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Abstract

This paper investigates the existence of minimizers for the so-called Kohn-Strang
functional with affine boundary conditions. Such a functional, which arises
in optimal shape design problems in electrostatics, is not quasi-convex, and
therefore existence of minimizers is, in general, guaranteed only for its quasi-
convex envelope. Such a quasi-convexification has been computed in two space
dimensions in [11]. Recently, necessary and sufficient conditions on the affine
boundary conditions for existence of minimizers for the Kohn-Strang functional
have been derived in two space dimensions in [7]. We generalize these previous
results for arbitrary space dimensions. Our method relies on the homogenization
approach for relaxing optimal design problems. We also generalize our results
to some variants of the Kohn-Strang functional.

Key words: homogenization, quasiconvexity, rank-one convexity, calculus of
variations, relaxation, optimal design.

1 Introduction

Let © be a bounded domain of IR". Let u(x) be a vector-valued function from
Q into IRY with derivatives denoted by Du = (u;/dz;) € R™. Let & be a
constant matrix in R™, i.e., § has IV lines and n columns. Let D, denote the
space

D¢ = {& o+ Hy(% RY)} .
This paper is devoted to the question of existence of minimizers in D¢ for the
following functional

F(u) = /Qf (Du) dz, (1)



where the integrand f is a function from R™ into IR", defined by

a 2
s ={ oo nze @

whith 0 < a, A < +00. In the case n = 2, the function f under consideration
was introduced by Kohn and Strang in [11] as a model problem in the field of
optimal design. Specifically, the associated minimization problem is equivalent
to a shape optimization problem in electrostatics.

It is by now well-known that the functional F' is not (sequentially) weakly
lower semi-continuous on D¢. Therefore, the direct method of the calculus of
variations does not yield the existence of minimizers for (1) in D¢. Rather, one
needs to introduce the relaxed functional (see [6])

F(u) = /Q Qf (Du) dz, 3)

where Qf is the quasiconvex envelope of f defined by

Qf(n) = inf /Yf(nJrDso)dy,

peHL(Y;RN)

where Y = (0, 1)" is the unit cube of IR". Then, ug(z) = § - ¥ is a minimizer of
the relaxed functional F' on D¢, and

1
Q = inf — / Du) dzx.
€)= int 5 [ 100
When n = 2, the quasiconvexification @ f has been computed in [11]. The result
is

A+ aly|? i [n]? + 2|adjan| > 2,

@ = { 2VaX (Inf? + 2ladjsn])'* — 20ladjon|  otherwise,

where adjon is the w vector of the 2 x 2 minors of n € R*".

In a recent paper [7] Dacorogna and Marcellini addressed the question of find-
ing conditions for existence or non-existence of minimizers in D¢ of functionals
of the type (1) for a general non-quasiconvex integrand f. As an example, they
considered the Kohn-Strang energy, defined in (2), when n = 2, and derived the
following

Theorem 1.1 Let & belong to IR*N. A necessary and sufficient condition for
(1) to have a minimizer over De¢ is that, either f(§) = Qf(§), or rank { = 2.

The main results of the present paper are generalizations of the computation
of the quasi-convexification @ f and of the above theorem to the case n > 2. For



arbitrary n, denoting by 71, ..., 7, the square roots of the eigenvalues of nn, we
prove that (see Theorem 2.2)

alnl + A it > /2,
2
aln? — o (S m)* +2VAa S i S < /2

Furthermore, for arbitrary n, we also prove (see Theorem 2.3)

Qf(n) =

Theorem 1.2 Let & belong to R™ . A sufficient condition for (1) to have
a minimizer over D¢ is that, either f(§) = Qf(§), or rank & = n. While a
sufficient condition for (1) to have no minimizer over De¢ is that f(£) > Qf(&)
and rank € = 1.

Remark that our theorem does not furnish a necessary and sufficient condi-
tion for existence of minimizers, since it does not cover the case f(£) > Qf(&)
and 2 < rank £ < n — 1. However, in such a case we conjecture there are no
minimizers for (1) over De. To support our claim, we prove that in such a case
there are no smooth-type minimizers of (1) in D¢ (see Proposition 2.5).

The existence of possible minimizers for (1) is not merely a question of purely
theoretical interest. It also has important consequences in the context of optimal
shape design. Let us briefly explore the connection between the Kohn-Strang
energy, defined in (2), and optimal shape design (see Section 4 in [11] for more
details). For each measurable subset w of €, define

E(w,¢) = inf {/W(OADU(;E)F—I—)\) dx},

v€D¢
where D¢, is the space defined by
D¢, ={v e D¢st. Du(z) =0ae. in Q\w}.

Of course, any function v € D¢, satisfies

/ f(Dv)dz < / (a|Dv(2)]> + A) d
Q w
but it is also true that
B@.8) < [ f(Do)ds
Q
where the measurable set 2, C €2 is given by
Q, ={z € Qst. Dv(x)#0}.

Therefore, we deduce

1nwa§—1nf/fDu dx. (4)

wCs2 u€ D¢



Whenever the right hand side of (4) admits a minimizer u, the corresponding set
Q,, minimizes the left hand side of (4). The minimization in the left hand side of
(4) is a shape optimization problem in electrostatics : find the best arrangement
of conductor o and holes so as to minimize the stored electrical energy. Since
the seminal counter-examples of Murat [14] and Tartar [16], the generic non-
existence of such optimal shapes is well-known. Rather, the problem is relaxed
through the introduction, as admissible designs, of composite materials that
mimic the behavior of minimizing sequences of shapes. Nevertheless, there could
exist boundary conditions, corresponding to a special choice of £, for which an
optimal shape is feasible. Our results provide conditions on £ that permit to
assert or to rule out the existence of such an optimal shape.

As a final remark, we emphasize that our method is very specific to the type
of functionals considered here, i.e., to the so-called Kohn-Strang energy and
its various generalizations. Indeed, our key argument is the link between these
functionals and the homogenization theory for two-phase composite materials.
Of course, there are many other non-quasiconvex functionals for which existence
of minimizers has been investigated : we refer to the recent article of Dacorogna
and Marcellini [7] and references therein.

The outline of this paper is as follows. Section 2 is dedicated to the computa-
tion of @ f(n) and to the proof of Theorem 1.2. Section 3 investigates the ”dual”
problem to (1)-(2), i.e., a functional acting on divergence-free fields. Our moti-
vation in the analysis of this dual problem is twofold : firstly, the conditions for
existence of minimizers are quite different, and secondly, it is this type of dual
problem, and not (1)-(2) which arises in the context of optimal shape design
(see [11] or [1] for details). Finally, section 4 deals with a partial generalization
of Theorem 1.2 to the case of non-quadratic Kohn-Strang type functionals.

2 Existence of minimizers for the Kohn-Strang
functional

This section is devoted to an analysis of possible minimizers for the functional

[+ )

Q

where  is a bounded domain of IR", and w is affine on the boundary of €, i.e.,
u€ De={¢ x+ HYy(QRY)}, e R™Y. (6)

The specific function f under consideration was introduced by Kohn and Strang

in [11] as a model problem in the field of optimal design ; specifically, for n €

BnN,

2
sy ={ oo nZd ™)



where 0 < a, A < 400.

Only the case n = 2 is investigated in [11]. In the two-dimensional setting it
is shown in Section 4 of [11] that the minimization problem stems from a shape
optimization problem in electrostatics.

In any case the functional defined in (5) is not (sequentially) weakly lower
semi-continuous over H!({; IRY) so that minimizers for (5) over D defined in
(6) need not exist. It was shown in [11], Theorem 1.1, that, when n = 2, the
quasiconvexification of f is

A+ alnl? if [n|? + 2|adjan| > 2,

8
2va (|n|* + 2|adjgn|)l/2 — 2aladjan|  otherwise, ®

Qf(n) = {

(N

where adjon is the fol) vector of the 2 x 2 minors of n € R*".

Accordingly the functional

/ Qf(Du)dz (9)
Q

admits (a) minimizer(s) over D¢ and the minimum value of (9) coincides with
the infimum of (5) over D¢ (see [11], Theorem 1.1).

As mentioned in the introduction, the following result about the existence
of a minimizer for (5) (and not only for (9)) over Dy is derived in [7], Theorem
6.1:

Theorem 2.1 (n = 2): A necessary and sufficient condition for (5) to have a
minimizer over D¢ is that at least one of the following hold

(ii) € + 2ladj2¢| > 3,
(iii) rank & = 2.

The proof of Theorem 2.1 hinges on the knowledge of the quasiconvexification
Qf of f.

We prove below a generalization of Theorem 2.1 to arbitrary n. Our method
is closely related to the homogenization approach for the relaxation of functional
(5) because it uses decisively the characterization of Qf(n) in terms of a finite
dimensional minimization problem over the set of effective tensors associated to
arbitrary mixtures of a material —with isotropic conductivity a— with voids
of arbitrary shapes and sizes.

Let us begin with an explicit formula for the quasi-convexification @ f(n) of
the original function f(n) for arbitrary n.



Theorem 2.2 Let 0 <1y < ... <1, be the singular values of n (i.e., the square
roots of the eigenvalues of ntn). Then

alnl> + X if Y > %

n 2 NN . n
04|77|2 -« (21:1 77i) + 2V Zi:1 nif Zi:1 ni < ﬁ-

)

Qf(n) = (10)

S

Furthermore, the quasi-convezification Q f(n) coincides with the rank-one convex
envelope of the original function f(n).

Of course, in space dimension n = 2 the definitions (8) and (10) of Qf(n)
are equivalent.

Theorem 2.3 Let 0 < & < ... < &, be the singular values of €. A sufficient
condition for (5), (7) to have a minimizer over De¢ is that at least one of the
following hold

(1) £=0,
(i) Siy & 2/2,
(iii) rank & = n,
while (5) has no minimizers over D¢ when
(iv) rank & =1 and [£* < 2.

Remark 2.4 Note that sufficient conditions (i), (iv), and (i) when rank & =
1, were previously derived in Corollary 5.8 of [7]. Thus the new results are
sufficient conditions (ii), when 2 < rank & < n, and (¥i) for the existence of
a minimizer. We however present a complete proof of Theorem 2.3 because
our proof of (iv) as a sufficient condition for non existence does not use in an
essential manner the rotational invariance of the original functional, in contrast
with that given in [7].

Theorem 2.3 says nothing about the matrices &, with intermediate ranks

between 2 and n— 1, when > | & < \/g (in contrast to the setting of Section
3 below). In such a case we conjecture that, for a bounded domain €2, there are
no minimizers of (5), (7). To support our claim, we now state a partial result

which rules out the existence of ”smooth-type” minimizers in such a case.

Proposition 2.5 Let Q) be a bounded domain. Let 0 < & < ... < &, be the
singular values of £&. Assume that

- A
2<rank & <n-—1, and E & </ —.
«

i=1



For each function u € D¢, extended by & - x outside €2, define the set
Zy, = {x € R"™ such that Du(x) = 0}.
Then, (5) admits no minimizer uw € D¢ such that Z,, is a closed set in IR".

Remark 2.6 We must however confess our dissatisfaction with the condition
on the close character of Z,. Indeed, it is doubtful whether this condition will
be satisfied in general by a minimizer in D¢ (see, for exzample, the ”confocal
ellipsoids” construction, when rank & = n, in the proof of Theorem 2.3). Nev-
ertheless, we believe the idea of the proof of Proposition 2.5 interesting enough
to be included here. We also refer to Remark 2.12 below for a discussion of this
conjecture from a different perspective.

Proof of Theorem 2.2. The proof is divided into three steps. The first step
provides a convenient characterization of the quasiconvexification of f using
homogenization theory. In the second step an explicit expression for Qf is
obtained. Finally the third step addresses the computation of the rank-one
convex envelope of f with the help of the Kohn-Strang algorithm (see section
5C in [11)).

Step 1. The starting idea in our proof is familiar in the context of homogeniza-
tion whenever the microstructure exhibits voids. A poor conductor is allowed
to fill those, which cures the degeneracy of the conductivity tensor and permits
direct application of the theory of homogenization. Of course it still remains to
show that the algebraic limit, as the conductivity of the poor conductor tends
to 0, of the obtained result is indeed the sought result (cf. for example [11],
Section 6, or [1], Section 3, for similar considerations).
We introduce, in lieu of (7),

fa(n) = it (A + alnf?, Bln|*) (11)
where 1 < 8 < 400. The sequential lower semicontinuous envelope of

/Q f5(Du)da

over D¢ is obtained by consideration of the new functional

/ Qfs(Du)dx
Q

where @) f3 is the quasiconvexification of f3, i.e.,

Qfs(n) = inf /Y fs(n+ Dg)dy. (12)

LpEHi#(Y;IRN)



In (12) Y is a unit cube in R" (Y = (0,1)") and H#(Y;RN) denotes the
subspace of H'(Y; RY) of periodic functions. Note that the usual definition
of the quasiconvexification of a functional over IR™" involves Dirichlet rather
than periodic boundary data for the trial fields (see e.g. [6], Theorem 1.1, p.
201) but that both definitions are equivalent, at least when the functional is
non negative, continuous and grows at most quadratically, which is precisely
the case here ([5], Conjecture 3.7 and Theorem 3.1).
A simple switch in the minimizations leads to

= inf At A/ dy ¢, 13
Qfs(n) Xgml(r;;{oyl}){ XA X y} (13)

where, denoting by (e;)1<i<n the canonical basis of IR", A, is a n x n symmetric
matrix defined by its entries

Aye; e = inf 1- i+ D) - (ej + Dy)dy.
wirer = nt [ (e (=08 et D) (o + Dy

The matrix A, is the limit in the sense of homogenization —the H-limit—
of the sequence

AY = (x(nz)a + (1 = x(nx))B) Iz, (14)

where I5 is the identity matrix on IR". See [15], Section 5.

For a given 6 € L>(Q;[0,1]), the set gg of all possible H-limits of sequences
of the form

(X" (@) + (1 = x"())B) I
with
X" — 0 weak-x in L*(€;[0,1])
is known ([17], Theorem 1). It is of the form

gg _ {A c LOO(Q;IRZQ) | A(z) € Gg(m) a.e.}

where Gg is, for any 0 < 8 < 1, a fixed set of matrices which is nothing else
than the closure of the set of all H-limits of periodic sequences of the form (14)
with [, xdy = 6 (see [17], Proposition 3 for a constructive proof or [§] for a
more general argument). Further, as proved in Theorem 1 of [17], Gg is the set
of all symmetric n X n matrices with eigenvalues Aq, ..., A, satisfying

8 o, a0\ 3 ,
@(9)::(5+T) <A <a’(0)=0a+(1-0)8, 1<j<n,

Y =) < (@ (0) —a) T+ (n = 1)@ (0) - a) 7

J=1

S (B=A) T (B-dP0) + (n=1)(B-a”(0)) "
(15)



Then (13) reads as

Qfs(n) = inf {f50,n) + A0}, (16)
with
J5(O.m = inf {An"-n}. (17)

Elementary order preserving properties of H convergence immediately imply
that fE(6‘7 7) is monotonically increasing with §. Furthermore, the function I
can be checked to be continuous in both its arguments (cf. e.g. [9], Lemma
3.9 for a proof in a more general setting). Thus @ f3 is a continuous function.
Let us pause a moment in the proof of Theorem 2.2 in order to link @) fg to the
quasiconvexification of f; this is the object of the next lemma.

Lemma 2.7 The sequence Qfg monotonically increases to Qf as 3 goes to
+oo, where Qf is the quasiconvexification of f defined in (7).

Proof. Since f3 monotonicity increases to f as 3 /1,

Qfs <Qf.

The functional @Qf is quasiconvex and has at most quadratic growth. It is thus
rank-1 convex (cf. [6], p. 105), hence continuous (cf. [6], Theorem 2.3, p. 29).
Set

gs(n) =min{fs(n),Qf(n)}, ne R"™.

The sequence gg is monotone in 5 and continuous in 7; it converges to Q f as 3
tends to +o00. Dini’s theorem implies that

93 /" r+e Qf uniformly on compact subsets of RN, (18)

Note that

Qos < Qfs < Qf. (19)
We prove that

Qf < lim_Qus, (20)

which establishes the desired result. Indeed take ¢ in Hg(Y; R™) such that

Qys(n) > [y 95(n+ De)dy — &

= [y Qf(n+ Dy)dy — 5 — [y 195 — Qf|(n + Dy)dy.

Since gg(n) = Qf(n) as soon as |n] is large enough (say || > M, M independent
of 8), (18) implies that, denoting by Yis the set {y € Y| |Do(y)| < M + |n|},
for any € > 0,

/Iga*Qfl(n+D<p)dy:/ l9s — Qf|(n+ Dp)dy < e,
Y Y,

M



as soon as [ is large enough.
Thus, for § large enough

Qgp(n) = /YQf(n+D<p)dy— % —e>Qf(n) - % —€

because @ f is quasiconvex. Letting ¢ tend to 0 and [ to +o0o proves (20), which
concludes the proof of Lemma 2.7.

Let us resume the proof of Theorem 2.2. Upon setting
*(@,n) = lm f5(6,7m),
;0. = lim f5(6,)
we conclude, by virtue of Lemma 2.7, that

Qf(n) = inf {f*(6,n)+ A0} (21)

0<0<1

Since f; is continuous in 6, there exists, for a fixed [, a value fg of 6 such
that

Qfs(n) = f*(0,m) + Mp. (22)

Extract a converging subsequence of 83 (0 < g < 1), still indexed by 3. If
B < (', the monotone character of [ implies

Qf(n) = Qfs(n) = f5(0s,m) + N > f5(05,1) + Mg

We let 3’ tend to +o0o and obtain, by virtue of the continuous character of
fé()rl)a
Qf(n) = f5(0,m) + A

Thus, letting 8 tend to +o0,

Qf(n) = f(0,m) + A9,
i.e.,
Qf(n) = f7(6,n) + 20
and we conclude from (21), (22) that
Q7 = gujn, (0 + 30} = tim_(min (F560.004 20} ). (29

0<6<1 e \ 0<0<1

A much more explicit expression for f*(6,n) may be derived with the help of
(17) which defines f5(6,7) as the infimum of a linear functional over the set Gg .
In view of equation (15), let us define G§° as the algebraic limit, as 3 /7°°, of

10



Gg , i.e., the set of symmetric n X n matrices with (possibly infinite) eigenvalues
A1, ...y A satisfying

1<1<n,

)—1 < [ (24)

Ai >
?: (1-0)x

(o3
6
(.

3

1
This yields
* o t .
F10m) = inf {An"-m},

which completes the first step in the proof.
Step 2. To compute f*(0,7n), we first remark that

fr(0,m) = (AH),

inf tr
AeGyF
where H = n'n is a n x n symmetric matrix. Let us denote by 0 < m; < ... <1,
the singular values of 7, i.e., the square roots of the eigenvalues of H. A well-
known result of von Neumann (see e.g. [13]) yields

f(0,m) = )\1<inf</\ {Z/\miﬂi} ) (25)
== L=

where (A1, ..., \,) are the ordered eigenvalues of A, and the infimum is taken on
the convex set defined in (24). Therefore, the infimum in (25) is a minimum if
infinite values of A; are allowed. If the minimizer in (25) is such that, for some

index 1,
Q

>\i0 = 53
then, the constraints in (24) implies that all the others eigenvalues A; are infinite
for ¢ # ig. This can happen only if n; = 0 for i # 4y, i.e., if n has rank one. Let
us assume for the moment that the rank of the tensor 7 is strictly greater than
one. Then, when writing the optimality conditions for minimizers in (25), the
constraints \; > §, which are not saturated, do not play any part. Therefore,
the optimality conditions read

Taking into account that, at the minimum, > (A\;—a)~! = % astraight-

1-0)a
forward calculation yields
(1—0)a &
C=""20%
%

and

F =y E200 (Z m) . (27)
i=1 =1

11



Formula (27) is immediately seen to hold true also if # has rank one. Then, a
simple minimization over ¢ in (23) leads to the desired formula (10).

Step 3. According to Kohn and Strang [11], section 5C, the rank-one convex
envelope Rf of f,i.e., the largest rank-one convex function below f, is the limit
as p goes to infinity of the sequence of functions f? defined by

Fa)y=fm, fFm= inf @7 (m) + (1 = 0)f7(n2)) -

n=6n1+(1—0)ng, 0<O<1
rankn, —ny)<1

The precise computation of lim,_, . f? is cumbersome. Rather, we construct
a sequence f > gP > fP such that ¢ = Qf. Since Qf is a rank-one convex
function and fP monotonically decreases to Rf, this proves that ¢" = f" =
Qf = Rf. Let us define the sequence (¢”)o<p<n by

() = { an)? —a (X, ni)Q +¥Aa Y i <\/g and rank(n)

aln? + A otherwise.

Obviously g” is a decreasing sequence such that ¢° = f and ¢" = Qf. It remains
to prove that g > fP for 0 > p > n. We proceed by induction on p. It is true
for p = 0 ; let us assume it is also true up to order p. Then gP*1(n) = gP(n)
whenever the rank of 7 is different from p + 1. Thus ¢gP*i(n) > fPTi(n) if
rank(n) # p+ 1. When rank(n) = p+ 1, the polar decomposition of 1 allows us

to write
p+1

n= Zmei ® hi,

i=1
where (n;) are the singular values of 1 and (e;), (h;) are orthonormal families of
vectors in IRYN and IR™ respectively. Then,

() < ot (O (m) + (1= 0)f*(n2)) < inf (0g"(m) + (1= 0)g"(m2),

where

1—-6
=1+ =g pt16p1 @ hpt1, and ma =1 —npr1€pp1 @ hypyr.

Since the rank of n; is p+ 1, gP(m1) = f(m), and a tedious minimization over 6
yields

9" (n) = ot (09" (m) + (1= 0)g"(n2)) ,

which proves that P! < gP*! for any p. This completes the proof of Theorem
2.2.

Remark 2.8 In [11], section 5C, Kohn and Strang already proved, in the case
n = 2, that Qf coincides with the rank-one convex envelope of f. Our proof
that it is also true in higher dimensions n > 2 is a generalization of their two-
dimensional proof, once the quasiconvezification Qf of f has been computed.

12



Remark 2.9 Our computation of the quasiconvex envelope Qf does not use in
an essential manner the knowledge of the entire G-closure, i.e., the set G3° (see
(15)). It is enough to be able to minimize {An' -n} over all A’s in Gg° (see the
second step in the proof of Theorem 2.2). At the price of tedious computations,
this latter task can be performed without the explicit knowledge of Gg° by using
the so-called Hashin-Shtrikman variational principle (see [3] or [2]).

Proof of Theorem 2.3. If ¢ =0 or . & > \/g then f(€) = Qf(¢) which

proves that & -  is a minimizer for (5) over D¢. The rest of the proof is divided
into two steps. The first step addresses the case where rank £ = 1 while the
second one examines the case where rank £ = n.

Step 1. If rank £ = 1, we deduce from Theorem 2.2 (or more precisely from
(23)) that

Qf(§) = min

0<6<1 { |€|2 * /\9} (28)

Either «|¢|? > ), in which case the minimum is obtained for § = 1 and

QF(€) = alel* + A= f(€),

which proves sufficient condition ii) for the existence of a minimizer. Or a¢]? <
A in which case the minimum is obtained for

e = (£) " k.

and
Qf (&) = 2(aN)'/?[¢].

In such a case assume that u is a minimizer for (5) over De. Since, by the very
definition of the quasiconvexification Qf of f, £ - x is a minimizer for

/Qf(Du)dx
Q
1
§) = @/QJC(DU)O{Q’j

Q, = {z € Q| Du(z) # 0}.

over D,

Define the set

Then |Q |
«
Qf () = 2~ / |Du(e) Pdz + AL (29)
2 Jo, 0
Note that |Q | )
Dudx Dudzx. 30
m/ Tl Jo (30)

u

13



Jensen’s inequality implies, in view of (29), (30), that

Qf(E)

Y%

Q. 2 Q.
allﬂl ‘ (Iﬂl i fQ Du(x) daz) +/\“Qll
)\|Q |

which, together with (28), implies that

and

1 Q
" /Q |Du(a)Pda = |'Q'||s|2,

or, equivalently,

S L
|Du(z)|"dr = 75 €] (31)
oy €2l
If v is a fixed element of IR™Y, (31) leads to
Lol 2l |*
|Du(z) — v|*de = E—v
/Qu || il
and a choice of v = %f yields
2 |
Du(z) — ¢l de=0
P~ e
Consequently,
el
Duz) = \Qu\f , a.e. on £,
0 , a.e. on 2\ .

But a vector valued function cannot have a gradient that only takes two values
on  unless 2, and Q\ 2, are made of parallel strips normal to their difference
(cf. Proposition 1 of [4]). These layers necessarily meet the boundary of © and
the boundary value of u cannot be affine all along that boundary. There are
thus no minimizers v for (5) over Dg. The proof of sufficient condition iv) for
the non existence of minimizers is complete.

Step 2. If rank £ = n, then H = £¢ is a positive definite n X n matrix. Denote
by 0 < 5% <...< fz < 400 the eigenvalues of H.
By virtue of (23)
Qf () = 17(6,8) + A0

for some 6 € [0,1]. Further 6 # 0 otherwise

Q&) =f1(0.9) = tm f50.6) = lm Bl =+oc

14



because £ # 0.
If # = 1 then

(1,8 = al¢?,
and

QF(€) = alg]* + A,

from which it is immediately concluded that & -z is a minimizer for (5) over D.
Assume from now onward that 6 ¢ {0,1} and recall from (25) that

A<

n—1
* . : 2
f6,0 = inf tr(AH) = | inf ZO Enmghitt (s (32)
J:
where the eigenvalues A; belong to the convex set defined in (24).
The infimum in (32) is attained and this at a point (A7, ..., A\)) such that

since rank ¢ is strictly greater than one (cf. step 2 in the proof of Theorem 2.2).

We now revisit the explicit construction proposed in Proposition 6 of [17]
with the help of the so-called coated ellipsoid. Consider two ellipsoids B,- and
B,+ with equations

n 22
—L =1, p <pt, m=(my,..,my) €R", p~ +inf(m;) >0. (33
Zﬁﬁ+mﬁ p<p (ma ) P~ +inf(m;) (33)

.....

generated by the eigendirections of H.
For each vector ¢ € IR", the real-valued solution (¢, B,+) of

—div (A(z)Du(¢,B,+)) =0 on IR"\ B,-

u(¢,B,+) =0 on dB,-, (34)
u((,By+)=¢C-x on IR"\ B+,
with
Aw) = al on B, \ B,-,
- Z?:l e ® e; on Bn\Bp+, % <A1 <. <A, < Hoo,

is of the form (see Proposition 6 of [17])

U(C, Bp'*’)('r) = Z <zwzfz(p) (35)
=1

15



with

-1

P dt )
/p oty S

Pt dt

In (36)

n

gm(p) = H (,0 + mk)1/2
k=1

is the volume of the ellipsoid B, with equation

n 22
S -1 (37)
= p+m;

Further

~ 1 (gm(p+) B 1) 1
i—1 )\z -« gm(p_) o

so that, if we choose p_/p; in a manner such that

gm(p—) = (1 - e)gm(p-‘r)v (38)

we get

" 1 0 «
- — <. <A\ :
>N —a =0’ 9<>\1_ <A <400 (39)

(2

Finally when m spans IR}, all points (A1, ..., A, ) satisfying (39) can be obtained
as can be shown through a degree argument (see Proposition 6 of [17]). Before
completing the proof of Theorem 2.3, we make a few useful comments on the
above construction.

Remark 2.10 The ellipsoids B,+ corresponding to a given point (A1,..., \n)
satisfying (38) can always be rescaled through multiplication of p™, p~ and the
m;’s by a small number so that B+ lies inside the unit cube Q. Then

apr+ |Du(C, Byt )|?dz = O‘faBP+ u%dHn—l

= ffa(Rnin+)uADu~WdH"’1
= faQuADu~WdH”_1

— fQ/B . ADu - Dudzx

where, in the last two equalities, W represents the outward normal to the hyper-
surface over which integration is performed. But, according to the third equality
in (34), u=C-x onQ\ B, so that

faQuADu-WdH”’l :Z}’:lAjg]?,
Jorp, ADu-Dude = (23;1 Ajgg) (1= |By)).

16



Thus

a/B |Du(¢, B+ )[da = Z)\C 1B,+|.

ot j=1

Remark 2.11 Everywhere inside B,+ \ B,- one has

Du(¢, By+ ) (x) # 0.
Indeed, by virtue of the form (35) of u(¢, B,+),

= ijj +ZC2-T1f

But, from (37),

zn:—Z @:2 T
(p+mi)* Oy p+my’

i=1

thus
ou
LN FR T, < P
0z (zl N r )2) — p+mg)
If
ou
— =1
an 07 ] ) 7n7

it implies that

2(0, G flp)”
(s )

which is impossible since f;(p) and fi(p) are positive for p~ < p < p*.

Zéj(p+mj)f§(p)a—xj =Y Glo+my)fip)fi(p) + =0,
j=1 j=1

Coming back to the proof of Theorem 2.3, we consider the point (A}, ..., \?)
satisfying (38) such that the infimum in (32) is attained. According to Remark
2.10, there exists, say for a given p~ (hence a given p™ determined by (38)),
rescaled versions of B,- and B,+ lying inside the unit cube and corresponding

o (A\},...,A2). Vitali’s covering theorem implies the existence of a countable
family G of disjoint homothetics, of ratio less than or equal to 1, of B,+ such
that

U B*|=o0. (40)

Bteg
Define, for z € Q,

w(O) () = { w((,BT)(z) ifxre BY, Bt eg, (41)

(-x otherwise.

17



Then, according to Remark 2.10, for B+ in G,

@ [, 1D = | 3206 )18

Thus, by virtue of (40),

Q

IDu(Q)Pdz = | Y- NG | 1. (42)
j=1

Choose ( to be successively &1, ...,{n (the lines of the matrix &), and define

ug = (u(é1), - u(én))-

Then, in view of Remark 2.11, and upon denoting by B~ the homothetics of
B,-, ug, an element of Dg, satisfies

ue () =0on B~ (B~ C BT, Bt €g),
Dug(z) #0 on Bt BT eg,
hence
Jo FDue(@)de = (T, iy A8 ) 191+ AT pieg 1B\ B
= (tr(AH) —|—)\9)|Q\ (43)
= (X020 €005 +20) 191 = QF(E) 9
But

wt{ [ f(Duw)as ue Def = @reol (44)

which in view of (43) permits us to conclude that ug is a minimizer for (5) over
D¢ and proves (iii) in Theorem 2.3. The proof of that theorem is complete.

Remark 2.12 Let us examine briefly the confocal ellipsoids construction adapted
to a matrix & of rank p with 2 < p < n — 1. Let us denote by 0 = £2 = ... =

fhp <& p1 S < €2 < +oo the eigenvalues of the matriz H = £4€, and by
e1,...,e, the correspondmg eigendirections. In the computation of f*(0,¢), the
optimality condition (26) in the minimization over the eigenvalues (A\;)1<i<n Of
the homogenized tensor implies that the (n — p) largest eigenvalues \; are equal
to +00. According to Proposition 6 in [17] the corresponding values of the el-
lipsoids parameters m; are also equal to +o0o, implying that the domain B,- and
B+ defined by equation (33) are cylinders obtained by translation in the direc-
tions e1, ..., en—p of p-dimensional ellipsoids with azes given by ep_py1,...,€n. It
can easily be checked that a solution u(C, B,+) of (34) can still be defined, which

18



does not depend on the variables x1, ..., Tn_,. Therefore, Step 2 of the proof of
Theorem 2.3 can be generalized if we assume that Q is a cylindric (unbounded)
domain defined by translation in the e, ...,en—p directions of a p-dimensional
domain in the subspace generated by en_pi1,...,€n. In other words, this proves
the existence of a minimizer for (5) when 2 < rank & <n—1and Y ;& < g
if the domain Q is an unbounded cylindrical domain, aligned with some of the
eigendirections of H = £4¢.

However, when ) has no such special properties (in particular if it is a
bounded domain), we conjecture that there exists no minimizer for (5) over De
when 2 < rank & <n—1 and Z?:l & < g We make such a claim because we
believe that the optimality condition (26), which forces the (n — rank &) largest
etgenvalues \; of the homogenized tensor to be equal to +00, implies that possible
minimizers do not depend on the corresponding (n — rank &) variables z;, a fact
that would violate the boundary condition.

Proof of Proposition 2.5. Let u € D, be a minimizer for (5) such that Z,, is
closed. Let d = d(Z,,09) denote the Euclidean distance between Z, and 0.
Since Du(x) = £ # 0 for all points x of the closed set IR™ \ 2, the distance d is
strictly positive. This implies the existence, for any boundary condition on 0%,
of a test function, satisfying the boundary condition, and such that its gradient
vanishes on Z,,. In other words, for any uy € H*(Q),

inf / a|D¢(z)|?dr < +oo. (45)
Q

b€ {ug+H ()}
D¢=0 iIl Zy,

Let Y = (0,1)™ be the unit cube in IR". By Vitali’s covering theorem, there
exists a countable family (£2;);>1 of disjoint homothetics, of ratio less than or
equal to 1, of € such that

Y — U Q| =0.
i>1
Let (Z,); be the associated family of homothetics of Z,. Denote by Z the set
Z = J(Zu):.
i>1

Let x(x) be the characteristic function of the set Y\ Z. Define the homogenized
tensor A, associated to the characteristic function x(z) by

A= inf / al¢ + Dyl?dy, (46)
Y

1
4P€H#(Y)

¢+ D=0 n z

where ¢ is any vector in IR™. Let us prove that A, is a bounded matrix in
R™. Let ¢ be an admissible test function for (45) with boundary condition
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ug(z) = ¢ - 2. In each ; we define a test function ¢ to be the sum of the
homothetics of ¢ and of —( - z. Since ¢ is equal to 0 on the boundary of
each §2;, pasting these contributions together we obtain a function of H#(Y)
Therefore,

At ¢ < +o0 V(€ R™ (47)
If ¢isaline & of &, for 1 <7 < N, we can obtain a better bound for 4,¢&!-¢&;.
Using ¢(z) = —&; - + u;(x) as a test function in (46), where u; is the i‘" line

of u, yields
A€ < / a|Du(z)|*dz.
Q

If w is a minimizer for (5), it satisfies

1 / 2 2\ Z.|

— [ a|Du(z)|*dz + A =Qf(&).

o [ elDuta) o (©
Therefore,

¢ 2\ Zu| : o Agt
. < = . .
A6+ A Q- Qf () oTiD, | Amin, Ag' -+ 00 (48)

Since [, x(z)dx = ‘Ql\ﬂz‘“l, we deduce that § = |Q|\QZ‘“| and A = A, realize the

minimum in the right hand side of (48). On the other hand, the optimality
condition on A in the computation of Qf(§) (see (23), (25), and (26)) shows
that at least one eigenvalue of A is equal to +o0o because rank £ < n. This is
a contradiction with (47). Thus, there is no minimizer u € D¢ such that Z, is
closed.

3 Existence of minimizers for a Kohn-Strang type
functional defined on divergence free fields

This section, which parallels Section 2, is devoted to an analysis of possible
minimizers for the functional
flo)dz (49)
Q
where ) is a bounded domain of IR", and o is a divergence free field “which is
affine” on the boundary of €2, i.e.,

oE€EY = {JGLQ(Q;]R:N) | divo=0onQando-i=¢ 7}, (50)
where 77 denotes the outward unit normal to € at a point of 9Q and div o is

n 60‘1‘_7‘ }
7=10z; f1<;<n

the N-vector whose components are {Z . The specific function

20



f under consideration is similar to that introduced in Section 2. It is taken to
be, for n € R™,
f(n) = imf{x+ 57" |nf*, 0} (51)
with 0 < 8 < 400 and A < +o0.
As in Section 2, the function f(n) is in truth the limit of the function

fa(n) = mf{x + 57 n*, a7 n|*} (52)

when « > 0 tends to zero. In contrast to the setting of Section 2 we shall also
prove a partial result for the non-degenerate function f,,.

Once again the functional defined in (49) is not (sequentially) weakly lower
semicontinuous over L?(Q; R™) so that minimizers for (49) over ¥ defined
in (50) need not exist. It is widespread belief that the lower semicontinuous
envelope of a functional defined on divergence free fields has for integrand the
quasi-convexification of the original integrand. In other words, if

st = iug { [ s+ st}

SEX Y

with
Yy = {s S LQ(Y;IRN) | divs =0inY, s-7 antiperiodic on 8Y,/ sdy = 0} ,
Y

then the functional
| erto)ds (53)
Q

admits (a) minimizer(s) over ¥¢ and the minimum value of (53) coincides with
the infimum of (49). The equivalence between sequential weak lower semicon-
tinuity and quasiconvexity in the context of divergence free fields has recently
been established in [10]. We will not concern ourselves in this section with a
complete proof of the proposed form for the lower semicontinuous envelope.

Let us begin with an explicit formula for the quasi-convexification @ f(n) of
the original function f(n).

Theorem 3.1 Let 0 <1y < ... <, be the singular values of n (i.e., the square
roots of the eigenvalues of n'n). Define the function p(n) by

n 14 2 P
1 . 1
pn) = | D 2+ o1 (Z m) if Mp1 > P > ni=mp (54)
=1

i=p+1 =1

(there exists a unique p € {2,...,n} such that np41 > Iﬁ P mi > mp with the
notation Np4+1 = +00). Then
Fnl? + A if p(n) > VAB,

3l - o)+ 230l ifol) < v O

Qf(n) = {
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Remark 3.2 In space dimension 2, formula (54) simplifies in p(n) = n1 + 2
and the function Qf introduced in Section 2 is recovered upon setting o = +

3
In space dimension 3, there are two regimes in formula (54)
771+\7}%+n3 ifﬂs < N1+ 1o

p(n) =
(m +m)?+n3 ifnz>m+na.

Let us also remark that, in any space dimension, when rank (n) < n —1, ie.,
when nm1 = 0, one has p(n) = |n|. In this case, we deduce that

) o AMPEX il = VB
Qf(n) =Cf(n) = 2/ il < V3B

if rank (n) < n —1. This last remark is at the root of the next theorem.

Theorem 3.3 A sufficient condition for (49), (51) to have a minimizer over
Y¢ 15 that at least one of the following conditions holds

(1) £=0
(ii) p(§) = VAB
(iii) rank € =n and &, < L5 30 &
while (49) has no minimizers over L¢ when
(iv) 1< rank € <n—1 and [£] < VAB.

Remark 3.4 Theorem 3.3 leaves open the case rank £ = n, p(§) < V/AB, and
& > ﬁ St &. We conjecture that in such a case there are no minimizers
of (49). As in Proposition 2.5 we could have stated a result ruling out ”smooth-
type” minimizers in this case. In the spirit of Remark 2.12 we point out that
in such a case some of the eigenvalues of the homogenized tensor A, entering
the computation of Qf (see (3.14) below), are zero. We believe it implies that
possible minimizers do not depend on the variables of the corresponding eigendi-
rections, a fact that would violate the affine boundary condition.

Theorem 3.5 Consider the minimization of the functional

/ Fulo)da (56)
Q

over X¢, defined in (50), with f, defined in (52). If rank & < n, then (56) has
a minimizer over X¢ if and only if

(5-a)
Ve #la Bl
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Proof of Theorem 3.1. An argument identical to that which led to (16) would
demonstrate that, for the function f, defined in (52),

Qfa(”) = oéggl{f;(evn) +)‘(1 _9)} (57)
with
fi0.m) = inf {A™n"-n}, (58)

and where G is identical to the set Gg defined by (15). Note that the super-
script has changed since « is now the varying parameter.

Since f, monotonically increases to f as a goes to 0, an argument identical
to that of Lemma 2.7 yields the monotone convergence of @ f, to Qf as a goes
to 0 and,

Qf(m) = mf {F*(0,m) + A1 -0)}, (59)
with
f*(0.m) = inf {A7"n}, (60)

and where GY is the algebraic limit of G§ as a goes to 0, i.e., the set of symmetric
n X n matrices with eigenvalues Ay, ..., A, satisfying
0< N <(1-0)p
(61)

S8 - ) < ke

Since A~Int - n = tr(A~1n'n) where n'n is a n x n matrix, denoting by
0 <m < .. < n, the singular values of n and by 0 < A\ < ... < A, the
eigenvalues of A, a well-known result of von Neumann (see e.g. [13]) states that

STo

n
" (62)

1 (3

inf {A~'y -0} = inf
nf {ATN o} = n

n

7

where the infimum in the right hand side of (62) has to be taken over real values
(Ai)1<i<n satisfying

<. <\
0< N <(1-0)3
S (B =)< e

To compute this infimum, let us assume for the moment that none of the con-
straints 0 < \; < (1 — )8 is active and that the only saturated constraint

1S
n

0—1+n
—N) T
Z}ﬁ ) 93
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In this case, a possible minimizer must satisfy the following Euler-Lagrange
equation :
; c?

— = 1< < 63
N CEPY (%)
where C' > 0 is a Lagrange multiplier.
An easy calculation yields
A = B 1<i<n (64)

- [ 1 n ) =" =
M+ 156 71 2aic1 i

Note that the (\;)’s are ordered. One must check that 0 < \; < (1 — 6)3, for
all 1 <1 < n, which is equivalent to

1 n
M < n_1 Z ;- (65)
i=1

Note that 0 < \; < (1 —6)3, for all 1 < i < n, is equivalent to the strict
inequality in (65). If (65) is satisfied, the value of the minimum in (62) is

fr(0,m) = ;|n|2+ﬂ(1—£(n—l) (;m> : (66)

If (65) is not satisfied, then one of the constraint 0 < \; < (1—0)0 is saturated.
Since A\; = 0 can achieve the minimum in (62) only if n; = 0, we consider the
case when one of the eigenvalue ); is equal to (1 — #)8. Let us assume that
An = (1 — 0)8 and that all the other eigenvalues satisfy 0 < \; < (1 — 0)8,
1 < i < n—1. The minimization in the right hand side of (62) becomes a
(n — 1)-dimensional problem with the single active constraint

n—1

0—2+n
—\) Tt
>_(B=N) 35
=1
A computation similar to the previous one yields
i b 1<i<n-—1.

= [ 1 n—1 ’
M+ 106 w3 2aie1 M

One must check again that 0 < \; < (1 —0)4, for all 1 < i < n — 1, which is
equivalent to

n—1

1

Mn—1 S n—2 E M- (67)
i=1

If (67) is satisfied (but not (65)), the value of the infimum in (62) is

| 0 0 SR
f (9,77)—B|77I2+ (1—9)[377’2L+ A= 03(n—2) (Zﬂ) :
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An easy induction argument shows that the minimum in (62) is

2
e 1 6 & 0 1 (¢~
f (9,77)—5\7”2"'@'2 n§+mP*1 (Zm>

i=p+1 i=1

if n satisfies the following condition, denoted by (H)),

1 p
<7§ )
np—p_li:1771a

and does not satisfy all previous conditions (Hy) for p+1 < ¢ < n. It is easily
seen that, if (H)) is not satisfied, all previous conditions (Hy) for p+1<¢<n
are not satisfied either, and that (Hsy) is always true. Therefore, with the
notation 7,41 = +00, then exists a unique p € {2,3,...,n} such that

1 p
] > ni < (68)
=1

Introducing the function

p(n) = Z n; + p—1 (; 77i>

i=p+1

with p defined by (68), we finally obtain
1 0
* 0’ i 2 N 2.
fr(6,m) 5|77| = e)ﬁp(n)
An easy optimization in 0 leads to the announced formula for Q f(n).

Remark 3.6 In the spirit of Remark 2.9, we emphasize that our computation of
the quasiconvex envelope Q f does not use in an essential manner the knowledge
of the entire G-closure, i.e., the set GY). Indeed, the minimum of {A™'n" - n}
over all A’s in G can be computed without the explicit knowledge of GY by using
the so-called Hashin-Shtrikman variational principle (see [3] or [2]).

Proof of Theorem 3.3. For any matrix &, if p(§) >+/AB3, then f(§) = Qf(&),
and o(z) = £ is a minimizer of (49) over X¢. Now, let £ be a matrix of rank n

such that
1 n
n < — i .
¢ n—1 ;77

Then, the homogenized matrix A which achieves the minimum in the left hand
side of (62) has eigenvalues (\;)1<i<, satisfying

0<X\<(1—0)3 1<i<n.

25



Since the ()\;)’s do not reach the values 0 and (1 — 0)3, one can repeat the
argument of Section 2 concerning the confocal ellipsoids construction (the pa-
rameters (m;)1<;,<n of the ellipsoids are finite and non zero, see (33)). In the
present case, the boundary condition on 0B, is a Neumann one, and the matrix
A(x) is
| pI inB,+ \ B,-
A(.I‘) o { Z?:l )\iei X e; in .ZRn \ Bp+7

where (A;) is the minimizer in the right hand side of (62). Apart from this, the
second step of the proof of Theorem 2.3 can be repeated mutatis mutandis to
yield the existence of a minimizer of (49) over Xe.

Finally, consider a matrix £ of rank less than or equal to n — 1 and such that

p(&) = €] < VAB. As noticed in Remark 3.2, Qf(&) = Cf(§) = 2\/§|§| for

such matrices €. In such a case, assume that o(x) is a minimizer for (49) over

E&. Then
1
&= a7 / f(0)dz

Qg ={z e Q|o(x) #0}.

Define the set

Then ) 2
QF(©) = 157 | (@) + AT (69)
1 Jo, B €2
Note that
/ oidx = Z/ Dy(oirxj)de = Z/ &kxjnde"_l
Q P i Joa
= Z/ Dy (&irzj)dx = Q&5
k=179
so that Hll—lfﬂadxzf. 2
The mapping ¢ defined on IR™ \ {0} x IR™ by
|22
t = —
o(t,2) = 1
is convex, and Jensen’s inequality implies, in view of (69) that
S 1@ 125]
Qf(E) |_ (5’ 1951 fQﬁ dx) +A \Qﬁl
(70)
Q PR
= FanléP + Mgt
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Hence, recalling that, since rank £ < n,

Q&) = oin, {ﬁ{? +A(1 - (9)},

we deduce that

2

—ﬂ =1 _eminv

and that equality holds in (70), i.e.,

2 [ $o@)de=¢ <ﬂ, . o(w)dx) . (71)

1] Ja,
But, for tg > 0, zg € R™ and any (t, z) € (0,400) x ]R"z,

d(t, 2) = d(to, 20) + Dd(to, 20) - (2 — z0,t — to) + %|Z - %ZOF

so that, upon setting

{ z = O'(l') 5 20 = 57
t=p , to= 6(1 - amin)a
(71) implies that
( ) — ;
o= 1- emin

Then 6(z) = o(x) — £ is a divergence-free field that satisfies

§ forae. x € Qg.

g(x)-n=0 ond,

0. .
- _ 1_’3:“]5 on Qﬁ,
U(x)_{ 0 on 2\ Qg.

But there are no such fields other than 0. Thus, for £ # 0 and rank £ < n, there
are no minimizers for (49).

Proof of Theorem 3.5. The proof is very similar to that of Theorem 3.3. We
start from the formula (57) for Qf,(n),

Qfa(n) = min {f;(ean)+)‘(1_9)}

0<0<1
where, denoting by 0 < n; < ... <, the singular values of the matrix 7,

n 2
* — i
fa0,n) = Algl.n“fgn ‘5:1 N (72)
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In (72) the infimum has to be taken on the following set :

a(f) = (gw;[ﬁ)_l <\ < fa+ (1—0)3=a(0)
Y (A=)t < (a(0) —a)t + (- 1)(@(0) —a)~!

Y (B=A) < (B—a(0)7 + (n—1)(B—a(d) "

If rank 1 < n, then 7, = 0 and it is easily that the minimum in (72) is
attained for

6 1-6\"
/\12(5—&—7) and A\, =0a+(1-0)8, 2<i<n.

(In this case the constraint Y ;- (8—X;) "' < (8—a(#)) '+ (n—1)(B—a(0))"
is exactly satisfied.) Therefore, for rank n < n,
1
* _ 2

and a simple minimization in 6 yields Q fo(n) = Cfo(n), the convexification of
fa- From here on, the end of the proof follows that of Theorem 3.3.

4 A generalization of the Kohn-Strang functional;
partial results on the possible existence of min-
imizers

In this short section the setting is that of Section 2, but a more general (non
quadratic) functional is considered. Specifically, for n a matrix with lines
(nla sy 77N) in Rna

N N
f(m) :iﬂf{AJrZWl(m)» ZWz(m)} (73)

i=1 i=1
where W, and W, are convex C'-function on IR", positively homogeneous of
degree p (1 < p < 4+00) (i.e., W;(Aa) = NWW;(a), A > 0, i = 1,2); it is also
assumed that
Wila) £0, a#0, i=1,2,
and that, for every b in IR", there exists a constant v(b) > 0 such that
Wi(a) = Wi(b) + DWi(b) - (a — b) + y(b)|a — b]". (74)

We are unable, in this latter setting, to prove the exact analogue of Theorem
2.3 (or rather of the generalization of Theorem 2.3 to the non-degenerate case)
because we lack an explicit construction of the type performed in the proof of
Theorem 2.3 whenever rank £ = n. Our result is the following
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Theorem 4.1 If rank § =1, (5), (78) has a minimizer over D¢ if and only if

mingeqo, [ (S0 1) (W + (1= 0)15)" (a) + 10

= min [(vazl Mf) Wi(a) + A, (Zfil Mf) WQ(G)] ; ()

where £ = pRa, p € RY, a € R", and » denotes the Legendre transformation.

Remark 4.2 The seemingly non explicit character of Theorem 4.1 can be cured
whenever a more explicit form is available for W1 and Ws. For example if

Wi(a) = (a/p)|al?, Wa(a) = (8/p)|al?, o < B, then (75) is satisfied if and only

if
|«5|p¢pA[ L1 ]

Bt T

Proof of Theorem 4.1. The functional (5) fails, once again, to be (sequen-
tially) weakly lower semicontinuous over H'(Q, IRY). Its lower semicontinuous
envelope is given by

/Q Qf ()da,

where @ f, the quasiconvexification of f, is given by

Qft)=  inf /Y f(n+ Dg)dy. (76)

goeW;P(Y;JRN)

In (76) Y is the unit cube in IR™ and W;’p(Y;BN) denotes the subspace of

Whr(Y; RN ) of periodic functions. An argument identical to that developed
at the onset of Section 2 would lead to

Qf(n) = ik {f(0,n)+ A0}, (77)

0<6<
with

N
fOm= _ nf {Z Wx(m)} (78)

J, xway=e i=1
Y

In (78), W, is the homogenized energy associated to ¥, i.e.,

W@ = _int | @)W+ (- x@)Waa+ Dewdy  (79)
peW P (ViR) Jy

(see e.g. [12]).
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If rank € = 1, then € = p®a, a € R", p € R", and because of the
homogeneous character of Wy, i = 1,2, (78) becomes

N
f&@z(ihﬁg@@, (80)
=1

with
g0.0)= inf (W ()} (s1)

XEL (Y ;{0,1})
f x(y)dy=0
Y

A lower bound for g(f,a) is easily obtained upon introduction of the dual
problem for W, . Specifically, it is a classical result of the theory of homogeniza-
tion —and a straightforward consequence of von Neumann’s min-max theorem—
that

Wila) = sup {b-a— W)}, (s2)
beR™

where

SEX 4

Wib) = inf { [ 6w + 0 xw)ms) <b+s<y>>dy}. (s3)

In (83), W}, i = 1,2, are the Legendre transforms of Wi and Wa, and Xy is
defined by

Yu= {5 € LQ(Y;]RN) | divs =0inY, s - antiperiodic on 3Y,/ sdy = 0} ,
Y

Taking s = 0 as test function in (83) implies, in view of (82), that

9(0,0) 2 sup {b-a— (OW(5) + (1~ OWF (b))}, (54)
beR™

Actually the inequality in (84) is an equality. This latter result is well known in

the field of homogenization although we were enable to locate a complete proof

in the available literature. A proof is given in Remark 4.3 below for the sake of

completeness ; as such it can be safely skipped by a trusting reader.

Remark 4.3 Inequality (84) is actually an equality. Indeed, consider the case
of the homogenized energy associated to a characteristic function x(y), defined

onY as T 0
i o 1 if0<t<o,
x(y) = X(y1), with x(t) —{ 0 fo<t<l.

Let s € IR and ey be the unit vector in the y;-direction. Remark that if ¢1 and
¢o are any two vectors of R™, with O¢1 + (1 — 0)po = 0, then the function

B ¢1y1 Zf O S Y1 S 97
e(y) = { oy + (d1 — ¢2)0 if 0 <y <1,
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is an admissible test function in (79) specialized to the case at hand. Thus

Wx(sel) S I := ¢1,<}>121£1R" {9W1 (861 + ¢1) + (]. - 0)W2(S€1 + (7252)} (85)
0¢1+(1-0)¢2=0

The infimum I is computed as follows :

[= {esup (a1 - (sex + 61) — Wi (qn)] + (1 — 0) sup gz - (se + 62) W5<q2>1}

b1,%2
061 +(1—6)dp=0 a a2

and, upon application of a finite dimensional min-max theorem,

I'=sup {sey - (0q1 + (1 — 0)g2) — (W] (q1) + (1 — 0)W5(g2))

q1,92

+ inf {1001 +q2- (1 — 9)¢2}} . (86)

b1,P2
0p1+(1—0)p=0

But the infimum in (¢1, ¢2) is —oco unless ¢ = qa2. Thus

Wy(ser) < 1= Sup. {se1-q— (W (q) + (1 —-0)W3(q))}-

But, according to (81), (84),
Wy (se1) > 1.

Thus
Wy (se1) =1.

Since we could always choose the yi-direction to be in the direction of a given
vector a, the choice of a = sey is not restrictive and

g9(0,a) = Sup {b-a—(OW{(b) + (1 - W3 (b))} (87)

Let us resume the proof of Theorem 4.1. In view of (80), (87), if rank £ =1,
¢ =pu®aand

N
f0,€) = (Z uf) (OWF + (1= 0)W5)" (a), (83)

where ( )* stands once again for the Legendre transform. Assume that (75)
does not hold, or equivalently, that the infimum in (77) is attained for Oy, #
0,1. (Note that g(f,a) is a continuous function of 6; see [9], (3.21), (3.22) and
Lemma 3.9). Then, if v is a minimizer for (5), (73) in D, let

N N

i=1 i=1
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and
Qy =0\ Q.

Then,

/fDu dx—/ ZWl Du(x))dz+ ng Du;(z))dz+N|. (89)
Q

=1 Q2 =1
Further, by virtue of Jensen’s inequality,

1

f(Du(z))dx > (90)

%ﬁ: (ml Dui >||QQ|ZW2<|92 D“i(@df”)“%”

Set o 1 1
1
Du dx,
=] Jo, Pr@d & =1o 0 |

and remark that &, + (1 — )§2 = f = 1t ® a. Then (90) becomes

Du(x)d:b,

QF() > 03N supyepa{b- (€1)i — Wi (D)}
H(L = 0) I supye o {b - (£2)i — W3 (b)} + A0
> SN supye o {b- & — (OWF + (1 — 0)W3)(b)} + A0
= (S ) suppere{b- a— (OWF + (1= OW5)(B)} + 0.

(91)

The homogeneous character of degree ﬁ of W¥ (i = 1,2) has been used in

deriving the last equality of (91). In view of (77), (88), the equality holds in
(90) or (91), i.e., upon recalling (89),

9 - 91‘1’111’17
@1 Jo, Wi(Dui(@))de = Wi((&0),),
1] Jo, Wa(Dug(@)dz = Wa((&2),)-

Invoking (74) for the first (and last) time we conclude that

| & , ae onQy,
Du(x) = { &, ace. on Qo

which is impossible unless &1 = €5 by an argument identical to that used at the
end of Step 1 of the proof of Theorem 2.3 in Section 2. But & = & = £ is not
possible because u = £ - x is not a minimizer since 0,;, # 0,1. The proof of
Theorem 4.1 is complete.
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