {vfg } , {vgj} such that (2.8) is satisfied for B® and D?, respectively,
and (see Lemma 2.6)

Ug: = uon 8tB§R, UEDRS = wuon athR.
Consider the sequence of Radon measures

p

5|P 5
M;%ﬂm@‘ﬂmg

1\? B°

+ (n) (jpsez

where, as usual, (B°ND?).r = {%,23; 70 € B°ND?,|23] < for (74)}. By virtue of
the coercivity hypothesis in (2.1), {\.= } is a bounded sequence of finite nonnegative

Radon measures on R?, hence there exists a finite nonnegative Radon measure \
such that a subsequence of {A.z} — denoted by {Az} — satisfies

p s |P
+ ‘DBUsDR‘ ) }X(BéﬂD‘S)ER [,3

(2.20) Az = X\ weakly-* in the sense of measures.
Set A(X) := A(X x [—1,1]) for any Borel subset X of w. Define, for 0 < 7 < 1,
Sg = {zx € B°N D’ : dist(z,,dB°) = n}.
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The family {Sf] }n is made up of pairwise disjoint elements, thus there exists 7y €
(0,1) such that
(2.21) A(S2,) = 0.
For L‘é, a layer of thickness ¢ around S,‘;O, ie.,
Lg = {24 € B°N D° : dist(zq, Sgo) <<},
consider a smooth cut-off function qbg € C5°(R?) such that

162l < 1, |IDadllL= < C/C,

(2.22) o { 0  ifz, € B® and dist(za, 9B%) > 1o + C,
8 =

1 if 2, ¢ B° or dist(wa,0B%) < 19 — (.
Setting
vez = o0l + (1= 6Dl + xa\BouD) s
then v‘g,g € WhHP(Az R?), and
(vez — u)xa. — 0in LP(Q;R?).
Thus, by the very definition (2.7) and in view of (2.22),
(2:23) Jiery(u; 4) < liminf Ex(vez; 4)
< Jiery(u; B%) + Jpory (u; D)

+24 (14 |Doul) dzg
A\(BSUD?)

C P
+5 {limsup /\g(Lg x (=1,1)+ = limsup/ v?é - ngé‘ dxadxg} ,
(L=

e—0t C e—07t
. 5 5
where (Lg)g ={(za,23) : 24 € Lg and |z3| < f=(w4)}. Since |08 — 0P ‘X(Lg)g <
v?é — u’ Xps. + ‘ngs — u’ X ps, the last term in the last expression in (2.23) is 0,

while, by virtue of (2.20),
limsup As(L¢ x (—1,1)) < ;\(ZC).

g—0t

But, as ¢ tends to 0, S\(Lig) goes to ;\(Sgo) =0 (cf. (2.21)), therefore, upon letting
¢ tend to 0 in (2.23), and by (2.19), we obtain

J{sn}(u; A) < lgm(l)IJ}f [J{ER}(U; Bﬁ) + J{ER}(’UJ; Dé) + 65]

A

J{ER}(U; B) + J{E‘R}(U; A \ 6),

and this proves (2.18).
Finally, the definition (2.7) of Jy.=y(u;w) implies the existence of a subsequence
{z} of {e®} and of an associated subsequence {vz} in WP (wz; R3) such that

{% — U)X, — 00 LP(R?),

(224) J{ER} (u7 w) = Eliil;lJr EE(UE; (.d)

For a well chosen subsequence of {£}, still denoted by {Z}, there exists a finite
Radon measure p such that

(2.25) We(2q, 233 Dave|1/ED3vz) X0 L3 X 4 weakly-* in the sense of measures .
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Set, for any Borel subset X C R3, i(X) := u(X x [-1,1]). Then, by virtue of
(2.24), (2.25),

(2.26) Jiery (u;w) > A(R?),
while, clearly for all open subsets A C w,

(2.27)  Jgery(u; A) < liminf Be(ve; A)

g—0t

= liminf W= <xa, x3; Doz
Az

E—0*

1D305> dxdxs
g
< (A x[-1,1]) = a(A).

In view of (2.17), (2.18), (2.26), (2.27), Lemma 7.3 in the Appendix allows us to
conclude that Jy.=) (u; -) is the trace on the open subsets of w of a finite nonnegative
Radon measure. The bound from above in (2.1) immediately implies that it is
absolutely continuous with respect to £2|w.

Step 4. In view of the preceding considerations we are now in a position to
apply Theorem 4.3.2 in [11], guaranteeing the existence of an energy density W
satisfying (2.9). Indeed, Ji.=r} maps any pair (u, A), u € W'?(w;R?), A an open
subset of w, into R, and, furthermore,

(i) Jery(u; A) = Jiry(v; A) whenever u = v, a.e. on R?,

(ii) Jiemy(u;-) is a finite nonnegative Radon measure,

(111) J{an}(u, A) < 26 fA(l + \Dau|p)dxa,

(iv) J{ER}(’LL +GA) = J{ER}(U; A), ceR.

The proof of Theorem 2.5 is complete. (]

Remark 2.8. It follows immediately from the growth condition (2.1) and the
lower-semicontinuity of the LP-norm that the density function Wy =y in Theorem
2.5 still satisfies (2.1).

Remark 2.9. The conclusions of Theorem 2.5 are valid for more general domains
., since their particular form is not used in the course of the proof. Namely, we
may choose in place of {2, any open set Q. C w X (—1,1), and consider the set

A= (Ax (~1,1) N QL

in the definition of E.(u;A). Of course, the price to pay for such a degree of
generality may be reflected in the possible degeneracy of the limit energy. In fact,
Remarks 2.3, 2.4, and 2.8 do not hold true in general; hence, (2.9) may fail to
describe fully the I'-limit of Ey.=y, which may be finite also outside W'?(w; R?).

On one end of the spectrum of this degeneracy we have the case where Q. := (),
for which the I'-limit reduces to 0 on the whole LP(Q;R3). The same conclusion
holds if we take QL := w X (—7r¢,7¢) with lim. r. = 0.

Another type of degeneracy may be found when Q. is not connected. As an
example, take QL ;= w x ((—1,—1/2)U(1/2,1)). It is clear that the I'limit is given
by a functional defined on pairs of functions in WP (w;R3), the necessary changes
in the statement and proof of the corresponding Theorem 2.5 being straightforward.

Finally, it may also be possible that, even though €. is connected for all e,
the domain of the T-limit is all of W?(£2;R?). An example of this phenomenon,
obtained by taking Q. to be a domain with a periodical array of cracks, has been
studied in detail by BHATTACHARYA AND BRAIDES [6].
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3. FIRST APPLICATION — NONHOMOGENEOUS PLATE MODELS

In [26], a nonlinear plate model is derived from a 3D domain of the form w x
(—¢,e) occupied by a nonlinearly elastic material upon letting the thickness 2e
tend to 0. Specifically, under the assumption that the elastic energy density W is
homogeneous and satisfies

31)  B|FP - % <W(F) < B+ |FF), 0<f <B<o0, 1<p<os,

it is shown that, for any u € WP (w;R3), any A open subset of w, and any sequence

{er 07,
Jiey(u; A) == inf liminf/ W(Davs
{ve} | e=0F Jax(-1,1)

ve € WHP(A x (=1,1);R3), v, — uin LP(A x (—1, 1);R3)},

1
€D3v5> drodxs :

is given by
Jiey(u; A) = 2/ QW (Dyu)dz,,
A
where
W(F):= inf W(F|z), F e R3>*?,
zER3
and

QW (F) := inf W(F + Dy¢) dz,,
PEW, P (Q1R?) J Q!

where @’ is the unit cube (0,1)? in R2, and QW is the 2D quasiconvezification of
W. Here we propose to extend this result to the nonhomogeneous case where W is
also function of x3.

We thus assume that W (z3; F') is a Carathéodory function on (—1,1) x R3*3
such that

BFP — % <W(zs; F) < B+ |FP), 0<p <pB< oo, forae. z3€ (—1,1),

or, in other words, that W, defined in Section 2 is independent of &, and that
fe(xa) =1, 24 € w.

Direct application of Theorem 2.5 permits to assert the existence, for any se-
quence {} \, 0%, of a subsequence {¢®} N\, 0" such that Jy.=y(u;A) defined in
(2.7) is given by

(3.2) Jeery(us; A) = 2/ Wiery (7a; Dau)dze.
A
It remains to identify Wy.=y. To this effect, we define, for any F € R3*2,
_ 1 _
(3.3) W(F) := infinf f/ W(zs; F + Dap|A\D3¢@) dadxs :
A>0 ¢ 2 Q'x(—1,1)

6 EWIP(Q % (—1,1)R?), 6 =00n Q' x (-1, 1>}.

Then, the following theorem holds true:

Theorem 3.1. For almost any z, € w and for all F € R3*2, W{En}(xa;F) =
W(F). Consequently, for all u € WP (w;R3), any A open subset of w,

L(LP)-lim E.(u; A) = Jyoy (u; A) = 2/ W (Dqu)dz,.
A
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Proof. Consider any sequence {¢} \, 0% and let {e®} be as (2.7), (2.8). Fix
F € R?**2 and let 2o be a Lebesgue point for W{En}(-;F). Then,

(3.4) Wiry(z0; F) = lim q2/ Wiry(2a; F) daq,
Q' (zo;1/q)

q— 00

where Q’(9;1/q) is the cube of R? of center x and side length 1/q, and ¢ is large
enough so that Q'(z;1/q) C w. In view of (3.2), (3.4) also reads as

2
(3.5) Wiery (20 F) = lim T Jpeny (Fs Q (w03 1/9))-

q—00
For ¢ large enough, let {v?.} € W'P(Q'(x0;1/q) x (—1,1); R*) be such that
ng — 0in LP(Q'(zo;1/q) x (—1,1);R3),
Jery(Fa; Q (205 5)) =

_ 1
Jim W xg;F+Dang‘—Rngq dz o das.
R =07 JQ (w02 ) x (—1,1) €

(3.6)

Such a sequence exists according to Theorem 2.5. Set
x
Vg.er (Tay T3) 1= quin (mo + qa,x3> , Ta €Q.

Thus, by virtue of (3.6), (3.5) reads as
(3.7) Wiery(wo: F) =

qg—o0 ¢R 0+

1 — 1
— lim lim W 23, F'+ Davg er | —55 D3vg cr dxodxs.
Q' x(—-1,1) qe

The inequality

(3.8) Wiery (o3 F) > W(F)
would then be immediate if v, .= = 0 on 9Q" x (—1,1), because in such a case

Fubini’s theorem would imply that, for a.e. 3 € (=1,1), v, .= € Wy P(Q';R3) and
(3.7) would become

1 _
W{ER}(.TO;F) Z 5/_1E(F) da',‘g ZE(F)

Unfortunately, such may not be the case and we have to modify v, .= accordingly.
To this effect we firstly note that, at the expense of extracting a subsequence of
{q,e™}, still labeled {q,e*}, we are always at liberty, in view of the coercive char-
acter of W (cf. (3.1)), to assume that the sequence {\, .=} of nonnegative Radon
measures

1
A‘LE’R = (1 + ‘DO/U‘LER |p + |q£—:7RD3’UQaER |p) XQIX(71’1)£3

converges weak-* in the sense of measures to a nonnegative finite Radon measure
A as {q,e%} — (00,0). We then define, for all Borel sets B of R%, \(B) := \(B x

[-1,1]).

We now introduce, for k > 2,
Wk, q,eR = (bkvq,aR?
where ¢, € C§°(Q') is such that
0<¢r <1, |[[Dadrll= < Ck?

g {1 i Ea € Q01— 1/R),
"T0 ifae ¢ Q0,1 —1/(k+1)).
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Note that wy, , .= (-, 23) € Wol’p(Q’;R?’) for a.e. 3 € (—1,1). Thus, recalling (3.7),
(3.9)  Winy(ao:F) >

1 — 1
— liminf liminf/ W (xg;F—i— Dawk7q75n’RD3wk,q7an> dxodxs
2 Q'(0,1— 1) x( qe

q—00 gR 0+ —1,1)

1. = 1
> 511(}1££f£17£13(r)1f { /Q/X(_1 ) W (mg,F+ Dowy, 4 o= RDgwk)q)En> dzxodxs

_ / 1+ |FI?) dzodes
(Q\Q'(0,1=%))x(=1,1)

C’k:Qp/ Vg e~ [P dwodas
(Q1(0,1= )\Q"(0,1— %)) x (~1,1)

e, 14 |Dav,, 8R|P+] Dy, ox

(Q’(O’lM)\Q’(Oxli))x(1,1)<

P
> dxdxs }

>W(F) - k;g — limsup limsup Ck p/ Vg o= [P dxodas
Q’><( 1,1)

qg—oo gR 0+

—Cligsgpli;njngq’sn <(Q' (071 Py 1) \ Q' (0,1 - ;)) X (—1,1)> )

Now, in view of (3.6),

lim sup lim sup/ Vg o= [P drodrs =
Q'x(-1,1)

g—oo R0+

lim sup ¢ +? 7lim+ [0e [P dzodrs =0,
q—o0 e =07 JQ (w0, 2)x(—1,1)

while
st » (€01~ 7)1 (01- 1) 1)
(@ (o) ve (o1 4)) )
_}(Q’\Q’ (0,1 k:))

Thus, (3.9) becomes

and (3.8) is obtained by letting & tend to oo since Q’(0,1—1/(k—1)) is an increasing
sequence of open sets with set limits Q.

Conversely, for any given n > 0, let A > 0, ¢ € WH(Q" x (—1,1);R?) with
¢ =0 on 0Q" x (—1,1), be such that

- 1 _
(3.10) W(E)+n> = / W (23; F + Dad|AD3¢) daodus.
Q'x(—1,1)

This is legitimate because of the density of W1>°(Q’ x (—=1,1); R?) into W1P(Q’ x
(—1,1); R®) — both with zero trace on the boundary dQ’ x (—1,1) — and of the
bound from above in (3.1). Set

Vor (T, 3) 1= Fao + Ne¢) ()\ o T ) ,
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where ¢ has been laterally extended by @Q’-periodicity. Then,
v.r — Fxg in LP(Q;R3).

Furthermore, for any open set A C w,

_ 1
3.11)  Jrory (Foa: A) < lim inf W ( 23: Dovor |—=D daod
31 Ty (o A) <ty [ (x A R) radrs
.. = Ty Lo
=timind [ W (a0 P Do (S as) [MDae (5 2) ) dds

Since fll W (z3; F + Da(-, 23)|[AD3¢(-, 23)) d3 is a periodic function in L>°(R?),
it converges weak-* to its average and (3.11) becomes, in view of (3.10),

1
Ty Fraid) < ) [ Wi Tt DaglAD) drados
—1 Q/

< 202(A) W(F) + 29L3(A).
Letting 1 tend to 07 yields
(3.12) Jiery (Fra; A) < 2L%(A) W(F).
But, according to Theorem 2.5, (3.12) also reads as

/ Wiery (zo; F)dao < L2(A) W(F),
A

so that, upon choosing zo € ) to be a Lebesgue point for W{En}(gf) and A to be
a small ball centered at ¢ and of vanishing radius, we obtain

W{ER}(LL'(); F) S E(F)

Since finally W{En}(xo;F) does not depend upon the choice of sequence {¢*}, we
conclude that there is no need to extract a subsequence from {e}.
In light of Proposition 7.11 in [9], the proof of Theorem 3.1 is now complete. O

Remark 3.2. Since Wi.ry(74;-) is the integrand of a lower semicontinuous func-
tional on W1P(w;R3) — namely the T'(LP)-limit of E.=(-,w) —, it is quasiconvex
(see Statement IL5 in [2]). Thus W (F) defined in (3.3) is actually quasiconvex.

Remark 3.3. Note that, if W does not depend upon x3, then
W(F) = QW(F), F € R*2.

In other words, the result of [26] is recovered in the homogeneous case. Indeed,
clearly,

1
W(F) > inf{l/ W(F + Do¢) drodzs : ¢ € WHP(Q' x (—1,1); R?),
o |2/ 1)
¢ =0o0n 0Q" x (—1,1)}
Y N
> /_ QW (F) day = QW (F),
so that

W(F) > QW (F).
Conversely, since W (F) is quasiconvex according to Remark 3.2, it suffices to prove
that

W(F) < W(F).
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The continuity and growth of W at infinity imply the existence of z € R3 such that
The density of Wy *°(Q’;R?) in LP(Q’; R?) implies in turn the existence of £7 €
Wy ™(Q'; R3) such that

&n A z, strongly in LP(Q'; R?).
Extend ¢7 Q’-periodically to R? and set

B0 5) i= ().

Then,

1 _
W(F) < - liminf W(F 4 Dy¢?|n*D3¢!) dvodas
2 n=to0 Joix(-1)

1 — 1
= —liminf w (F + —23Dy&" (nxy)
n—-—+oo Q'x(—1,1) n

& (n:va)> dxodxs

1 —
< —liminf W(F|€"(nzy)) drodxs,
oo JQrx(~1,1)

where the uniformly continuous character of W on compact sets has been used in
the last inequality (see e.g. the proof of Lemma 4.1 in [19] for more details). But
W(F|€1()) is a periodic function in L>°(R?), thus weak-* converges to its average
and we obtain
W(F) < W (F|£"(24)) drg,.
Q/

The result is obtained through direct application of Lebesgue’s dominated conver-
gence theorem upon letting n tend to 0.

Remark 3.4. We believe that the result of Theorem 3.1, appropriately extended,
still holds true in the case of an energy density that also depends upon z,,, although
we are not at present in a position to offer a full proof in such a setting.

4. SECOND APPLICATION —THE PERIODIC CASE
In this section it is assumed that W (x,, z3; F)) is a Carathéodory function from
Q' x (—1,1) x R? into R satisfying
1
ﬁl|F|p - E < W(xavxS;F) < 5(1 + |F|p)’

with 1 < p < oo and 3,8 > 0. The function W is extended by Q’-periodicity to
R? x (—1,1) x RY and we set

We(zg,x3; F) :=W (%,m;F) .

Also, we assume that f is a continuous function from @’ into [0,1] with 0 < v <
min f and we set

To
fe(@a) == f (?) .
We define, for any F € R3%2,
Whom(F) := litm inf g(t),

oo
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where, for any t > 0 |

1 _
gt) = tzigf{ W (2o, 23; F + Do¢|D3¢) drodrs : ¢ € WHP((tQ'); R3),
Q!

H(To,23) = 0if 2o € O(tQ"), |23] < f(xa)},

and where, for A C R?, Af 1= {(24,23) : 7o € A, |23] < f(20)}.
Remark 4.1. It is easily shown that
Whom(F) = tn;gg(t)v

and also that, in the definition of g(t), periodic boundary conditions on the test
functions can be imposed in lieu of Dirichlet boundary conditions.

The following theorem holds true:
Theorem 4.2. If u € W1P(w;R3) and if A is an open subset of w, then

T(LP)-lim E. (u; A) = / Waom(Datt) do.
A

Proof. Consider a sequence {e}, with € \, 0. Application of Theorem 2.5 permits
to assert the existence of a subsequence {¢*} of {¢} and of a Carathéodory function
Wiery such that

J{SR}(’LL;A) :/ W{ER}(xa;Dau) dxa.
A

We firstly show that Wy.=y is independent of z,.
Fix F € R**?, and let x¢,yo € w be Lebesgue points for Wy =y(; F), so that

(41) W{ER}(Z‘();F) =

1 _
lim —/ Wieri (243 F) dag,
50+ 02 Q' (x0,6) {7}

o —
= 51—1>%1+ ﬁj{gﬁ}(anvQ (IOa(S))v

—idem for yy. Assume that § is small enough. According to Lemma 2.6, there exists
a sequence {2} with ¢ = 0 on {(za,23) : 23] < f(za/eR), 20 € 0Q'(20,6)}
and ngXQ’(zo,é)sn — 0 in LP(Q;R3) (with, as usual, Q'(x¢,d).r = {(va,x3) :
lz3| < f(xa/eT), 24 € Q'(70,5)}), such that

(4.2) Jiery(Fa; @ (w0,0) = lim  Eer (Fra +vlr; Q (w0,9)).

Define the vector .= € eRZN as

[(yo - :Eo)z]
€R

Cleary T.r — 9o — zg as €~ — 0. Let

R , fori=1,...,N.

(Ter), =€

¢g7€ (xom {E3) = ¢gn (xa — TeR, xB)a
where we have extended ¢’z by 0 to [R?\ Q'(zo,0)].x.

Fix r > 1 and consider e® small enough so that

(4.3) Q' (yo — 7er,0) C Q' (0, 70).
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Since ¢2xq (o, 5). — 0in LP(Q;R3), we have
J{ER}(FmomQ (yO’ ))

<
lim inf < R,$3,F+Da¢5

eR—0t Q' (y0,9).

D3¢ ‘R> dxodz3

< liminf/ w m#,$3;F+Da¢g($a+TsR,$3)
Q' (Yyo—T.r,0) R €

eR—0t

1
E—RD;;(;SSR (o — TER,:E3)> dxodrs

eR—0t

ghminf/ W 22 25; F 4 Dat(w,w3)
Q' (z0,m0) R €

1
E—RDngR (Ta, x3)> dxodxs

< Jiery (Fra; Q' (20,6)) + 28(1 + |[F|P) L3(Q' (w0, 70) \ Q' (20, 0))

where we have used (4.2), (4.3) and the periodicity of W (-, x3). Letting r — 1, we
finally obtain

Jery (Fra; Q' (y0,0)) < Jiery (Fra; Q' (0, ),
hence, in view of (4.1),

W{ER}(yo; )— 11161 (52 J{ER}(FIQ,Q (yo )) S W{ER}(I();F).

Given the arbitrariness of zy and yy we conclude that
Wiery (yo; F) = Wiery (z0; F) =: Wiry (F).

We now identify W=y (F). Assuming, without loss of generality, that 0 € w
and @' C w, by virtue of Lemma 2.6 there exists a sequence {¢,=} with ¢.r =
0 on {(Ta,3) : |23] < f(2a/eR), 24 € 0Q'} and berXqr,, — 0in LP(Q;R3), such
that

W{ER}( ) J{ER}(Ffva,Q) lim ER(an—i—l/JE ,Q)

eR—0+

Define

1
Der (T, x3) 1= E—ngn(sRa:a,:cg).
f
Then, ¢p.x € WhP ([(O, 1/67%)2} ;R3>, and it is equal to 0 as soon as z, €

9(0,1/eR)?; thus it is an admissible test function in the definition of g(1/e™) and

. 1
(4.4) limsup g <€R> <

eR—0+
lim sup eRQ/ ;
w0t o]

. = 1
:limsup/ W (;,xg;FqLDawER’ﬂDgng) da o das

eR—0t

W (a:a, 23; F 4+ Dooor \ngben) dzodzs

= Wiry (F).

Conversely, consider \,, /" oo such that g(\,) — liminf; ~o g(¢). For each n, take
bn € WHP({(0,M,)% x (=1,1) : |z3] < f(za)};R?) with ¢, = 0 if 2, € 9(0,\,)?,
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and such that

45 g0+ = >

+3 21

)‘% A% [(0,A0)2])F
Set ¥ =R ¢y, (L%, 23) , where ¢,, has been extended by zero to ([A,] +1)2, and
then to the whole of R? by ([A,] + 1)2-periodicity. Then,

Jiemy (Frai Q') < liminf Bon (Fra +92x: Q)

W(‘Tom .’L‘g;F + Da¢n|D3¢n) dzodzs.

eR—0t

() (o .
:l%n_}gf/l [/ o W(ERyl'S;F‘FDaQSn (?ﬂﬁl%)‘
F(2#)
x
D3¢y, (5%7373) ) d$3] dzq

1 f(za) —
— 7/ / W(xa,x?,;F'i'Da(bn(xa)x?))l
(0,An)2

a — 1
:hminf/Q/ W(;,l‘g,;F—i—Dang‘g,RD?,’(/J?R) drodrs
eR

(Al +1)? ~f(@a)

D3¢n (xou :ES)) d.’173‘| dz,

e
(M) + 1% Jio,png+0)2\ 0.00)2)F
2

< e (o 55) +o (3)

where we have used (4.5) as well as the ([\,] + 1)?-periodic character of
O]

+ W (2o, 23; F|0) dvodrs

0 (-, 233 F + D¢ (-, 23)| D3 (-, 23)) das.
f .
Thus, letting n tend to oo,

r1(Fz,: Q') < limi
Jery (Fra; Q') < htrr/llogfg(t),

or still

Recalling (4.4), (4.6), we obtain

1 —
liminf g(¢) < li — | < W F) <liminf g(¢
im in g(t) < imsup g (ER) < Wiery (F) < im in 9(t),
which proves the desired result. Since the I'(L?)-limit of E.= (u; A) is independent
of the specific sequence {¢™}, in light of Proposition 7.11 in [9] we conclude that
E.(u; A) T'(LP)-converges to [, Whom (Do) dzq. O

Remark 4.3. Theorem 4.2 still holds if we only assume that 0 < f < 1. In general,
the description of the I-limit is not complete, as there may exist a u ¢ WP (w; R3)
such that Jy =y (u; ) < +o00. Nevertheless, some degenerate cases can be dealt with
in the spirit of the homogenization of domain with soft inclusions. This can be done,
for example, if we suppose that for some vy > 0 the set B, := {z, € R?: v < f(z4)}
contains a periodic connected Lipschitz set (see related work in [3] and [9] Chapter
19).
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5. THIRD APPLICATION — OPTIMAL DESIGN OF A THIN FILM

The kind of dimensional reduction performed in this paper has proved relevant
in the analysis and design of thin films. We refer the interested reader to [19] and
references therein for a detailed motivation of the problem considered below and
for relevant results in the so-called cylindrical case (see Remark 5.3 below).

It is thus assumed in this section that W;(F), i = 1,2, is a continuous real-valued
function on R3*3 such that

1) BIF]P - % <W,(F) < B(1+|F]P),0< 8 << o0, 1<p< o0,

Our goal is to compute , for any v € WP(w;R3), any § € L*>®(w x (—1,1);[0,1]),
any open subdomain A C R2,

J(0;0;4) = inf  Jiy(v;6; A
(v30; 4) = inf | Jiey (v;6; 4),
where

Jiey(v;0; A):= inf {liminf/ (xeW1 + (1 — xo)Wa2) (DO/UE
A

{Xs}){vs} e—0F X(fl,l)

ve € WHP(A X (=1,1); R%), xo € L®(A x (=1,1);{0,1}),

1
ED3v5>daﬁ0¢dx3 :

ve — vin LP(A x (=1,1);R3), x. = fin L=(A x (—1,1);[0, 1})}.
Let us define, for any F € R3*2 6 € [0, 1],
(52) W(,F) =
A>0¢,x | 2
¢ € WLP(Q/ X (_L 1)7R3)7¢ =0on 8Q/ X (_17 1)a

e ¥ Q x (L 0.1, 5

Q'x(-1,1)

1 _
inf inf {/ (xW1+ (1 — x)Wa)(F + Da¢|AD3¢) dzodas
Q'x(-1,1)

X dxodrs = 0}

1 —
= jnfinf3 oF Wi+ (1 = x)Wo)(F + Do9|D3¢) dvodrs :
k>0¢7x{2k/,x(k’k)(x 1+ (L= x)Wa)( ¢ D3¢) 3

6 € W'P(Q X (~k,k);R?),¢ = 0 on 0Q' x (~k, k),

1
Y EL®Q x (—k k) {0,1}), — / X dzadas = 0 V.
2k "% (—k,k)

Remark 5.1. Tt is easily proved that W is an upper-semicontinuous function of
(0,F) € [0,1] x R3*2. The proof is a strict analogue to that of Proposition 2.9 in
[19].

The following theorem holds true:

Theorem 5.2.

1
J(v;6; A) > 2/ w (;/ 0(zq,s) d&Dv(xa)) dz .
A —1

Further, equality holds if € L™ (w;[0,1]) and if W satisfies the following symmetry
property:

(5.3) W(F|Fs) = W(F| — F3), F € R®*? F3 ¢ R®.
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Remark 5.3. In contrast with the setting investigated in [19] the material distri-
bution — the characteristic functions x. —is not restricted to cylindrical geometries;
in other words y. may also depend on the transverse variable x3. This is the only
difference between Theorem 5.2 and Theorem 2.3 in [19]. Note that the equality in
Theorem 5.2 holds if # is independent of z3, that is if we are truly in a plate-like
setting.

Remark 5.4. The section heading is somewhat misleading since, in truth, Theorem
5.2 is not a mere application of the results of Section 2; specifically, Theorem 2.5
cannot be invoked in the current setting because of the presence of the additional
field x.. The proof of Theorem 2.3 in [19] can however be revisited in the light of
the method used to prove Theorem 2.5 so as to prove Theorem 5.2. This is the
object of the proof of Theorem 5.2 below.

Remark 5.5. We conjecture that the symmetry condition (5.3), although satisfied
in many applications, is not necessary, but confess to our inability at doing away
with it at present. We remark that this hypothesis is not required in the case of
cylindrical inclusions (see [19]).

Proof. The first part of Theorem 5.2 is contained in the more precise Lemma 5.6
stated below which is in turn the strict analogue of (part of) Theorem 2.5 in the
current setting.

Lemma 5.6. For any sequence {e} \, 0T, there evists a subsequence {e®} such
that
/1 1
Jiery(v;0; A) > 2/ w <2/ 0(zq, s) ds,Dv(xa)> dz,
A -1
thus, in particular,

J(v;0; A) 22/

A

1
w (;/ 0(xa, ) ds7Dv(aca)> dz,,.
-1

Proof. The subsequence {7} is defined exactly as in Section 2 (see argument lead-
ing to (2.7)). The proof is then divided into two steps which will be sketched
below. Only those parts of the argument that differ from analogous parts in the
proofs of Theorem 2.5 or of Theorem 2.3 in [19] will be detailed. The first step is
devoted to a proof that Jy.=y(v;0;-) is a finite nonnegative Radon measure which
is absolutely continuous with respect to £?|w. A second step establishes that the

dJ ;05 . . .
Radon-Nykodim derivative %(xo) is, for suitable x¢’s in w, greater than

or equal to 2W (1/2 f_ll 0(zo, s) ds, Dav(xo)) :

Step 1. Step 1is a near verbatim reproduction of Steps 1-3 in the proof of Theorem
2.5. Firstly, it is observed, exactly as in Lemma 2.6, that approximating sequences
for v may as well take the value v on the lateral boundary of A x (—1,1). The
proof is identical to that of Lemma 2.6. Then the inner regularity of Ji.=y(v;0;-)
is established exactly as for (2.16). We now address the subadditive character of
Jgery(v;0;+). Once again the proof is nearly identical to that of (2.18). Note

however that the recovery sequences for B?, D® are pairs (xf;, vgs ) € L>(B° x
(—=1,1);{0,1}) x WtP(B® x (—1,1); R?) — idem for D? —, with

XBe 0 in L¥(B% x (=1,1); (0, 1]),

vB — v in LP(BY x (—1,1); R3);
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idem for D?. A new pair-sequence is defined as

5 8

Xe = xiox? + (1= x)X2 + X(a\(BsUD®)). =
ver = 00P + (1= 62 + x(a\(BsuD)Lts

where ¢¢ was defined in (2.22), {hz} is any sequence in L>(€;{0,1}) converging

to 0 weakly-* in L°°(Q;[0,1]), and Xfm is a characteristic function such that

no

s )1 ifxz, ¢ B ordist(zq,0B%) < o,
0 otherwise.

Then, clearly, as €\, 0T,
Xe 0 in L(A x (—1,1):[0,1)),
ver— v in LP(A x (-1, 1);R3),

and the remainder of the proof of (2.18) proceeds as before. Finally, (2.26), (2.27)

are unchanged and Lemma 7.3 permits to conclude that J{En}(v;ﬁ; 1) is a finite

nonnegative Radon measure. The bound from above in (5.1) immediately implies
that it is absolutely continuous with respect to £2|w.

Step 2. From the definition of Radon—Nykodim derivative, for almost every zg € w,

dJ =y (v;0;-)

d£2 + 02

1
= 613351+ 5 Eli%ﬂ/ s 1>§)5W1 + (1 —xz)Wa) (Davglﬁstg) drodrs,

(5.4) (z9) = hm J{En}(v 0; Q' (x0,9))

where {£} is a subsequence of {ER} and

Xz =6 in L>=(Q'(0,6) x (—1,1);[0,1]),
v=— v in LP(Q'(0,6) x (—1,1); R3).

Take 2y € w to be a Lebesgue point for f_ll 0(-,s) ds and a point of approximate
differentiability for v. Setting

Xo.z = Xz(®o + 020, x3),
vs(xo + 0, 23) — v(20)

Vs += 5
(5.4) now reads as
dJery(v;0;)
(5.5) T(%) =
)
lim lim (xszW1+ (1 — x52)Wa) (DQU&E D3v575> dzdzs.
§—0t =0t Q'x(—1,1) 5
Note that
(5.6)
lim li 1/ dz.d 11 li L dz.d
im lim — Xoz dradrs = 7 limlim = Xz drodrs
6—0t 50+ 2 Jore—in) 2 0% JQr(wos)x(~1,1)
1 1
= - lim — 0 dx,dxs

265-0% 0% J Q1 (g% (~1,1)

-l li ! 19 ds | d
T 2st0r 82 Q' (20,8) \J—1 (Fas) ds ) dra
1
= 7/ 0(xo,s) ds,
2/
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because xq is a Lebesgue point for f_ll (2w, s) ds.
Set Asz :={(a,r3) € Q" x (—=1,1) : Xx5z(Ta,x3) =1}. Then (5.6) implies that
1 e
lim lim -~£3(As5z) = 5/ (o, s) ds =: ©.

§—0+tz—0+ 2 1

The remaining of the proof would then be obvious from (5.5) and the definition
(5.2) of W(O, Dv(xp)) if

LAz =0

and if vsz = Do (z0)zq on 0Q’ x (—1,1). Unfortunately, there is no guarantee that
the above holds true and the sequence {x;z,vsz} must be modified accordingly.
This procedure is identical to that described in the proof of Lemma 3.1 in [19] — up
to changing the names of the indices ¢,n to d,, and also up to replacing 6(zq) by
© — and the interested reader is invited to consult pages 185 to 189 of that paper.
Note that in the case where © = 1 one should remark, in translating the proof into
our context, that, by virtue of Remark 3.3 and also of (3.3), (5.2),

QW.(F) = W, (F) = W(LF).
The proof of Lemma 5.6 is complete. O

We now address the second part of Theorem 5.2 and thus assume, from now
onward, that 6 is independent of x3.

The proof is divided into two steps. In a first step, it is assumed that 6 = 0.,
and v = v, are, respectively, constant and affine functions and we get the following
result:

Lemma 5.7. Let T be a triangle on the plane. Then there exists a sequence
{Un, Xn} € WEP(T x (—=1,1); R3) x L=(T x (—=1,1);{0,1}) with v, = vs on OT x
(=1,1) such that, as n / oo,

Xn = 0s in L(T x (—1,1);[0,1]),
{vn — Vo in LP(T x (—1,1);R3),
and
J(Voo;b0;T) = lim (xnW1 + (1 = xn)W2)(Dovn|nDsvy,) dredrs
n—=+00 Jpy(—1,1)
= 2L%(T) W(0so, Davioo).

A second step addresses the case of general domains A C w, general #’s and
general v’s, and yields Theorem 5.2.

Proof of Lemma 5.7. The proof is a blow-up argument in the spirit of [21]. From
the definition (5.2) of W, together with the density of W1°(Q" x (—1,1);R?)
into WHP(Q' x (—1,1); R3), we deduce that, for any n > 0, there exist A7 > 0,
¢ € Whe(Q' x (—1,1);R?), with ¢”7 = 0 on Q" x (—1,1), and x"7 € L=(Q’ x
(—1,1);{0,1}) with 1/2 fQ,X(le) X" drodrs = O such that
(5.7)
W (00, Davoo) > / (X"Wi1 + (1 = X")W3)(Daveo + Dad"| N D3¢") dzodzs — 1.
Q' x(=1,1)
Extend ¢", x" to be Q' x (—2,2)-periodic by setting
¢W7Xn($a7333)7 -1 S T3 S 17
6" X (Tar13) = 4 ¢, X (Ta, —2 — 73), —2< 23 < —1,
¢777X"7(xa72_1;3)’ 1§m3 <2a
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then extend ¢",X" by Q' x (—2,2)-periodicity to R®. Note that, in view of (5.3),
(5.7) also reads as
(5.8)

—

AW (Bos, Davos)> | (X"W1 + (1 = X")Wa)(Daves + Dad' |N"D3¢") duodzs — 2.
Q' x(—2,2)

Remark 5.8. This is the only instance where assumption (5.3) is used in this

study.

Set

Xh(Ta,23) = X"(n*wa,n13),
U:]L($a,$3) = voo(z'oé) + #an(nz%a,’l‘L)\nJZg).

If Q'(a,r) is a square on R?, then it is easily checked that, as n /" oo,

59 XS b in L(Q'(ar) x (<1,1): [0, 1),
’ V1 —vs in LP(Q'(a,7) x (—1,1);R3).
Further, in view of (5.8), together with the periodic character of v!, x,

J(voo§ 900; Q/(avr)) <

liminf lim (W1 + (1 = xWa)(Davl InDsv)l) degdzs
N0t e JQr(ar) x (— 1)

<limsup lim OAIWh + (1 = xWa)(DavlInDsv)l) degdas
n—0t PTTJQ (@) x (<1,

< 2L2(Q'(a,7)) W (00, Davoo)-
But, in view of Lemma 5.6,
(03 0003 Q' (a,7)) > 2£%(Q'(, 7)) W (00, Davos),
so that
J(Voo; 000; Q' (a, 7)) =

lim lim (W1 + (1 = xWa)(DavlInDsv)l) degdas
1=0% = He0 S (a,r) x(~1,1)

=202(Q'(a,7)) W(foo, Davoo),

hence, by virtue of Lemma 7.1 in the Appendix, there exists a sequence {n(n)},
n(n) n(n)

such that v, :=vn" "/, Xn = Xn ~ satisfy (5.9) as well as
(5.10)
J(Uoo; 9007 Q/(aa T)) = hm (XnWI + (1 - Xn)WZ)(DaUn|nD3vn) dxadxi’)

=+ JQr(ar)x (—1,1)
= 20%(Q'(a,r)) W (oo, Davioo).

Consider now a triangle T' covered with squares of the type Q'(a,r),a € R? r >
0, up to a set of measure 1/m, i.e.,
Ty = UNEMQ (@, 1) CC T,
with £2(T'\T,,) < 1/m. An easy construction, identical to that of Step 2 in Lemma

4.2 in [19] (see Remark 4.4 in [19]) yields (5.10) for T in lieu of @’(a,r). The proof
of Lemma 5.7 is complete. O
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In view of Lemma 5.7 — and in particular of the boundary condition v, = v
for the corresponding sequence —, Lemma 5.7 also holds true if T is replaced by
a triangulation of the plane on which v, is continuous and piecewise affine and
0. piecewise constant. Then, let v, be arbitrary elements of WP (w;R3) and
L*>(w; [0,1]), respectively, and consider {wy, 6)} a piecewise affine/piecewise con-
stant pair defined on triangulations of the plane such that

0, — 0 ae. inw,
wr — v in WHP(w;R3).

For each pair (wg,0) there exists a pair-sequence {v}},0};} defined on the same
triangulation satisfying the properties of Lemma 5.7 for that triangulation and for
Voo = Wk, B0 := O. A diagonalization process (with n replaced by n(k)) immedi-
ately yields a sequence {vy, xx} € WHP(A x (—1,1); R3) x L=(A x (—1,1);{0,1})
such that

Xk i\ﬂ in LOO(AX (_1a1);[0a1])a
(5.11) .
vy — v in LP(A x (—1,1);R3),

and

(5.12)

J(v:0:4) < liminf / (e Wi + (1 — x1)Wa) (Daviln(k) Dsve) dzadas
k—too JAx(-1,1)

= liminf J(vg;0; A)

k——+oco
= liminf2 / W (0, Dovy,) dea.
A

The bound from above for W;, the first convergence in (5.11), Fatou’s lemma, and
the upper semicontinuity property of W (see Remark 5.1) imply that

timint [ {(B(1+Davil?) =W (6h, Do) }dza > [ {B(1+1Davl?) =T (6, Dav) o
T JA A

thus
/ W\(G,Dav) dxg > 1imsup/ W\(Gk,Davk) dz,
A k—+oo JA
which, together with (5.12), yields

J(v;0; A) < 2/ W(Q,Dav) dx .
A

Lemma 5.6 provides the other inequality and the proof of Theorem 5.2 is complete.
O

6. FINAL REMARKS

This paper provides some insight into the characterization of effective energies
for thin structures with varying profiles within a nonlinear setting, and some of
our results have already been used and referred to in the literature on equilibria
of thin structures, such as the papers by ANSINI AND BRAIDES [4], BRAIDES AND
FoNSEcA [10] and SHU [30]. It is, by no means, a completed subject, as we have
pointed out throughout the text. From the technical point of view, we believe that
Theorem 3.1 may be extended to the case where the energy density also depends
upon z, (see Remark 3.4), and condition (5.3) should not be requested for proving
Theorem 5.2 (see Remarks 5.5 and 5.8).
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Finally, although Theorem 2.5 holds for arbitrary sets Q. (see Remark 2.9), in
order to have a complete description of the limit problem it is now known that some
geometrical and structural conditions need to be imposed on (2., as illustrated by
the example of BRAIDES AND BHATTACHARYA [6] where the limit problem is 3D
and there is no dimensional reduction in the resulting effective energy.

7. APPENDIX
Lemma 7.1 and Lemma 7.2 are trivial diagonalization lemmata.

Lemma 7.1. Let ai ; be a doubly indexed sequence of real numbers (k,j / oo). If

limlimag ; = L,
ko

then there exists a subsequence {k(j)}; /" oo such that

1iJIn ak(j))j = L.

Lemma 7.2. Let ax ; be a doubly indexed sequence of real numbers (k,j / oo). If

suplimay ; = L,
E o J

then there exists a subsequence {k(j)}; /" oo such that

lim ay(j),j = L.

Let a, j be a doubly indexed sequence of real numbers (k,j /" o0). If
limlimsup ai ; = L = limliminf ay, 5,
k j k J
then there exists a subsequence {k(j)}; /" oo such that

J
The third lemma in this appendix provides sufficient conditions for a mapping
7 : O — [0,+00) to be the trace of a Radon measure, where O is the set of open
subsets of w and w is an open subset of RV, It is close in spirit to DE GIORGI-

LETTA’s criterion [18].

Lemma 7.3. Let © be a mapping from O into R™ and p be a finite nonnegative
RADON measure on R™. If, for any A, B,C € O,
(i) m(A) <7(A\C)+m(B), CC BCA,
(ii) for any e > 0, there exists C. € O with C. C A and 7(A\ C.) <,
(iii) m(w) > p(RY),
(iv) m(4) < p(4),

then, 7 is the restriction of p to O.

Proof. Recalling (ii), consider d. := dist(C.,0A) > 0. Then, C. C B. := {z €
A; dist(z,0A) > d./2}, while B. C A. Thus, by (i, iv), and since C. C B. C A,

m(A) <e+m(B:) <e+ u(B:) <e+ u(A).
Hence, letting € tend to 0,
m(A) < u(A).
Conversely, since u is a Radon measure, it is inner regular, so that for any € > 0,

there exists C. € O with C. C A and p(A) < e + u(C.). Hence, with the help of
(iii) and of the previously derived inequality,

w(A) < etp(Ce) = etp(w)—pw\Ce) < e+p(RY)=m(w\Ce) < e+m(w)—m(W\Ce),
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and, since C. C A C w, (i) implies that u(A) < e + m(A4), so that the result is
obtained upon letting € tend to 0. O
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